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Error Rate Analysis of MDPSK/CPSK with
Diversity Reception Under Very Slow
 Rayleigh Fading and Cochannel Interference

Fumiyuki Adachi, Senior Member, IEEE, and Mamoru Sawahashi, Member, IEEE

Abstract—The distribution of the phase noise due to additive
white Gaussian noise (AWGN) and cochannel interference (CCI)
is analyzed for differential phase detection (DPD) and coherent
phase detection (CPD) in a very slow nonfrequency selective
Rayleigh fading environment. The effects of modulation timing
offset between the desired signal and the CCI and of the over-
all channel filter response are considered. Simple closed-form
expressions are derived for ideal selection diversity reception.
The derived phase noise distributions are used for evaluating the
bit error rate (BER) performance of 2-16DPSK/CPSK assuming
square-root raised cosine Nyquist transmit/receive filters. It is
found that the BER performance of CPSK is less sensitive to
CCI modulation timing offset than DPSK, and that increasing
the filter rolloff factor can improve the BER performance due to
CCIL. Finally, the accuracy of the BER approximation that uses
the symbol error rate is discussed.

I. INTRODUCTION

INEAR multilevel DPSK/CPSK modulation is attracting

more and more attention in the field of mobile radio
because it requires a much narrower bandwidth than -does
constant envelope digital FM. The decision on which symbol
was transmitted can be performed based on the phase change
of the received signal over one symbol period for DPSK
and the phase difference between the received signal and
regenerated noise-free reference signal for CPSK. The error
rates of MDPSK/CPSK in an additive white Gaussian noise
(AWGN) channel, therefore, can be evaluated using the phase
noise distribution derived by Pawula er al. [1], [2] (note
that for 4-level modulation, a simple binary decision on the
in-phase and quadrature phase outputs of the quadrature dif-
ferential/coherent detector can be employed). In mobile radio,
AWGN s not the only cause of errors. The fading-induced
random phase noise (or often referred to as random FM noise)
and multipath channel delay spread also cause errors. These
two determine the range of available transmission bit rates in
fading environments; errors are caused predominantly by the
former for low bit rate transmissions and by the latter for high
bit rate transmissions. For cellular systems, the same radio
frequencies are reused at spatially separated cells in order to
efficiently utilize the limited radio spectrum resources, thereby
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producing cochannel interference (CCI). The CCI performance
determines the reuse distance of the same radio frequency
and thus affects spectrum efficiency [4]-{6]. Hence the most
important subject is CCI performance. Since both the desired
signal and CCI are subjected to fading, the error rates due to
CCI are significantly increased compared with the non fading
case. Diversity reception can be used to combat the fading
effect [3].

Miyagaki et al. [7] derived the probability density function
(pdf) of the differential phase noise of a Rayleigh faded signal
corrupted by AWGN and investigated the average symbol error
rates of MDPSK. Pauw and Schilling [8] applied Pawula et
al.’s approach [1] to derive the phase noise distributions due
to AWGN under very slow nonfrequency selective Rayleigh
fading and evaluated the error rates of both MDPSK and
MCPSK. However, no previous analysis [7], [8] has con-
sidered CCI and diversity reception. Recently, Adachi and
Sawahashi [9] extended Pauw and Schilling’s analysis [8] to
include selection diversity reception. Proakis [10] described
adaptive diversity reception which is a type of maximal-ratio
combining. However, none of the previous papers [7]-{10]
took into account CCI (note that for the 4DPSK case several
papers can be found [11]-[13]).

In- this paper, we investigate MDPSK/CPSK error rate
performance with selection diversity reception in the presence
of Rayleigh fading and CCI. We consider the modulation
timing offset between the desired signal and CCI, as well as the
transmission channel filter response. Among several diversity
combining schemes, selection combining, which chooses the
branch having the largest instantaneous received signal power,
is the simplest and is considered to be the most practical.
Our analysis neglects the effects of fading-induced random
phase noise and delay spread, i.e., very slow nonfrequency
selective fading is assumed. The paper is organized as follows.
Section II describes the transmission system model. The
closed-form expressions for the phase noise distribution are
derived for differential phase detection (DPD) and coherent
phase detection (CPD) in Sections III and IV, respectively. In
Section V, the distributions for the special cases of AWGN-
limited channel, CCI-limited channel, and unmodulated CCI
are discussed. The derived phase noise distributions are used
to calculate the bit error rates (BER’s) of 2-16DPSK/CPSK
assuming square-root raised cosine Nyquist transmit/receive
filters. The impact of the CCI modulation timing offset and
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Fig. 2. Signal Constellations. (a) 2 PSK. (b) 4 PSK. (c) 8 PSK. (d) 16 PSK.

the filter rolloff factor on the BER performance are discussed
in Section VI. Also discussed is the accuracy of the BER
approximation.

