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Site occupancy in the Re-W sigma phase
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The site occupancy in the Re-W sigma phase is studied using neutron-diffraction experiments and using a
first-principles statistical thermodynamics approach. We show that the five inequivalent lattice sites of the
sigma phase display a specific site-occupation sequence with increasing W composition which is explained by
a theoretical analysis.
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I. INTRODUCTION

Ordering processes are of primary importance in und
standing crystal chemistry as well as relative phase stab
and physical properties of substitutional alloys. During t
last decade, a theoretical approach1,2 combining electronic
structure calculations and statistical studies has been
successfully to predict these effects. However, in most ca
the alloys studied were based on simple underlying crys
line structures with just one or two atoms in the unit ce
such as fcc, bcc, or hcp. Conversely, few theoretical stu
have been devoted to investigate the interplay between e
tronic properties and configurational order in substitutio
alloys exhibiting complex crystallographic arrangement as
the case of the so-called Frank-Kasper~FK! phases.3 The
study of these complex structures is of fundamental inte
because they display structural units that are believed to
present in nonperiodic systems. They are also very impor
for technological reasons because their presence is know
deteriorate mechanical properties of many commercial
loys. It is now well established that FK phases likeA15,
sigma, or chi satisfy the Goldschmidt-Hume Rothery’s ru
that suggests their formation to be electronically driven.3

For transition-metal-based alloys, a systematic treatm
of the FK phases was formulated by Watson and Benn4

Their empirical approach indicated that the average filling
the d band is important to predict which alloys form F
phases. Previous theoretical work based on tight-bind
arguments5,6 suggests that electronic effects and more p
ticularly thed-band filling are crucial to explain the stabilit
of the A15-based structure. To study ordering effects
A15-based alloys, Turchi and Finel7 proposed to couple
tight-binding calculations in the context of the generaliz
perturbation method~GPM! ~Ref. 8! with a statistical ther-
modynamics method such as the cluster variation met
~CVM! ~Ref. 9! or the Monte Carlo method. Their main con
clusion is that order-disorder phenomena inA15-based alloys
are much more complex than in simple structure-based
loys.

The possibility of different order-disorder phenomena
complex structures motivated one of us~Sluiter! and
co-workers10 to study the Fe-Cr sigma phase. The Fe-
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sigma phase was selected because much experimental
has been done on this material.11,12The main result is that the
theoretical site occupation in the Fe-Cr sigma phase disp
a peculiar behavior which is not in complete agreement w
experiment and exhibits an occupancy reversal phenome
As a result, it seems to be crucial to test this theoreti
approach on other systems to see if the occupancy reve
phenomenon is a common behavior of the sigma phase
it is just a characteristic of the Fe-Cr system.

In this work we address this problem by combinin
neutron-diffraction analysis with first-principles-based calc
lations in studying the site occupancy in the Re-W sig
phase. The Re-W sigma phase was selected because it e
over a wide range of compositions, about 30–57 at. % W
Sec. II, we present the details of our neutron measurem
of the site occupation in the Re-W sigma phase. In Sec.
we recall how first-principles calculations can be used
determine the site occupancy. Finally in Sec. IV, we summ
rize the use of both first-principles and neutron methods
describing the local order in the Re-W sigma phase.

II. EXPERIMENTAL DETAILS AND DATA ANALYSIS

The unit cell of the sigma phase contains 30 atoms t
pertain to five crystallographically inequivalent sitesA, B, C,
D, and E with the occupation numbers 2, 4, 8, 8, and

FIG. 1. Unit cell of the sigma phase.
©2001 The American Physical Society03-1
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respectively13 ~see Fig. 1!. Its space group isP42 /mnmand
the corresponding Pearson symbol istP30. Three types of
coordination occur: theA andD sites are icosahedrally coo
dinated, theB site has 15 nearest neighbors, and theC andE
sites are 14-fold coordinated.

Neutron diffraction was used to determine experimenta
the atom distribution in the Re-W sigma phase. Re and W
neighbor elements in the Periodic Table and therefore exh
almost no x-ray scattering contrast. Fortunately, Re and
have very different bound scattering lengths@bc(W)
54.77 fm, bc(Re)59.2 fm# and thus there is good neutron
scattering contrast. In order to measure site occupancy in
sigma phase as a function of composition, three comp
tions were selected: 34% W, 44% W, and 54% W. The
samples were prepared in the 50-m-high drop tube facility
the CEA-Grenoble, France.

