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Abstract

Recent micro-lensing surveys (e.g. MACHO, OGLE, EROS) provide us, as a by-product, with long-
baseline light curves of a huge number of red giant variables in the Large and Small Magellanic
Clouds (LMC and SMC). One of the most important developments by those surveys over the past
decades is the discovery of at least 8 period-luminosity relations (sequences A’, A, B, C’, C, D,
E and F) of the red giant variables in the LMC and SMC. Different sequences imply different
origins of the light variations. Mira/semi-regular variables and OGLE small amplitude red giants
(OSARGs) are pulsating red giant branch stars (RGB stars) or asymptotic giant branch stars (AGB
stars) falling on the sequences A’, A, B, C’, C and F, while sequence E can be interpreted by the
eclipse/ellipsoidal binary origin. In the last ridge, the sequence D is the longest period among
the period-luminosity relations. We have no plausible interpretation for the origin of the light
variations associated with those periods. The pulsation periods on the sequence D are named the
long secondary periods (LSPs). In this thesis, we examine the pulsation modes corresponding to
the pulsation of RGB OSARGs in the LMC (Part I) and the variability associated with the periods
falling on the sequence D in the SMC (Part II). Part of this thesis in published in Takayama et al.
(2013) and Takayama et al. (2015).

In part I, we discuss the properties of pulsation in the RGB stars of OSARGs in the LMC.
OSARGs show multi-periodic variations leading to their irregular right curves. Pulsation periods
of RGB OSARGs fall on three narrow ridges (b1, b2 and b3) on the period-luminosity diagram.
The pulsation modes interpreting those ridges have been a matter of debate for the past several
years. By comparing pulsation periods and the period ratios of theoretical models with observations
obtained with OGLE-III, we have found that the radial first, second and third overtone modes and
the non-radial dipole (l = 1) p4 and quadrupole (l = 2) p2 modes reproduce those three ridges.
The RGB stars of OSARGs are consistent with stars having initial (i.e. ZAMS) masses of ∼0.9
- 1.4M� and current luminosities of log L/L� ∼ 2.8 − 3.4. With those stellar parameters, the
period corresponding to the scaled optimal frequency νmax for solar-like oscillations increases with
luminosity, and passes through roughly the ridge of b2 on the period luminosity plane. This indicates
that the stochastic excitation causes the pulsation in OSARGs.

In part II, we discuss the properties of LSPs in red giants and explore a possible explanation
for the light variations. OGLE V and I data and long-term JHKs light curves obtained with the
SIRIUS camera mounted on the IRSF 1.4m telescope have become available for the more luminous
red giant variables in the SMC. By combining them, we have selected 21 program stars including 7
oxygen-rich stars and 14 carbon stars which show prominent LSPs in the light curves. It is found
that in the oxygen-rich stars the most broad band colours (e.g. V − I) get redder at the light
declines in its LSP cycle, while the J − Ks colour of those stars barely changes or even gets bluer
when the a star dims. The most plausible explanation for the cause of getting bluer in the J −Ks

colour would be an increase of H2O vapour absorption induced by the development of a dense
cool layer above the atmosphere. This scenario is consistent with the results of recent observations
which suggest that a chromosphere develops during its LSPs cycle, which implies that the LSP
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phenomenon is associated with mass ejection from the stellar atmosphere near the beginning of
light decline. We have explored the possibility that photometric variations in OGLE V and I and
the near-IR JHKs can be interpreted by either dust absorption by ejected matter or dark spots
on a rotating stellar surface. We have found, however, that both models can not reproduce the
light and colours variations associated with LPSs. A simple combined dust absorption and dark
spots model do not show any better improvement at explaining the observation than the dust and
spotted star models individually. We conclude that some other mechanism is the cause of the light
variations showing LSP.
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1. INTRODUCTION

Red giants are evolved stars having initial masses in the range of roughly 0.85–8M�. They
are either red giant branch (RGB) stars or asymptotic giant branch (AGB) stars. An RGB star
has a H burning shell surrounding the helium core and an outer extended convection envelope.
In the stars having initial masses of ≤ 2.3M�, the helium core gets strongly electron degenerate
due to high density against the temperature when stars climb up the red giant branch on the HR
diagram. Then, the core is supported by the degeneration pressure. Note that the critical mass
mentioned above varies with the chemical abundance (e.g., Wagner 1974). When the temperature
near the centre of the helium core increases to ∼108 K, the core helium ignition occurs, and the
temperature in the helium burning region increases. Since the electron degeneracy pressure hardly
depends on the temperature, the helium burning region do not expand immediately, causing little
negative feedback. Hence the helium nuclear reaction gets explosive (so called core He flash). The
flash occurs at the tip of the red giant branch (TRGB) on the HR diagram. When the temperature
increases enough to lift the electron degeneracy, the core expands and hence the temperature
decreases. Then, the He flash settles down and steady burning begins. For more massive red
giant stars in the H shell burning phase, the temperature in the helium core increases with the gas
density and reaches the ignition temperature of the helium burning before the helium core becomes
strongly degenerate. Therefore, the massive red giant stars undergo a gentle helium ignition in
contrast with the low mass red giant stars.

After the exhaustion of helium in the core, the C/O core contracts and the helium burning
occurs in just above the C/O core, while the outer envelope expands. Then, the star enters into
the AGB phase, in which energy is generated in the double burning shells consisting of outer H
burning shell and inner He burning shell. Some red giants are carbon-rich stars, in which carbon is
more abundant than oxygen in the atmosphere. A carbon-rich envelope is formed through thermal
pulses in the AGB phase of a star whose initial mass lies between 0.8 and 4 M� (e.g., Bergeat et
al. 2002), although the mass range is still uncertain.