II. TRANSMISSION SYSTEM MODEL

Fig. 1 shows the transmission model. Signal constellations
with Gray encoding are shown in Fig. 2 (the constellations for
MDPSK are shown in the differential phase plane). The kth
symbol (log, M-bit) to be transmitted is mapped to the phase
@s(k) of the carrier for MCPSK and to the differential phase
Ags(k) = ¢s(k) — ¢s(k — 1) for MDPSK, where A ¢, (k)
takes on one of the M values from the set {2m=/M;m =
-M/2,+£(M/2 —1),---,%1,0} as does ¢,(k). The filtered
transmitted signal is represented as

oo

> explj¢s(k)hr(t - kT) (1)

k=—oc0

s(t) =

where hr(t) is the baseband equivalent transmit filter impulse
response with 1/T [ |h7(t)|?dt = 1 and T is the symbol
duration.

The received desired signal is corrupted by AWGN and
CCIL We assume that both the desired signal and the CCI
are MDPSK (or MCPSK) modulated by different symbol
sequences with different modulation timing. Since the CCI is
from a spatially separated cell, its multipath channel is differ-
ent from that of the desired channel, and thus we can assume
mutually independent Rayleigh fading for the desired signal
and the CCL Ideal L-branch selection diversity reception is
considered. The baseband equivalent complex envelope r(t)
for any of the L branches can be written (the branch number
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I(=1,2,---,L) is omitted for simplicity) as
7(t) = V28 go(t)s(t) + V2I g;(t)i(t) + AWGN  (2)

where i(t) is the CCI signal representation and can be ex-
pressed similarly to (1) as

00

> expligi(Rhr(t+ AT —kT) ()

k=—o00

it) =

where AT is the modulation timing offset (—7'/2 £ AT <
T/2). Terms gs(t) and g;(t) are mutually independent
zero-mean complex Gaussian processes with unity variance
(<|gs(®)]?> = <|g:i(¢)|*> = 1). S and I are the average
powers of the desired signal and the CCI, respectively. The
power spectra of g,(t) and g;(t) are confined within +fp
Hz, where fp is the maximum Doppler frequency given by
mobile station travelling speed/carrier wavelength.

The received signal 7(t) is bandlimited by the receive filter.
We assume very slow fading such that the fading complex
envelope remains almost constant over several symbol periods.
This holds only if the maximum Doppler frequency fpT,
normalized by the symbol rate, is very small. This assumption
is valid in most practical situations. For example, assuming a
1-GHz carrier frequency and 100-km/h traveling speed, fp is
92.6 Hz. If the symbol rate 1/7 is larger than 10 k symbol/s,
then fpT < 0.01. It was shown [12] that at this value of
fpT, the irreducible BER of 4DPSK due to random phase
noise can be reduced to nearly 10~¢ by simple two-branch
diversity reception. For such very slow fading, therefore, we
can neglect the time dependence of g,(t) and g;(t) during
a time interval over several symbol periods, and the receive
filter output can be expressed as

#(t) = V28 goda(t) + V21 gidi(t) + n(t) @)

where d,(t) and d;(t) are the receive filter responses to s(t)
and i(t), respectively, and n(¢) is the bandpass-filtered AWGN
component with power 1/2<|n(t)]>> = N. The overall
(transmit and receive) filter response is h(t) = hr(t) * hg(t),
where hg(t) is the baseband equivalent impulse response of
the receive filter and # is the convolution operation. We assume
here a square root Nyquist filter (i.e., hy(t) = Thg(t)) at the
transmitter and receiver so that h(kT) = 0 if £ # O and
h(0) = 1. Furthermore, we assume that the sampling timing is
ideally locked to the desired signal timing (this assumption is
valid for large signal-to-AWGN plus CCI power ratio (SNIR)).
The receive filter output at ¢ = kT is, therefore,

7(k) = V28 gy exp j ¢s(k) + V21 gid;(k) + n(k)
= R(k) exp j [¢s(k) + O(k) + 4 )

where R(k),0(k), and u (= arg g.) are the envelope, phase
noise due to AWGN plus CCI, and fading-induced random
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phase, respectively, and

Z exp [j ¢i(k + m)]A(AT —mT). (6)
m=—00

DPD and CPD are assumed for detection of MDPSK and
MCPSK signals, respectively. The reference signal for CPD
is assumned to ideally track the fading-induced random phase
variations of the desired signal and, therefore, its complex en-
velope is given by g,. The detector outputs can be represented
as

di(k) =

A d(k) = arg [F(k)F* (k — 1)] = A ¢s(k) + AO(k)
for DPD
¢(k) = arg [7(k)g:] = ¢4 (k) + (k)
for CPD )

where AG(k)(= 6(k) — 8(k — 1)) and (k) are the phase
noises for DPD and CPD, respectively. They are distributed
over [—m,r) due to AWGN plus CCIL. Decision error is caused
when |A8(k)| > «/M for DPD and |0(k)| > «/M for
CPD. The error rates can, therefore, be evaluated using the
distributions of A #(k) and 8(k) (hereafter, we simply refer
to these as A @ and 6).

So far, we have described the single branch case. For L-
branch selection diversity, branch selection is assumed to be
done after phase detection so that the phase discontinuity
which may cause decision errors can be avoided. The detector
output of the branch having the largest instantaneous desired
signal power S|g,|? is chosen.