Intensity data were collected on the high-resolution bi
ial diffractometer D2B at the Institut Laue Langevin~ILL !
facility in Grenoble, France. The incident wavelength us
was 1.6 Å. The samples were powdered and placed
vanadium cylindrical container~Debye Scherrer configura
tion!. The diffraction data were analyzed by means of
Rietveld method for crystal structure refinement14 using the
computer programFULLPROF by Rodriguez Carjaval.15 In
this method the measured pattern is fitted to a model pat
that is calculated from sample parameters~space-group sym
metry, lattice constants, atom parameters!, and instruments
parameters~wavelength, peak shape, peak width!.

In the profile refinements parameters were chosen as
lows. The background was interpolated between a se
manually determined points. The peak shape was descr
using a pseudo-Voigt function refined to be half Gaussi
half Lorentzian, indicating good crystallized samples. T
Caglioti16 coefficients modeling the full width at half max
mum of Bragg peaks were refined close to the reference r
lution function of the D2B diffractometer. The other param
eters refined are the zero point, the cell parameters,
atomic positions of the atoms and the corresponding Deb
Waller factor, taken identical for all atoms. Finally the dist
bution of chemical species among the five sites is refined
thereby determined.

The results for the three different compositions are
ported in Table I. We can see that Re is found to show
strong preference forA and D sites while W is strongly at-
tracted to the highest coordinatedB site. These results seem
to be independent of the composition and will be discus
in relation with the theoretical results in Sec. IV.

TABLE I. Experimental occupancy of the inequivalent sites f
the three compositions of the sigma ReW alloy.

Site s-ReW 34% W s-ReW 44% W s-ReW 54% W

A 5% W63% 7% W63% 16% W63%
B 60% W62% 72% W62% 92% W62%
C 46% W62% 62% W63% 75% W61%
D 2% W64% 8% W63% 6% W62%
E 47% W62% 56% W62% 70% W61%
14410
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III. FIRST-PRINCIPLES STUDY OF THE Re-W SIGMA
PHASE

For a theoretical phase stability study of the sigma ph
the Ising model can be used. The energetics associated
changing local atomic configurations is parameterized b
set of effective cluster interactions~ECI’s! which can be for-
mally defined in terms of linear combinations of configur
tionally averaged total energies of the system.17 These ECI’s
can be calculated using any of a variety of first-princip
techniques; following previous work,10 we choose to use the
Connolly-Williams method~CWM! ~Ref. 18! to extract
ECI’s noted Vi , from the formation energies of differen
configurations. The five inequivalent sites of the sigma ph
make 25532 possible distributions of Re and W atom
These 32 configurations are not superstructures of the si
phase because they all have the same space group. In
tion, ten sigma superstructures were considered. The si
superstructures make it possible to determine the pair in
actions between sites of the same type~i.e., B-B-, C-C-,
D-D-, and E-E-type pairs!. In all, 32110 structures were
used for the determination of the ECI’s. In the CW
method, the effective interactions are determined by solv
a linear system given by

Eform
a 5(

i
j i

aVi , ~1!

where the labela represents one of the 42 configurations a
j i

a refers to the correlation function pertaining to clusteri. A
correlation function is given by the expectation value of t
product of the occupation numbers for the sites in the clus
The occupation number for the W~Re! atomic species were
not selected as21 ~1! as is customary, but rather as 0~1!.
This means that a correlation function takes a value that

TABLE II. Coordinates of the five inequivalent sites of th
tetragonal sigma phase in units ofa andc, respectively.

Site
Wyckoff
position Coordinates

A 2(a) 0, 0, 0 1/2, 1/2, 1/2

B 4( f ) x, x, 0 x̄, x̄, 0
1/21x, 1/22x, 1/2 1/22x, 1/21x, 1/2

x50.398

C 8(i ) x, y, 0 x̄, ȳ, 0
1/21x, 1/22y, 1/2 1/22x, 1/21y, 1/2
y, x, 0 ȳ, x̄, 0
1/21y, 1/22x, 1/2 1/22y, 1/21x, 1/2

x50.463,y50.131

D 8(i ) x50.739,y50.066

E 8( j ) x, x, z x̄, x̄, z
1/21x, 1/22x, 1/21z 1/22x, 1/21x, 1/21z
x, x, z̄ x̄, x̄, z̄
1/21x, 1/22x, 1/22z 1/22x, 1/21x, 1/22z

x50.183,z50.25
3-2
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responds to the probability that the cluster has pure
occupancy.19 A singular value decomposition algorithm20

was used to extract the values for 29 effective interacti
including the empty cluster. The other interactions are th
single-site terms, 18 pair terms, 4 triplet terms and 1 quad
plet term.