Many luminous red giant stars are also known as variable stars with periods longer than 1 day.
They are classified as long period variables (LPVs). Recently, ground based long-term observations
for micro-lensing events such as MACHO, OGLE and EROS have also detected numerous red giant
LPVs in the Galactic bulge and the large and small magellanic clouds (LMC and SMC). The periods
positively correlate with the stellar luminosities. At least 8 sequences are recognized in the period-
luminosity plane, which are labeled A’, A, B, C’, C, D, E and F (e.g., Wood et al. 1999; Ita et al.
2004; Soszyński et al. 2004; Derekas et al. 2006; Fraser et al. 2008; Graczyk et al. 2011; Soszyński &
Wood 2013; Soszyński, Wood & Udalski 2013). Figure 1 shows the period luminosity relations for
the LPVs in the LMC. It is generally thought that different period-luminosity relations correspond
to different origins of the light variations (e.g., Wood et al. 1999; Soszyński, Wood & Udalski
2013). Mira/semi-regular variables and Optical Gravitational Lensing Experiment (OGLE) Small
Amplitude Red Giants (OSARGs) are pulsating RGB and AGB stars. They form the sequences
A’, A, B, C’, C and F. On the other hand, the sequence E consists of the eclipse/ellipsoidal binaries
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(Wood et al. 1999). The longest-period ridge, the sequence D, corresponds to the long secondary
periods (LSPs) in red giants. We have no plausible explanation for the origin of the light variations
associated with LSPs (e.g., Wood et al. 2004). The recent theoretical and observational studies on
the red giants on those 8 sequences are reviewed in the next three sub sections below.

1.1. Pulsating stars

Stellar pulsation causes the light variations corresponding to the sequence A’, A, B, C’, C
and F on the period luminosity plane (e.g., Soszyński, Wood & Udalski 2013). Wood et al. (1999)
argued that the sequence C consists of Mira like stars, while all the other shorter period sequences
belong to SRVs because of its irregular and small amplitude light curves. Ita et al. (2004) found
the sequence C’ corresponding to the overtone of the sequence C’ Soszyński et al. (2004) found
from OGLE data that the pulsating red giants in the LMC and SMC can be separated into two
distinct groups, RGB & AGB pulsators. Below the luminosity of the red giant tip, RGB and AGB
pulsators form closely separated sequences.

1.1.1. Mira/SRV stars

In general, the light curves of Mira type stars have large amplitudes in visible bands. The top
two panels of each of the two columns of Figure 2 show light curves in I band for samples of Miras
and SRVs obtained from the OGLE-III database for the LPVs in the LMC (Soszyński et al. 2009).
The light curves are folded with the periods of the largest amplitude and shown through the phase
of 0–2. The light curve shapes of some sequence C stars are regular or sometime sinusoidal, but
others show irregular variabilities. Those irregularities indicate oscillations to be multi-periodic.
From the OGLE-III observation, Soszyński et al. (2004) found that the sequence C stars in both
the LMC and SMC have no periods belong to the sequence A. Instead, the periods corresponding to
the second (or even the third) largest amplitude fall on the sequence B or C (or hopefully C’). They
classified red giant variables having the periods falling on the sequence C into either Mira or SRV
type. Although the distinctions in the stellar parameters between Mira and SRV are uncertain,
Mira stars are sometimes separated from SRV stars according to whether the amplitude is larger
than either 2.5 [mag] in the V band or 0.8 [mag] in the I band (e.g., Soszyński et al. 2009).

The cause of those multiple periods can be interpreted as different pulsation modes. In fact,
from a comparison of theoretical model with observation, Ita et al. (2004) proposed that the se-
quence C correspond to the radial fundamental mode of AGB stars while the sequence C’ is the first
overtone mode. Note that though Soszyński, Wood & Udalski (2013) proposed that the sequence
B corresponds to the radial second overtone, the discussion of the mode determination for the se-
quence B still continues (e.g., Mosser et al. 2013, who suggested that the 1st overtone corresponds
to the sequence B). The pulsation amplitudes of Mira/SRV stars in the LMC tend to increase with
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Fig. 1.— Period - K magnitude diagram for ∼90,000 LPVs in the LMC listed at the OGLE-III
catalog of variable stars (Soszyński et al. 2009). All the data plotted on this figure have been
adopted from both OGLE-III and 2MASS observations. The periods are obtained from Soszyński’s
catalog, while the K magnitudes are obtained from 2MASS database. Note that the red points
correspond to the sequence E stars, for which the double of the period defined by Soszyński et al.
(2009) (i.e. the orbital period) is plotted.
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Fig. 2.— The observed I band light curves for various LPVs in the OGLE-III observation listed
in the catalog of Soszyński et al. (2009). All the light curves are folded with the first periods,
corresponding to the largest amplitude, indicated in the right top of each panel. Top three panels
of each column are for Miras, SRVs, and OSARGs, respectively, while bottom two panels are for
sequences E and D stars labeled ‘ECL/ELL’ and ‘LSP’, respectively. Note that the light curves for
the two sequence E stars are folded with the orbital period.
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pulsation periods, thus Miras tend to lie near the long-period edge of the sequence C while SRVs
lie both the sequence C’ and C (Soszyński, Wood & Udalski 2013).

The sequence F stars lie between the sequence C’ and C (or partly fall on the sequence C) on
the period-luminosity plane in the LMC (Soszyński & Wood 2013). Note that since the periods of
the sequence F stars are similar to those of the sequences C’ and C stars, the ridge corresponding
to the sequence F is not clear in Figure 1. From the OGLE-III database Soszyński & Wood (2013)
found that the oxygen-rich stars lying around the sequence C on the PL diagram could be separated
into two distinct groups on the WJK − log(∆I) plane, where WJK is the reddening free Wesenheit
index given by WJK = Ks − 0.686(J − Ks), while ∆I is the I band amplitude. Since the stars in
the large amplitude group generally show clear periodicity and lie on the sequence C, these stars
can be classified as either Mira or SRa class. On the other hand the small amplitude group consists
of the sequence F stars. They generally exhibit irregular variabilities compared to the SRa stars.
Therefore they should belong to the SRb class. On the WJK − log(∆I) plane, some luminous
sequence F stars lie around the main region of the sequence C stars; i.e. they have much larger
amplitudes among the sequence F stars. Soszyński & Wood (2013) suggested that the luminous
sequence F stars are possibly the progenitors of carbon stars on the sequence C.

The periods of the second largest amplitude of sequence F stars generally fall on the sequence
B. From the theoretical modeling, the pulsations in the sequence F stars can be well explained
by the radial fundamental mode. Thus there seems to be almost no difference in the pulsation
properties between the two sequences C and F stars except for the classifications of Mira/SRa and
SRb. On the other hand, about 33% of the sequence F stars show long secondary periods (LSPs)
in the second or third largest amplitude period. In contrast, only 8% of the sequence C stars show
LSP. The most of the LSPs of the sequence F stars fall on a broad ridge lying between the sequences
C and D on the period luminosity plane. We do not know the origin of the light variations of the
LSPs nor of the LSPs on the sequence D. Note that the fraction of the sequence F stars with LSPs is
comparable with the fraction of the luminous SRV stars with LSPs whose primary period generally
are on the sequences A and B (cf. Section 1.3 for more detail). We do not yet understand the
relationship between the two LSPs.