III. DPD PHASE NOISE DISTRIBUTION
A. Statistical Properties of Detector Input

For the given d;(k) (or equivalently for the given sequence
of §; = (- ¢i(k~2), di(k—1), :(k), di(k+1), $s(k+2) - -)
and the modulation timing offset A 7', the Rayleigh faded CCI
is a zero-mean complex Gaussian variable; therefore, AWGN
plus faded CCI can be treated as an additive complex Gaussian
noise. This implies that the phase noise distribution can be

First we derive the conditional phase noise distribution when
the desired signal complex envelope = g, (or the instantaneous
power = S |g,|?), and then we perform averaging over the
statistics of S |gs|?. For derivation of the conditional phase
noise distribution, we need the conditional signal-to-AWGN
plus CCI power ratio (SNIR) p(k) and noise correlation 7435 A
between 7(k) and 7(k — 1). The SNIR is defined as the ratio
of the desired signal instantaneous power to the ensemble
average of AWGN plus CCI power for the given ¢; and AT.
The ensemble average of AWGN plus CCI power is given by
P =1/2<|V2Igid;(k) + n(k)|?> = I x |di(k)|*> + N and

S Igs|2

= Tamry -~ ® ®

o(k)
where v = (§/N)|g,|? is the instantaneous desired signal-to-
AWGN power ratio (SNR) and

A
2 _
o *) = FlamET A ©)

with T'(=S/N) and A(=S/I) being the average SNR and
average desired signal-to-CCI power ratio (SIR), respectively.
Since we are assuming a square root Nyquist receive filter,
the filtered AWGN samples are statistically independent, and
r + j A is given by (10).

B. Conditional Phase Noise Distribution

In general, p(k) # p(k — 1) and r + j A # 0. We apply
Pawula er al.’s case 3—unequal signal condition, correlated
noises [1] to our case. The phase noise A @ is defined over
the range of [—m, 7). When r + j A # 0, the phase noise
distribution is affected not only by ¢; and A T but also by the
desired signal modulation A ¢,. The conditional distribution of
A 6 with v, A ¢, ¢; and AT being given can be expressed as

Pp(Pl7, A ey, AT) = Pr[-m < A6 < 9]
ZF(1/)|’Y,A¢,,¢,;,AT)
- F("'Tl’y’ A ¢81 ¢i7 AT) + U(/‘p)

derived based on Pawula et al.’s approach described in [1]. an
1
5((\/2'1'9,11;(1:) +n(k))(V2Igidi(k — 1) + n(k — 1))*)
r+jA=
VIdi(k)? + N \/Ildi(k - D)2 + N
Td;(k)d*(k —
= a(k) alk - 1)(—)1;(’1—9 (10)
(/D) o-E
Fon o AT) = [t
—(n/2) s .
—Wsin ¢
U-Vsint—Wcos 1 cost 12
rsin(y + Ag,) — A cos( + A $,) (122)
1-{rcos(yp+Ads)+ Asin(p + Ad,}cost
U-Vsint—
E Vsint— Weos ¢ cos t (12b)

TT1-{rcos(¥+Ag,) +Asin(P + Ay} cos ¢
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where U(y) = 0 if ¢ < 0 and 1 otherwise, and
F(¢|v,A¢s,¢;, AT) is given by (12). U,V,W,and 7 + j A
are the same notations as used in [1, eq. (12)]; however, in our
case, the SNR p used in U, V', and W of [1] is replaced with
the conditional SNIR and 9 with ¢ + A ¢, to make -range
form —x to «. U, V, and W are then

2 k 2 -1
U= 2pk) + ok~ 1) =y CEEEED g5

1 2(k) — o?(k — 1
V = 21olk) — ok — 1)] = 7 TEZTEZD (13
W =+/p(k) p(k — 1) = ya(k) a(k — 1). (13¢)
Letting U = ~u, V = ~v, and W =
yw, F(¥ly, A¢s, @;, AT) can be rewritten as

(14).

C. Phase Noise Distribution

From (11), the phase noise distribution under Rayleigh
fading can be expressed as

P(d)IA ¢aa¢1’uAT) :_F(¢|A ¢s;¢i3 AT)
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where

o
FWlA b AT) = [ Pl Adw b AT)p(1) dy
° (16)
is the average of F(¢|v,A ¢s,¢;, AT) using the pdf of
with selection diversity reception which is given by [3]

p(y) = % exp (—%) [1 — exp (_%)]L—l

:% (L l_ 1)(—1)’ exp [—%(1 +l)]. an
P

From (18), F(t|A ¢, ¢;, A T) becomes (19). Using (A1) and
u? — v2 = w? (see (13)), the first integral in (19) becomes

_ o sgny 4 /1+c0s1/1_—sgn1,/) _|_1/;_|
L= ™ tan l—cosy 2 (1 ‘n')'

(20)
For the second integral, we use again (A1) with (21) to obtain

7, -L  Im(mexp—j¢)
T 2 :
\/1 = Re“(mexp—jv)