The formation energiesEform are obtained from the tota
energies by substracting the concentration weighted tota
ergies of pure Re and W with the sigma structure. To co
pute total energies, we used the Vienna Ab Initio Simulat
Package~VASP!.21 Ultrasoft pseudopotentials are used to a
proximate the electron-ion interactions with a plane-wa
cutoff energy of 193.87 eV.22 Bands near the Fermi surfac
are partially occupied using finite-temperature broadening
proposed by Methfessel and Paxton.23 Integrations in recip-
rocal space use 18k points in the irreducible Brillouin zone
and a broadening parameter of 0.10 eV. Thea andc param-
eters of the tetragonal unit cell and the cell internal coor
nates were optimized for all configurations using a conjug
gradient method.21 A previous study showed that resul
based on ultrasoft pseudopotentials are in good agreem
with full potential linear muffin-tin orbital calculations.24

The interactions are then used to compute the site o
pancy, entropy, and Gibbs free energy of the sigma phas
a function of temperature and composition within the tet
hedron approximation of the cluster variation meth
~CVM!. The tetrahedron approximation gives 17 maxim
clusters and 71 correlation functions.10

IV. DISCUSSION

A. Determination of the effective cluster interactions

In order to check the effects of the geometry optimizat
on the ECI’s, two series of calculations were performed.
already mentioned, the geometry optimization of the sig
phase consists in determining thea andc parameters of the
tetragonal unit cell as well as the internal atomic coordina
displayed in Table II. In a first set of calculations~unre-
laxed!, a and c parameters were optimized for pure Re a
pure W and a linear interpolation scheme was used to ob
a andc for all other configurations. In this set of calculation
the atomic coordinates were held fixed as listed in Table I13

In the second set of calculations~relaxed!, a full optimization

TABLE III. Optimized coordinates of the five inequivalent site
for pure Re and pure W.

Site Position
Relaxed

Re-s coordinates
Relaxed

W-s coordinates

A 2(a) 0, 0, 0 0, 0, 0
B 4( f ) x50.405 x50.400
C 8(i ) x50.463,y50.135 x50.467,y50.130
D 8(i ) x50.738,y50.066 x50.742,y50.060
E 8( j ) x50.183,z50.251 x50.188,z50.252

Cell parameters
a59.558 Å a59.779 Å
c54.970 Å c55.085 Å
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including both unit-cell parameters and internal atomic co
dinates was performed for each configuration. Table III giv
the optimized internal atomic coordinates for pure Re a
pure W. They are very close to the experimental data of R
25, and relaxation lowers the energy by just 8 and 4 me
atom for Re and W, respectively. This energy difference
very small not only for the pure elements, but for all co
figurations considered in this study, as can be seen by c
paring Figs. 2 and 3. As these energy differences are m
smaller than the smallest difference between the forma
energies of any of the 42 configurations, it follows that r
laxation effects are, surprisingly, without consequence
the study of the thermodynamically stable configurations
the Re-W sigma based system.

FIG. 2. Formation energy~in meV/atom! of nonrelaxed atomic
configurations with the sigma structure: as computed withVASP

~1!; as computed from the effective interactions~3!. Circles indi-
cate the sigma superstructures. The most stable configurations
been connected with a solid line and the occupancy of theA, B, C,
D, andE sites have been indicated.

FIG. 3. Formation energy~in meV/atom! of relaxed atomic con-
figurations with the sigma structure: as computed withVASP ~1!; as
computed from the effective interactions~3!. Circles indicate the
sigma superstructures. The most stable configurations have
connected with a solid line and the occupancy of theA, B, C, D, and
E sites have been indicated.
3-3
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TABLE IV. Values of the 29 effective cluster interactions~units are in K! for Re-W system; degenerac
is given in parentheses.

Sites A~2! B ~4! C ~8! D ~8! E ~8!

Site energies 111 2491 2736 100 2900

Pairs
~distance!

AD ~8!
~2,94 Å!

AE ~8!
~3,14 Å!

AB ~8!
~3,26 Å!

DD ~4!
~3,01 Å!

DC ~8!
~3,06 Å!

DC ~8!
~3,07 Å!

Pair interactions 70 95 51 128 194 135

Pairs
~distance!

DC ~16!
~3,10 Å!

DE ~16!
~3,15 Å!

DE ~16!
~3,18 Å!

BC ~8!
~3,02 Å!

BB ~2!
~3,19 Å!

BD ~16!
~3,35 Å!

Pair interactions 342 499 2138 210 253 79

Pairs
~distance!