1.1.2. OSARGs

The three short period sequences (A’, A, and B) in the LMC and SMC are occupied by the
OSARG variables (e.g., Soszyński et al. 2004; Soszyński, Wood & Udalski 2013). Those stars are
the same as the stars Wray et al. (2004) found in the Galactic bulge using the OGLE-II variable
star catalog. Sample light curves for two stars of OSARGs are shown in the third panels in the
two columns of Figure 2. The most OSARG variables exhibit small amplitudes and irregular
variabilities. From the result of the observation for the OSARGs in the Galactic bulge, Soszyński
et al. (2013) found that the amplitudes of the pulsation in OSARG variables are much smaller than
those of the Mira stars, and that the largest amplitude (∼0.1 mag in the I band) for the OSARG
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Fig. 3.— The same as Figure 1 but plotted with only OSARGs in the LMC. The labels A’-F show
the positions of the period luminosity relations shown in Figure 1. The more luminous OSARGs
within Soszyński’s catalog (Soszyński et al. 2009) than the luminosities corresponding to the solid
black line (K = −2.0 log P +21.0) are selected as the program stars. The red points show the AGB
stars of OSARG variables while the blue points are for the RGB stars of OSARGs. The locus of the
tip of the red giant branch (TRGB) corresponds to the Ks of 12.05 [mag] (Soszyński et al. 2009).
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variables is roughly comparable with the smallest amplitude for the SRV stars. The semi-periodic
property indicates that OSARGs pulsate in multiple modes. Combining the OGLE-II and -III
data in the LMC and SMC, Soszyński et al. (2004) found that the sequences A and B consist of
6 narrower ridges labeled ‘a1–a3’ and ‘b1–b3’. Moreover, they found an additional faint sequence,
‘a4’, which corresponds to the sequence A’ labeled by Derekas et al. (2006) for the sequence shorter
than the sequence A. The sequences a1–a4 are for AGB stars, while the sequences b1–b3 are for
RGB stars of OSARGs. Figure 3 shows the 7 narrow ridges of RGB and AGB stars of OSARGs on
the period K magnitude plane. Note that the period of the sequences ‘a’ is slightly shorter than ‘b’
for a given luminosity. Pulsation periods are approximately given by P ∼ 1/

√
GM/R3, where M

and R are the stellar mass and the stellar radius, respectively, while G is the gravitational constant.
The period shift between the sequences ‘a’ and ‘b’ is, therefore, interpreted as that AGB stars are
slightly smaller in size than RGB stars at a given luminosity (Kiss & Bedding 2003; Soszyński et
al. 2004).

As the red giants of OSARGs show irregular light curves with multiple periods corresponding
to 4 (in the AGB stars) or 3 (in the RGB stars) PL relations, the period ratios are also useful
for understanding the properties of pulsation (and hence the stellar parameters) in these stars.
Soszyński et al. (2004) found period ratios specific to the OSARG variables in the LMC and SMC.
The period ratio corresponding to a2/a1 (and b2/b1) is approximately equal to 0.69, while a3/a1

(b3/b1) and a4/a1 are ∼0.50 and ∼0.39, respectively, (and hence a3/a2 (b3/b2) is about 0.73).
Similar values of the period ratios have also been derived from the OSARGs in the Galactic bulge
(Wray et al. 2004). These period ratios form approximately horizontal sequences on the period–
period ratio plane (i.e. Petersen diagram). Since the values of a2/a1 (b2/b1), a3/a1 (b3/b1), and
a3/a2 (b3/b2) are similar, those period ratios form a broad continuous sequences in the Petersen
diagram.

Although the period ratios, Pshort/Plong, of adjacent sequences on the PL plane are less than
about 0.8, Soszyński et al. (2004) found two sequences with period ratios around 0.9 and 0.95
on the Petersen diagram. The period ratios close to 1 can be interpreted as that both periods
belong to the same ridge on the period luminosity plane. This indicates the existence of more
microstructures within the ridge. In fact, Soszyński et al. (2004) and Soszyński et al. (2007) found
the evidence for two additional sequences within the ridges of both a2 (b2) and a3 (b3). Although
we can recognize the possibility of the existence of the microstructures, they are hardly visible on
the period luminosity plane. Soszyński et al. (2004) and Soszyński et al. (2007) argued that these
splits in the PL ridges may indicate the presence of non-radial oscillations.

As mentioned in Section 1.1.1, the periods corresponding to the radial fundamental and the
1st overtone modes in the red giants are in good agreement with the periods along the sequence
C and C’, respectively. Many authors have suggested that higher radial overtone modes would
correspond to the pulsations in the short period sequences (A’, A, and B) (e.g., Wood et al. 1999;
Ita et al. 2004; Soszyński, Wood & Udalski 2013). In fact, according to the theoretical models
for AGB stars calculated by Wood & Sebo (1996), the periods of the radial 2nd and 3rd overtone
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modes are roughly in agreement with the sequence B on the period–K magnitude plane (Ita et al.
2004). From theoretical models, Xiong & Deng (2007) found that the longest two ridges (a1(b1)
and a2(b2)) correspond to the radial 1st overtone mode and 2nd overtone mode, respectively. In
addition, they found that a3(b3) seemed to consist of the mixture of the 3rd and 4th overtone modes,
and that periods on the sequence a4 agree with those of the 5th overtone mode. Dziembowski &
Soszyński (2010) suggested other mode identities for OSARG variables. They used isochrones and
concluded that the sequences b2 and b3 correspond to the radial 1st overtone and 2nd overtone
modes, respectively. Their mode determinations are also conistent with the result of observations
by Keplar (Mosser et al. 2013). In spite of this consistency, the intervals between the 1st overtone
and 2nd overtone modes in frequency did not reproduce the interval between the sequences b2 and
b3. In the first part of this thesis, we will determine the pulsation modes in RGB stars of OSARGs.