~F(~7|A s, b, AT) + U3 . —1 |1+ Re(mexp—jv)
(=] )+ U( ()15) tan \/ T Re(mrexp—i9) 2)
L)
F@|7,A o, s, AT) = — d
(617, 60, 8, AT) = £ /_(m) texp
‘[_ u — v sin t —w cos 1 cos ¢
71—{rcos(w+A¢s)+Asin(w+A¢s)}cost]
» —wsin ¥
u—vsint—wcos Y cost
rsin(¢Y+ Ags) — Acos(y + A dy) 14
1—{rcos(¥+Ad¢s)+Asin(yp+Agy)}cost 14
1 [ 5 u—vsin t - wcos ¥ cos t
f/o eXp[—f(1+l)_71—{rcos(w/J+A¢s)+)\sin(¢+A¢3)}cost]dt
_ 1—{rcos(¥+ Ads)+ Asin(yp+ Agy)}cost 18
T+ D[l - {rcos(¥p+ Ags)+ Asin (1 + As)}cos t] + ['(u — v sin t — wcos P cos t) (18)
L—-1
— L-1\(-1)}
F(¢|A¢sv¢i7AT) =L ( )——
; L)1+t
'/"'("/2) 1 t{ —wsin 9
—(x/2) 4T u — v sin ¢t — wcoscost
wsin¢+1;l{rsin('«/z+Aq$s)—/\cos(¢+A¢s)}
+
u+1—;—£—usint—[wcosz/)+l;l{rcos(¢+A¢a)+/\sin(1[;+A¢s)}]cost
(19
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where

l ) .
(r+jMexp—jAd,

m= l ; 5
1+ 1+

2 i

\/ + 2u T +( T )

1+1

1+
w4+ T

alk)a(k - 1)+ A (r+3M)exp—jAd,
- 1+1 1+1 -3
\/2(k)+—1_,— 2(k—1)+T

Equation (23) was obtained from u = (a?(k) + a®(k — 1))/2
and w = a(k) a(k — 1) (see (13)). Substituting (20) and (22)
into (19) and using

2”: (l-il( ) nil

=0

(24)

we have (25). Finally, substituting (25) into (15), we obtain
(26). An alternative expression can be found from (A2) as

found in (27). (k) and 7 + j A are defined in (9) and (10),
respectively. 1; can be rewritten

m=
1+ li’—’az,(k)az*(k —1)exp—j Aoy
[di(k —

\/1+(1+z)[ 'dg“” ]\/l+(1+’)[r L

1]2]
for DPD. (28)

IV. CPD PHASE NOISE DISTRIBUTION

In Section III, we derived the distribution of the phase
difference between the received signal and the reference signal
which is the one-symbol delayed version of the received
signal perturbed by AWGN plus CCI. On the other hand,
the reference signal for CPD is noise free and has an infinite
SNIR. This implies that the CPD phase noise distribution can
be obtained from the DPD phase noise distribution by letting
p(k — 1) — oo. It can be shown from (8) that p(k — 1) — oo
is equivalent to a(k — 1) — oo. Letting a(k — 1) — oo in

az—bz—c2=(w + 2u 1T+l-+(

1;1))

1 — Re?

\/a2—c2:|:b=\/'w2+2 1T-i—l+(

1+ Re

-ww('“)Lz(

?(w|A¢8y¢i’AT) =3

P(|A ¢s, ¢, AT) =

w+1+l(r+j)\)exp—jA¢,
141 [(1+1\? IV
+ +
¢+WF%TQ
141
T
1
w+ ;l(r+j/\)exp—jA¢_,
l l exp—j9 (21)
1+ 1+
2 lut]
‘/'w + 2u T +( T )
)( 1! Im(m exp—j¢)
1+ \/I—Rez(m exp —j 9) (25)
2 2 _1 [1+Re(m exp—j¢)
X— tan -
T 1 — Re(m exp—j 9)
(-1) |
LS (e
Im (m exp-ﬂﬁ) 2 an-1 [ L Re(m exp—j9)
1 — Re (m exp—j 9) (26)

<+

1

21 \/1—R32(7liexp—j¢)7r
Im(m) 2

L \/1*362(711)7r

1 —Re(m)

tan~!
1+ Re (m)
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(23) and using (9), we obtain

a(k)

= 1 for CPD. (29)

\/1 +(1+ l)[% + |d,»(:)|2]

Substitution of (29) into (26) and (27) and recognizing
Im(m) = 0, we obtain the phase noise distribution of
coherently detected phase noise 6. It should be pointed out
that the CPD phase noise distribution is not affected by the
desired signal modulation at all.

m=

V. DISCUSSION

A. Comparison Between DPD and CPD

It is interesting to compare the DPD and CPD phase noise
distributions. Substituting (9) into (28) and (29), m can be
approximated as (30) for large values of I' and A. If A — oo,
the phase noise is produced due only to AWGN. We call
this channel the AWGN-limited channel. In this case, 7 ~
1— (1 + 1)/T for DPD while 1 — (1 + 1)/(2T) for CPD.
Therefore, the distribution for DPD can be approximated as
that for CPD with 3-dB reduced SNR. This suggests that the
BER performance of DPSK is approximately 3 dB inferior
to that of CPSK regardless of the modulation level. On the
other hand, if I’ — oo, the phase noise is produced due only
to CCI. We call this channel the CCI-limited channel. In this
case, 7 is affected by the transmitted CCI symbol sequence
through d;(k) and d;(k — 1), but in different ways for DPD
and CPD. So comparison of the phase noise distributions is
not simple. Instead, a comparison of the BER performances
is presented in Section VI. In the following, the phase noise
distributions for three special cases are presented: 1) AWGN-
limited channel (A — oc0), 2) CCl-limited channel (I" — co),
and 3) unmodulated CCIL.