CC ~4!
~2,89 Å!

CE ~16!
~3,45 Å!

CE ~16!
~3,50 Å!

CC ~16!
~3,54 Å!

EE ~4!
~2,84 Å!

DE ~8!
~3,53 Å!

Pair interactions 71 332 245 265 353 214

Triangles and
tetrahedron

ABD ~16! BDE ~16! BDC ~16! DEC ~16! AEBD ~16!

Multiplets interactions 39 50 2106 2194 274
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Figures 2 and 3 give indications about the convergenc
the CWM method as well. As explained in Sec. III, a sing
lar value decomposition algorithm was used to ‘‘fit’’ the va
ues for 29 effective interactions from the formation energ
of the 42 configurations. The effective interactions reprod
the formation energies very well, as is illustrated in Figs
and 3. The effective interactions can be used to calculate
formation energies of configurations not used in the ‘‘fit’’ an
compared with first-principles results. The difference is
measure of the ‘‘predictive error’’20 in this case less than
meV/atom. The interactions are given in Table IV. For m
tisite terms, we have usedA, B, C, D, and E site labels to
indicate what kind of sites are connected.

B. Site occupancy

The interactions were used to compute the site occupa
via the calculation of the Gibbs free energy as a function
temperature and composition within the tetrahedron appr
14410
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mation of the cluster variation method. Figures 4 and 5 sh
the site preference for temperatures of 500 and 1500 K
both figures the site occupancy sequence as a function o
composition is the same, although it is less pronounced
1500 K. First theB site is filled with W, next the sitesC and
E are filled, and last theA andD sites are filled. Once theB
site has been filled with W and the W content ranges from
to 70%, a site competition occurs between the 14-fold co
dinatedC and E sites ~see Fig. 4!. When the W content is
increased further from 70 to 100%, the two icosahedraA
andD sites.

Comparing the results calculated at 500, 1000, 1500,
2000 K with the neutron-diffraction data an excellent agre
ment is found, especially concerning the occupancy
quence of the five sites~see Table V!. It seems that the the
oretical results obtained at high temperatures
quantitatively in better agreement with the experimen
data. This is not surprising considering that the samples h
a-
FIG. 4. Computed occupancy of the inequiv
lent sites in the sigma phase at 500 K.
3-4
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FIG. 5. Computed occupancy of the inequiv
lent sites in the sigma phase at 1500 K.
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been prepared with a solidification process characterized
moderate cooling rates. The cooling rate does not modify
main conclusions regarding the site occupancy as will
discussed in a forthcoming paper.

The occupancy sequence can be understood from
single-site and multisite interactions listed in Table IV. Neg
tive single-site interactions indicate W preference. Table
shows thatE and C sites have a strong W preference, fo
lowed by theB site, while theA andD sites have Re prefer
ence. Previous results obtained for pure transition metal
different FK structures26 explain the clear preference for W
to occupy theB, C, andE sites and for Re to occupy theA
and D sites. It was shown that the band energy is redu
most when a transition metal with the larger number of sta
near the Fermi level occupies the low-symmetry sites, wh
a transition metal with the smaller number is positioned
14410
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the high-symmetry sites. This usually means that transit
metals with halfd-band filling predominantly occupy the
highly coordinatedB, C, andE sites while transition metals
with nearly filled or nearly emptyd bands occupy the icosa
hedralA andD sites.

However, neither this argument nor the single-site int
actions are insufficient to explain the competition betwe
the B, C, and E sites. In fact theB-C-E sequence results
from a subtle competition between single-site and multis
interactions. Table IV shows that the pair interactions b
tween twoB sites favors W occupancy whileE-E pairs oc-
cupied by W are disfavored~a negative sign of a pair inter
action means a favorable W-W pair!. The CC pairs are of
mixed attractive and repulsive type. Thus both single-s
and pair interactions contribute to the filling of theB site by
ata.
TABLE V. Calculated site occupancy at four different temperatures. Comparison with experimental d

Site 500 K 1000 K 1500 K 2000 K Experimental

s-WRe 34% W A 0% W 0–1% W 2,5% W 5% W 5% W63%
B 97% W 83% W 73% W 65% W 60% W62%
C 30% W 40% W 42% W 42% W 46% W62%
D 0% W 0–1% W 5% W 10% W 2% W64%
E 48% W 43% W 42% W 42% W 47% W62%

s-WRe 44% W A 0% W 1% W 6% W 10% W 7% W63%
B 99% W 93% W 86% W 78% W 72% W62%
C 68% W 58% W 58% W 57% W 62% W63%
D 0% W 2% W 8% W 13% W 8% W63%
E 52% W 53% W 56% W 54% W 56% W62%

s-WRe 54% W A 0% W 5% W 10% W 17% W 16% W63%
B 100% W 98% W 92% W 87% W 92% W62%
C 90% W 78% W 73% W 68% W 75% W61%
D 0% W 5% W 14% W 22% W 6% W62%
E 67% W 67% W 67% W 63% W 70% W61%
3-5
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FIG. 6. Computed occupancy of the inequiv
lent sites in the Re0.5W0.5 sigma phase as a func
tion of temperature.
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W atoms while single-site and pair interactions counter
each other in the filling of theE sites by W atoms.