1.2. Sequence E stars

In an eclipsing binary with a red giant star, the light minima occur when a companion star
is either behind the red giant star or its opposite side (i.e. in front of the red giant star). Thus
alternating deep and shallow minima and sometime even flat parts between two adjoining minima
can be seen in the light curve. In addition, rotation of a tidally distorted red giant star in a
close binary system, which might be tidally synchronized with the orbital period, causes ellipsoidal
variability; the light variation is caused by the change of the apparent size of the ellipsoidal star.
The light curve shapes are similar to sinusoidal waves. For the eclipsing and ellipsoidal variables,
the orbital periods should be equal to the time intervals between two deep (or shallow) minima in
the light curves. In the case of circular orbits, especially, the time intervals of alternating deep and
shallow minima should be equal to half the length of the orbital period.

The stars on the sequence E are red giant variables showing clear periodic variability with
alternating deep and shallow minima. Moreover the light curves of some sequence E stars show
approximately sinusoidal shapes. The sequence E lies between the sequences C and D on the period
luminosity plane, where the periods derived as the time interval between two adjoining minima in
the light curves (e.g., Wood et al. 1999; Soszyński et al. 2004b; Derekas et al. 2006; Nicholls, Wood
& Cioni 2010; Nicholls & Wood 2012). The light curves of two stars on the sequence E are shown
in the fourth panel of each column of Figure 2. The light curves for the two stars are folded with
the intervals equal to double of the periods derived from the light variations (i.e. equal to the
orbital periods). The broad ridge formed by the sequence E stars on the period luminosity plane is
commonly interpreted as being due to the variety of the orbital periods (hence the separations and
the mass ratios between the red giant and the companion). Soszyński et al. (2004b) and Derekas et
al. (2006) examined the properties of the sequence E stars with the OGLE and MACHO database,
respectively. Adopting orbital periods, which means to shift the position of the sequence E in
period by a factor of 2, they found that the sequence E is connected continuously to the sequence
D.
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1.3. Sequence D stars

The last sequence, the sequence D, is the longest period sequence in period luminosity relations
for luminous red giant variables. The periods on the sequence D extend from about 400 d to
1500 d, which are 3∼4 times longer than the periods of the sequence C for the same luminosity.
The sequence D stars also show light variations associated with shorter pulsation periods which
correspond to the sequence B or some to the sequence A (e.g., Wood et al. 1999; Soszyński et
al. 2004). The shorter pulsation period is called the primary period, while the longer period
corresponding to the sequence D is known as a long secondary period (LSP). Note that long
‘secondary’ period does not always mean the LSP to have the second largest amplitude in the light
curves. The bottom two panels in Figure 2 show examples of the light curves showing distinct LSP
and short primary period.

Red giant variables with LSPs have been found within the LMC, SMC and our Galaxy. In
fact, LSP modulation has been found in approximately 25–50% of LPVs observed in OGLE and
MACHO observations (e.g., Wood et al. 1999; Fraser et al. 2008; Nicholls et al. 2009). Many
researchers have studied the variations associated with LSPs from not only observational but also
theoretical aspects. However we have still not found a possible explanation for the origin of LSPs
phenomenon. We discuss some proposed hypotheses.

1.3.1. Pulsation models

Radial pulsations, which have been found in many red giant variables like Miras, can easily
come to one’s mind as the origin of LSP phenomenon. However, radial pulsation of red giants can
not be the cause of the variability of the LSPs. One of the reasons is that the radial fundamental
mode in a luminous red giant star, which corresponds to the longest period in radial pulsation,
corresponds to the longer period sequence of Mira stars; i.e. the sequence C. Pulsation period P is
approximately given by

P ∝ 1√
M
R3

, (1.1)

where M and R are the stellar mass and the radius, respectively. LSPs on the sequence D are
approximately 4 times longer than the periods corresponding to the sequence C at the same lumi-
nosity. If the pulsation in the fundamental mode of red giants were the cause of the light variations
associated with LSPs, those red giant stars should have radius approximately 2.5 times larger than
a normal SRV star at given luminosity. However the LSP stars observed in MACHO observation
have stellar radii of 100–200R�. The median value is ∼135R� (Nicholls et al. 2009), which is much
smaller than the radius of a longer period Mira type variable (& 300R�, e.g., Mondal et al. 2005)).

In addition, radial velocities of LSP stars seem to contradict the assumption of radial pulsation
for the LSP phenomenon. The typical value of the full velocity amplitudes of LSPs is approximately
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3.5km/s for the LSPs stars in the LMC (Nicholls et al. 2009). Assuming radial pulsation (i.e. the
radial velocity variations change stellar radius), Nicholls et al. (2009) found that a typical amplitude
in radius derived from integrating radial velocities is 40.02R� for the LSP stars in the LMC. The
median value of the radii is ∼135.4R�, which is estimated from the effective temperatures derived
from the photometric colour. These results lead to ∼ 30% of radius change during its LSP cycle.
Stellar radius play an important role for the determinations of the pulsation periods for a star. If
stellar radius changes in such a large fraction during its LSP cycle, the shorter pulsation period
(i.e. the primary period) of the star should modulate (e.g., Section 1.1). However, no definite
modulations in the primary periods have been found (Wood et al. 2004). The result contradicts
the assumption of radial pulsation for the LSP.

Hinkle et al. (2002) found no evidence of rapid expansion of a LSP star caused by shock waves,
which are observed in some large amplitude Mira type stars. Although a rapid expansion and slow
contraction is expected for a large amplitude pulsation, the velocity curves of their program stars
show rapid contraction and slow expansion instead. Thus we can conclude that normal-mode radial
pulsation is not the cause of the radial velocity variation associated with LSPs.

The non-radial g+ mode pulsation is a potential explanation for LSPs. With theoretical models
for red giant stars, Wood et al. (2004) found that g2–g3 modes, radial order of 2–3, with degree
l=2–3 can represent periods in the range of observed LSPs. However the g+ mode pulsation should
be evanescent in the deep convective zone. The radiative layer on the thick convective envelope in
red giant stars, which could drive amplitudes of g+ modes, is too thin. Only very small amplitude
variations due to g+ mode are expected (Wood et al. 2004; Nicholls et al. 2009). These results for
radial and non-radial pulsations suggest that pulsations would not cause LSPs.