257

B. Special Cases
1) AWGN-limited channel: m; becomes

1

T+1
14222

m - T

1+1
Vit

Substituting this into (26), we obtain (32a) and (32b). Pauw
and Schilling [8] derived the distributions for DPD and CPD
for no diversity case (L = 1). We can show that (32a) and
(32b) are identical to their results, but our expressions cover
the entire range of the phase of interest, i.e., —7 S 9 < 7.
2) CCl-limited channels: B
When I' — oo, # is given by (33), where A¢; =
arg [d;(k)d}(k — 1)]. Comparison of (31) and (33) shows
that for CPD, the faded CCI behaves simply as an AWGN
with a power of I x |d;(k)|2. In the case of DPD, however,
the distribution is influenced further by the modulation phase
difference between the desired signal and the CCI. When
the CCI is modulated with AT = 0 by random sequence
of equiprobable M symbols, A ¢; is equal to A¢; and it
takes on one of M values from the set {2m=x/M;m =
-M/2,£(M/2-1),£(M/2-2),---,£2,£1,0}. If AT #
0, A ¢; spreads around A ¢; due to ISI, but it is still symmet-
rically and continuously distributed with respect to any value
from the set {2mn/M;m = —M/2,+(M/2 - 1), £(M/2 —
2),- %2, +1,0}. Taking account the above statistical prop-
erty of A ¢;, one can find that the DPD phase noise distribution
averaged over CCI modulation does not depend on A ¢,.
Therefore, letting A ¢, = 0, the distribution can be computed
from (34a) and (34b), which should be averaged over all the
possible sequences ¢; (remember that d;(-) and A ¢; can be
determined from ¢;). As described above, the distribution for
DPD is not affected only by A ¢; distribution but also by
|d; (k)| and |d;(k—1)|, while that for CPD is affected by |d; (k)|
only. Therefore, the DPD phase noise distribution is more
sensitive to timing offset than CPD. Furthermore, it should
be pointed out that for both DPD and CPD, the phase noise
is symmetrically distributed around its center which is O (this

for DPD

31
for CPD, as A — oo0.

" L1, (-1)! -
H;_Lg( ; )1+l

=0

P($|A 60,8, AT) = = mmexp—s¥) (1,1, Re(mexp-iv)
LR <% =3 . . 27
2| Ji-rEmen-in\? " \i-RE (i em-iv) @n
Im (m) 1. 1. 5 _ —Re(m)
b= | S 4 = tan"! ——
| v/1—Re?(m) (2 T \/1—Re? (m) J
1+1 1
-2 —J;‘l[|d.,-(lc)|2 + |di(k — 1))? — 2d;(k)d}(k — 1)exp~j A ¢,] for DPD
m 141 12+zd o2 (30)
1——2I‘ - SK {ds (k)| for CPD
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can be easily understood from P(—¢) = 1 — P(%); see (32)
and (34)).

3) Unmodulated CCI:

If the CCI is unmodulated (A ¢; = 0), the phase noise
distribution can also be expressed as (34), but with |d;(k)| =
|di(k — 1)] = 1 and with A ¢; replaced by —A ¢, which
takes on one of M values from the set {2mn/M;m =
-M/2,+(M/2-1),+(M/2-2),.--,42,41,0}. As aresult,
when averaged over all transmissions of equiprobable M
values of A ¢,, the phase noise distribution becomes identical
with that for the modulated CCI case with AT = 0.

VI. ERROR RATE CALCULATION

First we present BER expressions for 2-16 DPSK/CPSK’s
using the derived phase noise distribution. When modulation
timing offset exists between the desired signal and the CClI, the
CCI samples suffer from ISI, which is a function of overall

and 0. The BER can be exactly evaluated from (35), where
H,, is the Hamming distance between the incorrect symbol
corresponding to the mth error region A,,, and the transmitted
symbol. P() is the phase noise distibution given by (26)
or (27). It can be seen from Fig. 2 that in the case of
M =4,H, 1o = 2 and H,_+; = 1 irrespective of the
transmitted symbols. For M = 8, we can find from Fig. 2
that H,,—+4 = Hpp—=19 = 2 and Hp—11 = 1, while H,,—13
depends on which symbol was transmitted. H,,—3 = 1 and
Hp,—_3 = 3 for four 3-bit symbols (111), (010), (001), and
(100), and H,,—3 = 3 and Hy,—_3 = 1 for the other four
symbols. Assuming equiporbable transmission of 8 symbols,
the averages of H,,—3 and H,,—_3 are both equal to 2 bits.
In a similar way, we can find the H,, for M = 16. Since
both A # and € are symmetrically distributed with respect to
0 (see Section V), the BER’s for M = 2-16 can be exactly
evaluated from