In the same way the competition between theC and E
sites at low temperatures can be explained from the inter
of single-site and multisite interactions. The single-site int
action favors W occupancy of theE site but when theE site
is gradually filled, the pairwise disadvantage for theE sites
appears because W atoms on neighboringE sites strongly
repel each other. W atoms on neighboringC sites weakly
attract or weakly repel each other, so that at higher W oc
pancy, theC site becomes favorable over theE site. This
frustrated site occupation behavior that has been predi
for the Fe-Cr sigma alloys as well,10 can be vaguely recog
nized in the experimental data. Table I indicates that fo
sigma phase with 34% W, theC andE sites have 46 and 47%
W, respectively, while for a sigma phase with 54% W, theC
and E sites have 75 and 70% W, respectively. However,
this range of composition, the differences remain too sma
firmly establish this reversal of site occupancy betweenC
and E sites. TheB, E and C, D, and A site occupation se
quence found in the Re-W is not the same as theE, C, B, A,
14410
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and D sequence in the Fe-Cr system. While the division
AD andBCE sites is the same, the sequences within the t
groups can be explained only by subtle alloying effe
which depend on the specific system.

In Fig. 6, the site occupancy of a Re0.5W0.5 alloy is shown
as a function of the temperature. At high temperatures,
site occupancy very slowly reaches the value correspond
to the random configuration. This limit occupancy being d
termined purely by the alloy composition, in this case, t
limit of each site is 50% W. However, as already discuss
previously,10 this limit is reached asymptotically because
order-disorder transformation takes place in the system
the equiatomic alloy, theC andE sites have the most mixe
occupancy. When the temperature is lowered, the fraction
W increases a little on theC site and increases a lot on theB
site, concurrently the fraction of Re increases on theA andD
sites. TheE site displays a curious behavior in contrast to t
other four sites. Descending from a high temperature, the
exhibits a W-type preferential occupancy but around 1000
the W occupancy is lowered until at very low temperature
certain limit value is reached. This apparent reversal of
a-
-

FIG. 7. Computed occupancy of the inequiv
lent sites in the Re0.7W0.3 sigma phase as a func
tion of temperature.
3-6
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FIG. 8. Computed occupancy of the inequiv
lent sites in the Re0.6W0.4 sigma phase as a func
tion of temperature.
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site occupation arises again from the competition betweeE
andC site occupancy via the single-site and multisite int
actions. CVM calculations show that it occurs over a wi
range of compositions but depends on the alloy composi
~see Figs. 7 and 8!. For a sigma phase with 50% W, theE site
is frustrated while for a sigma phase with 30% W, it is theC
site which is frustrated leading to two distinct temperatu
dependent reversal phenomena. For a sigma phase with
W, bothE andC sites display site preference reversal beh
ior as a function of temperature.

V. CONCLUSION

The site occupancy in the Re-W sigma phase has b
investigated using both experimental and theoretical
proaches. It is shown that the five crystallographically
equivalent sites produce a number of peculiarities. With
d

et

-

14410
-

n

-
0%
-

en
-

-
-

creasing W composition, both experimental and theoret
investigations indicate that first theB site is filled followed
by theC andE sites and next by theA andD sites.

The site preference in Re-W and Fe-Cr sigma phases
lows the same general classification that is based on a
ments from studies of the relative stability of FK phases
pure metals. In short, the icosahedralA andD sites prefer Fe
and Re which have a smaller number of states near the F
level, while the higher coordinated and less symmetricB, C,
and E sites prefer Cr and W which have a greater num
of states near the Fermi level. The Re-W result differs fro
that obtained in the Fe-Cr sigma phase in the site prefere
sequence for the less symmetric sites. The subtle compet
on theB, C, andE sites cannot be understood from a simp
examination of the atom species alone. In the context
the Ising-type Hamiltonian, the site occupation seque
results from a competition between single-site and multis
interactions.
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