1.3.2. Binary models

Variability related with binary system has been thought one of the most possible explanations
for the length of LSPs because the LSPs are much longer than the period of the radial fundamental
mode for AGB stars. Recent studies have shown a similarity between the sequences D and E on
the period luminosity plane. In the red giant variables of MACHO data for the LMC, Derekas
et al. (2006) found that the sequence D overlaps with the sequence E near K ∼ 13 [mag] if the
sequence E stars are plotted with the orbital periods, i.e. twice the length of the periods derived
from the interval between alternating light minima. Similar results have been found by Soszyński
et al. (2004b) and Soszyński (2007) who investigated with OGLE database. However Derekas et al.
(2006) and Soszyński (2007) independently found that these are significantly different properties
between the sequences D and E stars; the former consists of the LSP stars and the latter is a
member of close binary system. MACHO observation for the red giant variables with LSPs and
without LSPs indicates that the amplitude ratios between MACHO red and blue bands of the LSP
stars tend to be similar to those of the pulsating red giants rather than those of the sequence E
stars, which shows approximately equal amplitudes for the two bands (Derekas et al. 2006). On
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the other hand, Soszyński (2007) found that only 5% of known LSP stars show eclipse or ellipsoidal
variability similar to the sequence E stars. He also found modulations in phase and magnitude
at minima in the light curves. This suggests that the variability of LSPs show a lack of periodic
regularity, which is one of the most important property in the eclipse/ellipsoidal variability.

The measurement of the radial velocities in the LSP stars also suggest difference between the
LSP stars and the sequence E stars. From the observations with the VLT for stars in the LMC,
Nicholls, Wood & Cioni (2010) found that almost all the sequence E stars have full radial velocity
amplitudes of 15–55 km/s, and the mean value is 43.3 km/s. The LSP stars, however, have full
velocity amplitude of approximately 3.5 km/s (Nicholls et al. 2009). Note that the Galactic LSP
stars have similar velocity amplitudes (Hinkle et al. 2002). In order for binary modes to be viable,
orbital velocity ∼3.5 km/s is required for the LSP period range; 400–1500 d. Assuming a circular
orbit of an orbital period of P for a binary system with a red giant star and a less massive companion
star, the orbital velocity v of the red giant is given from the Kepler’s law by

v =
(

2πGm3

P (M + m)2

) 1
3

, (1.2)

where M and m are the masses of the red giant and the companion star, respectively, while G is
the gravitational constant. This equation indicates that for a given orbital period, smaller velocity
corresponds to smaller companion mass, m. If the LSP stars are binaries and the red giants have
masses similar to the sequence E stars, M ∼1.25M� (Nicholls, Wood & Cioni 2010), the companion
mass should be as small as ∼0.07–0.12M� to obtain periods of 400–1500 d from the typical velocity
amplitude 3.5km/s of the LSPs. The result is consistent with the result of Nicholls et al. (2009),
who obtained the companion mass of 0.09M�. By more detailed computations, Hinkle et al. (2002)
obtained the companion mass of approximately 0.1M� under the assumption of the masses of ∼
1M� for the red giants. Hinkle et al. (2002) also found that the eccentricities are of ∼0.2–0.5.
Nicholls et al. (2009) derived a median value of 0.3 for the eccentricities for their sample of LSP
stars. If binary systems consist of a near solar mass red giant and ∼0.1M� companion star (i.e.
brown dwarf or low mass red dwarf), they should have separations of ∼1–2 AU (Wood et al. 2004;
Nicholls et al. 2009). However, much less number of brown dwarf companions to solar mass stars
with separation less than 5 AU have been found in a number of the stellar/stellar binary systems.
It is so called ‘Brown dwarf desert’ (e.g., Jumper & Fisher 2013). Therefore, it is unlikely that these
binary systems with parameters mentioned above can reproduce the fraction of the red giants with
LSPs to the pulsating red giants (25–50%). The same conclusion was derived from an argument
about the evolution of close binary systems by Wood et al. (2004). They suggested that a low-mass
companion (e.g. brown dwarf) to a solar-mass red giant in close binary with a highly eccentric orbit
would merge into the central star within approximately 1000 yr due to orbital angular momentum
loss. Since the lifetime of SRV stars is ∼ 2 × 105 yr, only a small fraction of 0.5% is expected to
have LSP among SRV stars.

In the binary models, the asymmetry in the observed velocity curves indicates the orbits to
be highly eccentric. The periastron angle determines whether the phase at the maximum velocity
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lies in the first or second halves in the velocity curves folded with the orbital period. For a sample
of local LSP stars, Hinkle et al. (2002) found that the periastron angles of five of the six program
stars fall in the range of 240◦–319◦. The periastron angles lying between 180◦ and 360◦ indicate
that the radial velocities increase rapidly and decrease slowly, agreeing the velocity curves of two
out of the three LSP stars studied by Wood et al. (2004). However, The lack of randomness in the
periastron angles indicates that the eccentric binary models are unlikely for the cause of the radial
velocity variations observed in the LSP stars.

If an AGB star is in a semi-detached binary system filling its Roche lobe, the matter from the
AGB star could accrete on the companion star. Wood et al. (1999) found that the light curves
associated with LSPs generally show fast decline and slow rise. They proposed a possibility that
the eclipse of the red giant star by the comet like companion star, which has accreted dusty clouds
and a dusty tail, could explain such asymmetry in the light curves. Soszyński & Udalski (2014)
have developed this model. They assumed binary systems consisting of a synchronously rotating
ellipsoidal red giant and a comet like companion on a circular orbit. Their simple model produce
an asymmetry similar to that found in the light and velocity curves in the LSP stars. Soszyński
& Udalski’s model could represent not only the shape of the light curves but also the variety of
the amplitudes observed in the LSP stars by assuming different inclinations of the binary model.
However, their model could not explain the observed phase shift between the light and velocity
curves. The theoretical model suggests that the velocity minimum are behind the light minimum
by ∼0.1 in phase. The observed light and velocity of LSP stars generally show opposite phase shifts.
The result implies that the companion and the dense dust cloud should be located separately on
the orbit. Therefore, comet like companion model does not seem consistent with the property of
LSPs.