channel filter response. Assuming square root raised cosine (op(w=_T M
filtering, we investigate the impact of modulation timing offset (’(/) - 5)’ =2
and filter rolloff factor. Finally, we discuss the accuracy of a Plo=-"YrP[w=- 3r —
BER approximation. (¢ 4) +PY 4 ) M=4
gp(¢=_f)+P(¢=_3—") , M =8.
A. BER Expression Using Phase Noise Distribution Py=! 3 L 8 x 8 .
The BER depends on the rule used to map log, M-bit sym- 2p ('/’ = "E) +2pP (¢ = _E)
bol to the carrier phase. The error region of A ¢ and 6 ranging 1 or 117
from —x to 7 is divided into M error regions {A,;m = 1 +P{¥= ~16 Ply= 16 , M=16
+M/2,+(M/2 - 1),--+,+2,£1}. We have Ap—_p2 = 137 157
[-m,—(M — D)a/M), Apeprjz = [(M = 1)n/M,7) and { _~P(¢ = —1—6> - (¢ ‘E)
Ap = [(2m — )a/M,(2m + 1)x/M) for m # £M/2 (36)
[ v, (L)Y '
1+=+1L ~—r
taxt ; l 1+1
1
P(‘/’)=5 sin ¢ 2 1+1—+l+cos¢
2 T
‘/(1_1_114:1) ~ cos? 1+T—cos1p
" for DPD ) (32a)
¥, (L1 (Y
—~+L
L+~ + IZE L )T
1 =
P(y) == 1+1
(%) 5 ) sin ¢ ztan—l ”1+T+COS¢
1+ ., 7 140 . 4
i T + sin“ ¢ \/T+81n P
for CPD. (32b)
1+1 . . -
1+ ——|di(k)d; (k — 1)| exp —j(A ¢, — A ¢:)
- 1+! 11! for DPD
(k|2 Ak — 1|2
et S awr e B ) .

1

1+1
\/1 + T|di(/0)|2

for CPD, as I" — oo
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B. Calculation Procedure

For cellular systems, the CCI comes from spatially separated
cochannel cells whose modulation timing may not be synchro-
nized with the desired cell. The modulation timing offset can
be assumed uniformly distributed over [—T/2,T/2). When
AT # 0, the sampling timing for the CCI is offset from the
ideal timing; hence d;(k) # exp j ¢;(k) and it contains ISI
from several adjacent symbols, see (6). The ISI is given by
exp [J ¢:(k+m)] (A T—mT), m # 0, and its magnitude with
m > 0(<0) generally becomes larger as A T variés from 0 to
0.5T7(~0.5T) (note that h(AT — mT) = 0 if AT = 0). The
overall filter response h(t) we consider is that of the popular

raised cosine filter
h(t) = sin wt/T cosvwt/T
T owt/T 1-(2wt/T)?

where v is the rolloff factor (0 < » £ 1). It is found from (37)
that when v = 0.5 the value of |h(T/2 — mT)| is —4.4 dB,
—18.4 dB, and —35.3 dB for m = 1, 2, and 3, respectively.
From this, the immediately adjacent symbol may be sufficient
to consider for BER computation. Here, however, we take into
account ISI from two adjacent symbols on each side.

We assume the zeroth symbol A ¢,(0) is to be detected. As
discussed in Section V, the phase noise distribution averaged

(37N
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over all cochannel symbol sequences does not depend on
which symbol was transmitted on the desired channel. Without
loss of generality, therefore, we can assume A ¢4(0) = 0. The
BER calculation is done as follows.

1) Generate the cochannel phase sequence ¢;
(¢i(_3)7 ¢z(_2)7 ¢1(_1)’ ¢t(0)1 ¢z(1)7 ¢1(2))'
Compute the values of d;(0) and d;(—1) using (6) and
(37) for the given AT and v, and substitute them into
(28) and (29) to obtain r; for the given I and A.
Compute the conditional BER using (26) or (27) and
(36).

Finally, average the conditional BER’s over all phase
sequences ¢;.

2)

3)

4)

C. Influence of Timing Offset

We consider the CCI-limited channel, i.e., I — o0o. The
calculated BER’s of 8DPSK/CPSK in CCI-limited channel
with A = 20 dB are plotted as a function of AT for various
values of v in Fig. 3. The BER of DPSK is maximized at
AT = 0 and minimized at AT = +T/2; when L = 2 and

= 1, for example, one order of magnitude difference is
observed. However, for CPSK, the BER’s are nearly constant
over AT = —-T/2 to T/2 for small values of v (say,

P(ig AT) = 1
- ll T
14~ +LE( )(1+)l
r Slni/) 3
2
\/(1+ ) (14 S5tk - D) = (cos v+ lj{lld( (k= Dlcos( - Ad)