1.3.3. Dust formation

Another possible explanation for the light variations with LSP is a periodic dust formation in
circumstellar space around a red giant, which Wood et al. (1999) first proposed. This hypothesis
based on theoretical models for AGB stars by Winters et al. (1994) and Höfner et al. (1995). It is
already known that R Coronae Borealis (RCrB) and RV Tauri stars occasionally eject dust clouds.
RCrB stars eject clumpy dust clouds to random directions in irregular intervals, which dim the star
by up to 8 [mag], although the mechanism for puffing a matter is still unknown (e.g., Clayton 1996;
Clayton et al. 2013). RV Tauri stars are post AGB stars. Among the RV Tauri stars, RVb type
stars are in binaries and show LSP variabilities. The LSPs in RV Tauri stars are approximately
equal to the orbital period (e.g., Van Winckel et al. 1999, 2009). The generally accepted explanation
for the origin of the LSPs in RV Tauri stars is the orbital motion of a circumstelar dust disk (or
somewhat dust arc) along the orbit of the companion. The circumstellar dust is considered to be
ejected from the primary when it is in the AGB phase. Both RCrB stars and RV Tauri stars have
an infrared colour excess due to emission from the circumstellar dust around the central star.
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The near-infrared observation of 2MASS and the resent mid-infrared observation with Spitzer
Space Telescope suggest that the red giant stars with LSPs tend to have a mid-infrared excess
(Wood & Nicholls 2009), indicating the presence of circumstellar dust. On near- to mid-infrared
color-color and color-magnitude diagrams, some red-giant LSP stars are located close to the region
where RV Tauri and RCrB stars occupy, separated from the similar red giants without LSPs.
These results imply that the LSP stars undergo an ejection of matter from cycle to cycle. Thus,
the variation associated with LSPs might be due to the periodic dust formation in the expanding
mass shells, which may be patchy on the analogy of RT Tauri and RCrB stars. The result of the
observation for the polarization in red giant variables with LSPs also supports the existence of
circumstellar cloud dust clouds (Wood et al. 2004).

1.3.4. Rotating spot

Other possible explanation for the LSP phenomenon is a rotating red giant star with dark
spots. Some authors proposed the existence of star spots on AGB stars due to the presence of
strong magnetic fields (e.g., Soker & Clayton 1999). Wood et al. (2004) found variations in the
strength of Hα absorption line with its LSP cycles. This indicates the existence of chromosphere
possibly generated by the magnetic activities related to a magnetic dynamo in a rotating red giant
star. However, they found that if a critically rotating main sequence 1M� star evolves to an AGB
star with a radius of 170R�, the rotation period should be approximately 3340 days, which is much
longer than the maximum LSP around 1500 days.

The evidence of stellar rotation can appear in the line broadening in the spectrum. Using
Fourier power of the spectral energy distribution (SED) around the frequency of absorption line,
Olivier & Wood (2003) estimated rotation velocities of several LSP variables. They found that the
potential maximum limit for the equatorial rotation velocities in the red giant stars with LSPs is
3km/s The result leads to the rotation period of 2868 days for a red giant star with the radius
of 170R�. Note that the equatorial rotation velocity corresponding to a rotation period of ∼1500
days for the same stellar radius mentioned above is ∼5.7km/s. They concluded that rotating spot
models for the LSPs are inconsistent with the rotation velocities.

One would expect variations in magnitudes and colours due to the presence of dark spots in a
rotating stellar surface. For a given spot size, difference in temperatures between the normal area
and the dark area in the stellar surface determines the magnitudes of the light decline. On the
other hand, since the energy flux from the dark area decreases with decreasing spot temperature,
a larger temperature difference decreases the contribution of the energy flux from the dark area to
the total flux. This induces a smaller change in colours through its rotation cycle. The magnitude
and colour variations associated with LSPs were shown by Wood et al. (2004) with the MACHO
observation. Assuming a stellar surface emitting a blackbody spectrum, however, Wood and his
colleague found that a dark spot could not reproduce both the amplitude and colour variations of
the LSPs. This conclusion will be re-examined in the second part of this thesis by using a model
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atmospheres, and considering limb darkening.

1.3.5. Giant convective cell

Giant convective cell model proposed by Stothers (2010) is a new scenario for the explanation of
the LSP phenomenon. According to standard mixing length theory, one assumes that the turbulent
eddies move upward or downward in a convective zone to carry thermal energy outward in stellar
interior. Assuming large convective cells being comparable to stellar radius in size, Stothers (2010)
found that the theoretical overturning times of such convective cells in M type red giant stars were
roughly consistent with a typical timescale of the LSPs (∼700 d). According to his giant convective
cell model, a giant convective cell travels a distance equal to double the stellar radius (2R) during
its a cycle of LSP (P ). Thus the 2R/P should be comparable to the mean velocity of the convective
motion of the cell in stellar interior. He obtained 2R/P = 2.3km/s for a typical sequence D star.
This computed value is consistent with observed radial velocity amplitudes for the sequence D stars
(e.g., Hinkle et al. 2002; Nicholls et al. 2009). From this result, he suggested that giant convective
cell turnover under the stellar surface would be a possible explanation for the cause of the observed
radial velocity changes during its LSP cycle.

The magnitude and color variations due to the appearance of a giant convective cell in the
stellar surface should be similar to the case of the rotating dark spots because it should lead to only
change of the temperature of the surface area where such cells appear. In the second part of this
thesis, we will explore the possibility of the giant convective cell model by examining variations in
magnitude and colours for a rotating red giant star with a dark spot as large as a hemisphere of a
star.

In part I, we discuss the properties of pulsation in the RGB stars of OSARGs in the LMC.
Part of this work has been published in Takayama et al. (2013).

In part II, we discuss the new properties of the LSPs derived from the recent long-term obser-
vations in the optical and near-IR bands. we consider two theoretical models, the dust absorption
in the ejected matter from the stellar surface and dark spots on a rotating stellar surface. We
examine whether either of the models can explain the broadband light variations from the optical
to near-IR region of LSPs in red giants. Part of this work has been published in Takayama et al.
(2015).



– 23 –

Part I

Optical Gravitational Lensing Experiment

Small Amplitude Red Giants

We discuss the properties of pulsations in the Optical Gravitational Lensing Experiment Small
Amplitude Red Giants (OSARGs) in the Large Magellanic Cloud (LMC). We consider stars below
the red giant tip in this paper. They are multiperiodic and form three sequences in the period–
luminosity plane. Comparing the periods and period ratios with our theoretical models, we have
found that these sequences correspond to radial first to third overtones, and non-radial dipole p4

and quadrupole p2 modes. The red giant branch stars of OSARGs consist of stars have initial
masses of ∼0.9 - 1.4M� which corresponds to a luminosity range of log L/L� ' 2.8 − 3.4. With
these parameters, the scaled optimal frequency νmax for solar-like oscillations goes through roughly
the middle of the three sequences in the period–luminosity plane, suggesting that the stochastic
excitation is likely the cause of the pulsations in OSARGs.

2. Observational properties of RGB OSARGs

We use periods of RGB OSARGs in the LMC given in the OGLE-III catalog (Soszyński et al.
2009), in which up to three periods are listed for each star. In the PL plane, OSARGs are known
to form several sequences. We adopt the nomenclature of the sequences and the way of selecting
RGB OSARGs introduced by Soszyński et al. (2004); the sequences of RGB OSARGs are named
b1, b2, and b3.

Figure 4 shows a Petersen (period vs period-ratio) diagram for all the RGB OSARGs (about 45
500) in the OGLE-III catalogue. In this diagram (and in similar ones shown below), the ordinate
indicates the ratio of the shorter to the longer period of a period pair, PS/PL, and the abscissa
indicates the logarithmic value of the longer period, log PL. Because each star has three periods,
each star appears three times in this diagram. In this figure we see a big dense group in the lower-
right corner. The group is formed by the stars associated with the long-period sequence D; i.e.
stars having LSPs. The origin of their long periodicity is not clear yet, but majority of them seem
to be irrelevant (or unrelated) to stellar pulsation (e.g. Nicholls et al. 2009; Soszyński 2007; Wood
et al. 2004).

In this paper, we do not discuss LSPs. To exclude the stars having LSPs from the sample, we
have drawn a horizontal line at PS/PL = 0.4, and a vertical line at log PL = 2.1 in Figure 4, and
we have selected stars located only in the upper-left quadrant in this figure. After excluding stars
with LSPs, we have a set of about 8 500 RGB OSARGs in the LMC.

The selected stars are plotted in the PL plane in Figure 5, where the ordinate adopts the
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Fig. 4.— All the periods of RGB OSARGs in the catalogue of OGLE-III OSARGs by Soszyński et
al. (2009) are plotted in the period vs period-ratio plane (Petersen diagram). The ordinate indicates
the ratio of the shorter (PS) to the longer period (PL) for each period pair, and the abscissa the
logarithmic value of the longer period. Vertical and horizontal lines are used to exclude stars having
periods belong to the sequence D (or LSPs).
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Fig. 5.— Period–WI diagram for our selected sample of RGB OSARGs (stars having LSPs are
removed), where WI is the reddening-free Wesenheit index defined by equation (2.3) Three ridges
are named b1, b2, and b3 (from longer to shorter periods) following the nomenclature introduced
by Soszyński et al. (2004)

reddening-free Wesenheit index
WI = I − 1.55(V − I) (2.3)

with I and V mean magnitudes. In this PL diagram we see three obvious sequences (or ridges).
They are b1, b2, and b3 sequences from longer to shorter periods, adopting the nomenclature defined
by Soszyński et al. (2004). We note that the sequence D is clearly removed from our sample. For
the LMC, WI ≈ 11 mag corresponds to the giant tip at log L/L� ≈ 3.4, while WI ≈ 14 mag
corresponds to log L/L� ≈ 2.8.

Figure 6 shows the Petersen diagram for our selected stars. This figure is the same as the
top-left quadrant of Figure 4. We note that despite a significant reduction in the number of stars
by excluding LSPs, the property of the distribution in the Petersen diagram is unchanged. The
structure of the distribution is more clearly seen in Figure 6. We see two major ridges in Figure 6
at PS/PL ≈ 0.5 and ≈ 0.7; the former corresponds to the period ratios between b3 and b1, and the
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Fig. 6.— Period/Period-ratio (Petersen) diagram for our sample of RGB OSARGs (red dots),
from which LSPs (sequence D) are removed. This diagram corresponds to the top-left quadrant of
Figure 4. Period-ratios of about 0.5 are produced by the ratios of b3/b1, while ratios of about 0.7
can be attributed to b2/b1 and b3/b2. The ridges above ∼ 0.9 indicates the presence of non-radial
pulsations.
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latter is formed by the ratios b2/b1 and b3/b2. The additional ridges at PS/PL ≈ 0.90 and ≈ 0.95 are
attributed to the presence of sub-ridges in the PL plane along b2 and b3 as discussed by Soszyński
et al. (2007). The less densely populated ridges in Figure 6 at PS/PL ≈ 0.45 and ≈ 0.75 might
be associated with the sub-ridges of b2 and b3. These sub-ridges strongly suggest the presence of
non-radial pulsations in OSARGs.

We note that the Petersen diagram (Figure 6) has an advantage over the PL diagram such as
Figure 5 in comparing theoretical results with observation to determine pulsation modes. Obviously
the PL diagram is affected by errors in luminosities and stellar radii, while only the accuracy in
periods for each star matters in the Petersen diagram. Therefore, we use Petersen diagrams to
determine pulsation modes for the PL sequences, b1–b3.

3. Models

In order to identify pulsation modes for each of the corresponding OSARG(RGB) PL relations,
we have calculated linear non-adiabatic radial and non-radial pulsation periods for envelope models
along evolutionary tracks. The evolutionary models were calculated by using the mesa stellar
evolution code (Paxton et al. 2011, see Appendix B for the brief introduction) for initial masses
of 0.9, 1.0, 1.1, 1.2, 1.3, 1.4 and 1.6M�, in which wind mass-loss is included by adopting Reimers’
formula (Reimers 1975)

Ṁ = −4 × 10−13η
(L/L�)(R/R�)

(M/M�)
M� yr−1 (3.4)

with η = 0.4. For our canonical models, we have adopted a chemical composition of (X, Z) =
(0.71, 0.01) and a mixing-length of 1.5 pressure scaleheight. (We discuss the effects of changing
these parameters later in this paper.) Opacity tables of OPAL (Iglesias & Rogers 1996) with
low-temperature extension by Alexander & Ferguson (1994) were used.

Envelope models for radial and non-radial pulsation analyses were calculated at selected evolu-
tionary stages of each evolutionary track. We set the surface boundary at τ=0.001 for the envelope
calculations with τ being the optical depth associated with the Rosseland-mean opacity. Fox &
Wood (1982) discussed the uncertainties in the pulsation properties caused by various assumptions
around the outer boundary of AGB models. To check the influence of the particular place of the
outer boundary, we have calculated models imposing the outer boundary condition at τ=0.01. We
have found that the difference in periods is less than a few percent, and that the period ratios are
hardly different. For radial pulsations we set the bottom of an envelope arbitrarily at r/R ∼ 1/100.
For non-radial pulsations we set the inner boundary just below the convective envelope, suppressing
possible coupling with high-order core g modes. This is justified because only p modes completely
trapped in the convective envelope can be excited to observable amplitudes (e.g., Dupret et al.
2009).