X9 \/ (1+ Stascne) (1 e - DIF) + <05 4+ (B~ Dleosty — A8
x%tan‘l
L \/ (1+ 5 ) (1 51 - 1) - cos = S k)asth - ooty - ad) |
for DPD (34a)
P AT) =5
(-1)! sin ¢ ]
T +LZ( )l+1 1+1
\/—|d k)| + sin® ¢
L+ 1+ l(d (k)lz 4 cos for CPD (34b)
-—tan
\/1 +l|d,~(k)|2 +sin ¢
(M/2)-1 i .
o 3 Hm[P(¢=(2m+1)M-)—P(¢=(2m—l)ﬁ)]
b= og 3 m==(M/2)+1 (35)
2 kig m
+Honmpay2P (% = ~(M = 1)72) + Hmepae[1 = P9 = (M = 1))
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Fig. 3. BER of 8DPSK/CPSK as a function of timing offset A T' with filter
rolloff factor ¥ = 0.3-1 and number of diversity branches L = 1 -3.
CCl-limited channel (I' — o0).
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Fig. 4. BER performance of 8DPSK/CPSK as a function of average SIR
A with timing offset AT = 0,£7T/2 and number of diversity branches
L = 1,2, and 4. The BER averaged over uniformly distributed timing offset
is also plotted. CCI-limited channel (I' — o0).

v = 0.3,-0.5). Fig. 4 shows the BER performances of
8DPSK/CPSK as a function of average SIR for v = 0.5.
This figure allows us to determine how the required SIR
values that achieve BER = 1073 vary according to AT.
For 8DPSK, by increasing |AT| from zero to 0.5T, the
required SIR reduces by about 2.5 dB when L = 14.
For 8CPSK, however, variations in the required SIR are
much smaller. As discussed in Section V-B-2, the BER
of DPSK is more sensitive to timing offset than that of
CPSK.

Rayleigh fading
>

IO"'_'" ------------------------------------------------------- 4

Average BER
g

10

0935065 0.6 0.7.0.8 0.9 1.0
Roll-off factor v

Fig. 5. Average BER of 8DPSK/CPSK as a function of rolloff factor v with
number of diversity branches L = 1-4. CClI-limited channel.

For comparison, the results of BER’s averaged over uni-
formly distributed A T are also plotted in Fig. 4 (hereafter, we
refer to this BER as average BER). Average BER performance
of 8CPSK is superior by about 2.5-3 dB to that of 8DPSK
when L = 1-4 (note that in the case of AWGN-limited
channel, performance superiority of CPSK is 3 dB for large
SNR).

From the discussion in Section V-B-3, the BER performance
with AT = 0 is the same as that with unmodulated CCI. It
can be observed from Fig. 4 that if the CCI is unmodulated,
the BER performance of 8DPSK is degraded by about 1 dB
compared with the average BER performance when L = 14.
For 8CPSK, however, the degradation varies with the number
of diversity branches; it is only about 0.6 dB when L = 1 and
is even smaller when L = 2 4. ’

D. Influence of Filter Rolloff Factor

The sampled CCI component is given by d;(k) =
Em exp[j ¢i(k + m)] A(AT — mT). The contribution from
oi(k), ie., exp[j ¢i(k)] h(AT), is predominant and is less
sensitive to the variations in the rolloff factor v (this can
be easily understood by examining (37)); however, the ISI
from the other symbols ¢;(k + m),m # 0, is sensitive. For
larger v, h(t) converges to zero more rapidly. Hence, the ISI
decreases as v increases, resulting in BER reductions. To show
this, we plot the average BER’s of 8DPSK/CPSK in Fig. 5
as a function of ».

In Fig. 6 the average BER performances of 8-16DPSK’s
are plotted as a function of the average SIR for various values
of v. It can be seen from Fig. 6(a) that by increasing v from
0.3 to 1 the BER performance of 8DPSK improves by about
1 dB for L = 1-4. This 1-dB performance improvement can
also be observed at other modulation levels (see Fig. 6(b)).
We also computed the average BER performances of 8-16
CPSK’s and observed a similar performance improvement

Authorized licensed use limited to: TOHOKU UNIVERSITY. Downloaded on March 05,2010 at 02:46:32 EST from IEEE Xplore. Restrictions apply.



ADACHI AND SAWAHASHI: ERROR RATE ANALYSIS OF MDPSK/CPSK
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Fig. 6. Average BER performances of 2-16DPSK/CPSK’s as a function of
average SIR A with filter rolloff factor » = 0.3-1.0. CCl-limited channel
(T —o0)(@M=8L=1,2,and4, b)) M =2,4,8,and 16. L = 2.

achieved by increasing v (therefore, the computed results are
not graphically presented here). However, it should be noted
that the BER performance of CPSK is superior to that of DPSK
by about 2-3 dB for M = 2-16.

Also seen from Fig. 6 is that diversity reception can signifi-
cantly improve the BER performance due to CCI by using only
two antennas (L = 2); reduction in the required average SIR
at average BER = 103 is about 10 dB. When L is increased
to 4, an additional reduction of 4.5 dB in the required SIR
is obtained.

E. BER Performance in the Presence of Both AWGN and CCI

So far, we presented the calculated results in the CCI-
limited channel, i.e., errors are caused by CCI only. Here
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we also consider AWGN. The average BER performances
of 2-16 DPSK/CPSK’s with L = 2 and A = 25 dB
are shown in Fig. 7(a) as a function of the average sig-
nal energy per bit-to-AWGN power spectrum density ratio
Ey/No(=SNR/logy M). The BER reduces as the average
Ey/Ny increases, but approaches the error floor value due
to CCL In general, the BER performance degrades as the
modulation level increases. However, it should be noted that
for Ey /Ny < 15 dB (the CCI effect can be neglected), 2 and
4 CPSK have almost identical performance and the 4DPSK
performance is only slightly (about 0.5 dB) degraded from
2DPSK. Fig. 7(b) shows the average BER performances of
8DPSK/CPSK for various diversity branch numbers.

F. Approximated BER

It is well known that for high SNR in nonfading environ-
ments, the probability of the phase falling in error regions
other than the nearest region A,,—+1 is negligible. With Gray
encoding, the nearest error region has a Hamming distance of
1-bit, and therefore,

for the nonfading case. Equation (38) appears as the first
term of (36). In Rayleigh fading environments, most errors
are produced when the received signal SNR drops near the
noise level or CCI level. In this case, the probability of phase
noise falling in error regions other than the nearest region
may not be negligible. The approximate BER’s calculated
from (38) are plotted in Fig. 7(b) for 8DPSK/CPSK with
v = 0.5. It can be seen that the approximate BER s are slightly
smaller than the exact ones when L = 1 (no diversity); the
approximation errors at average Ep/No = A = 25 dB are
about 11%. Therefore, (38) cannot be used for fading channels.
However, it can be seen from Fig. 7(b) that when diversity
reception is employed, the approximation errors are negligibly
small; 1.9 2.4)%, 0.26 (0.45)%, and 0.035 (0.077)% when
L = 2, 3, and 4, respectively, for SDPSK (8CPSK). This good
agreement when diversity reception is employed is attributed
to the fact that diversity reception can reduce the variations,
due to fading, in the desired signal envelope or power and the
statistics of the desired signal approaches the nonfading case.

(3%)

VII. CONCLUSION

This paper has analyzed the BER performances of
2-16DPSK/CPSK systems with selection diversity in the
presence of AWGN and CCI under very slow Rayleigh fading.
The impact of the CCI modulation timing offset and that of
the overall channel filter response were investigated. CPSK
performance is less sensitive to the modulation timing offset
than DPSK. For example, when a rolloff factor of 0.5 is used,
the required SIR for 8DPSK at BER = 103 varies by about
2.5 dB as the timing offset increases zero to 0.51" while it
is less than 1.5 dB for CPSK. We also found that the BER
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Fig. 7. Average BER performances of 2-16DPSK/CPSK’s as a function of

average Ej, /No with filter rolloff factor » = 0.3-1 for average SIR A = 25
dB.@M=248and16.L=2. b) M =8.L = 1-4.

performance due only to CCI can be improved by about 1 dB
by increasing the rolloff factor from 0.3 to 1. The accuracy
of the BER approximation was discussed and we found that
2P(y = —m/M)log, M yields accurate BER approximations
only when diversity reception is employed. Although our
analysis neglected both the effect of fading-induced random
phase noise and that of multipath channel delay spread, our
results can be useful for the radio link design of digital cellular
systems. Extension of our analysis to include the effects of
fading-induced random phase noise and delay spread is left
for a future study.

Narrowband digital FM is another attractive modulation
scheme because of its constant envelope property. For the
detection of digital FM signals, either differential phase detec-

tion or limiter-discriminator-integrator detection can be used,
and therefore the derived phase noise distribution can also be
applied to calculate its BER performance.

APPENDIX

For derivation of the phase noise distribution, we use the
following two formulas

/‘(""/2) dt
—(n/2)@ t+ bcos t+csin t

_ 4
V-2 -2
2 _ 2
-1 @l —c-b 5 2, 2
-tan e (a®* > b* +c%)
(A1)
1 1 -1 a _ 2 1 [1+a
2+ﬂ_tan ﬁ—-ﬂ_tan 1—a (AZ)

The following is the derivation of (A1) and (A2). From [14,
eq. (2.559.4)], we obtain

/(Wﬂ) di _
—(nj2) atbcost+esint -

2 tan—! —% b+c
Ve-p-a| " VE-r-a
—b-
+tan_1 ———,;;Tlﬂ_:c_c?], (02 > b2 + Cz).
(A3)
Applying
x+y=2tan_1(smz+smy) (Ad)
cos Tz +cosy
to (A3) with
a—-b+e a—b-c
r=tan"! ———— y=tan ! ————
va? - b? - ¢? 4 " a? — b2 — 2
(A5)

we obtain (Al). For deriving (A2), we use again (A4). Let
z = m/2 and y = tan~! b. Recognizing sin y = b/+/1 + b2
and cos y = 1/v/1 + b?, we readily obtain

1 1 2
3 + p tan~! b= p tan~1(b+ /1 + b2). (A6)

Finally, letting b = a/v/1 — a2, we obtain (A2).
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