Linear non-adiabatic analyses for radial and non-radial pulsations were performed using the
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codes described in Saio, Winget, & Robinson (1983) and Saio & Cox (1980), respectively (see
Appendix A for the brief introductions). In both cases convection-pulsation coupling is disregarded
by neglecting the perturbation of the divergence of the convective flux. Convective turnover time
in the convective envelope of a typical model for RGB OSARGs varies from much longer (deep
interior) to shorter (in the outer layers) than low-order pulsation periods. This indicates that
we should not trust the stability results of our analyses. For this reason we used only periods
from these codes disregarding the stability results. We compared our periods and period ratios
with fig. 3 of Xiong & Deng (2007), in which the effect of convection-pulsation interaction is
included, and found our results to be consistent with their values. This confirms that the convection-
pulsation coupling hardly affects periods, and justifies the use of our theoretical periods. This is
understandable because the non-adiabaticity is not very strong in the RGB models and the non-
adiabatic periods are very close to the adiabatic ones. Finally, the fact that the convective turnover
time is comparable to the pulsation periods in some layers in the envelope is favorable for the
pulsations to be stochastically excited by turbulent convection.

4. Comparison with observations

4.1. Mode identifications

The period of a pulsation mode is approximately proportional to 1/
√

ρ with ρ being the mean
density (e.g., Cox 1980), which depends on the stellar mass and radius. Generally, the dependence of
the periods ratios on these two parameters is rather weak. In addition, Figure 6 indicates the period
ratios depend only weakly on period. For that reason, the period ratios are useful for determining
pulsation modes, while pulsation periods are used to determine the appropriate luminosity (or
mass) ranges.

First, we determine which radial modes are excited in the RGB OSARGs. Figures 7 and 8
compare observed period ratios with theoretical ones formed by the radial fundamental (F), 1st
(1O), 2nd (2O), and 3rd (3O) overtone periods along a part of the evolutionary track (2.7 ≤
log L/L� ≤ 3.35) of an initial mass of 1.1M�. The luminosity range roughly corresponds to that of
RGB OSARGs. Figure 7 shows the ratios involving fundamental mode (denoted as ‘F’). Obviously
none of the period ratios involving the fundamental mode agrees with any major ridges around 0.5
or 0.7. This indicates that the fundamental mode is not responsible for any of the PL sequences,
b1, b2, and b3. For this reason, we do not consider the radial fundamental mode any further.

Figure 8 shows that the ratio of the third overtone to the first overtone (3O/1O) is close to
0.5 in the middle of the luminosity range agreeing with the b3/b1 ratio. In addition, the period
ratios of 2O/1O and 3O/2O are around 0.7 in the middle of the luminosity range, although they
do not go through the central part of the ridge. From these comparisons, we conclude that the
radial first, second, and third overtones correspond to, respectively, the b1, b2, and b3 sequences of
the RGB OSARGs. We note that Dziembowski & Soszyński (2010) was unable to explain the PL
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Fig. 7.— Period ratios of the first (1O), second (2O) and third overtone (3O) modes to the radial
fundamental mode (F) for our 1.1M� models are compared to the observed ratios of OSARGs in the
LMC (red dots). The solid line shows the first overtone to fundamental period ratio (1O/F), while
the dashed line is for the 2O/F ratio and the dotted line is for the 3O/F ratio. These lines do not
fit with any of the ridges in the distribution of OSARG period ratio, indicating that fundamental
mode are not excited in the RGB OSARGs.
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sequences b2 and b3 by assigning the first overtone (1O) to b2 and the second overtone (2O) to b3.
Our identifications differ by one order; i.e., 2O to b2 and 3O to b3.

Figure 8 indicates that the theoretical relations of 1.1M� models cannot explain the period
ratios for the whole period range of the RGB OSARGs. They agree with the observed ratios
only in a period range of 1.5 . log P (1O) . 1.7 which corresponds to a luminosity range of
3.0 . log L/L� . 3.15. This means that we have to apply models having different initial masses for
different luminosity (hence period) ranges. In other words, the running of the PL relations must
be explained by not the stellar evolution of a single mass star, but the evolution of stars with a
range of initial masses. We will discuss different mass models in the next subsection.

Here, we consider period ratios involving non-radial pulsations in our 1.1M� models in the
luminosity range 3.0 . log L/L� . 3.15. Figures 9 and 10 show period ratios between dipole
(l = 1) and radial modes, and quadrupole (l = 2) and radial modes, respectively, where solid lines,
lines with triangles, lines with filled circles correspond to the ratios with 1O, 2O, 3O, respectively.
Non-radial modes considered are p1, . . . , p4 for both l = 1 and 2.

Figure 9 indicates that among the dipole modes, only p4 is consistent with all the observed
ridges in the Petersen diagram. This mode explains the PS/PL ≈ 0.45 sub-ridge by paring with
1O (b1), the ≈ 0.7 major ridge by paring with 2O (b2), and ≈ 0.9 −−0.95 by paring with 3O (b3).
Therefore, we can identity the dipole (l = 1) p4 mode as a sub-ridge of b3.

Figure 10 indicates that for the quadrupole (l = 2) modes, p2 mode yields period ratios con-
sistent with the observed ones; ratios with 1O and 3O correspond to the central ridge at ≈ 0.7
and the ratio with 2O corresponds to the ridge at ≈ 0.95. This means that quadrupole p2 mode
corresponds to a sub-ridge of b2. This figure might also indicate the possible presence of p1(l = 2)
as a sub-ridge of b1. More data are needed to confirm its presence.

In summary, we have identified 1O for b1, 2O and p2(l = 2) for b2, and 3O and p4(l = 1)
for b3. Soszyński et al. (2007) argued that each of the sequences b2 and b3 has two sub-ridges
in addition to a main ridge, while our mode identifications explain only one sub- and main ridge
pair. Second sub-ridges, if real, might correspond to higher degree (l ≥ 3) modes. Also, the ratios
with the second sub-ridge within each of sequences b2 and b3 might be consistent with the period
ratios around 0.98 (e.g., Figure 10) which we cannot explain with our mode identifications. It is
interesting that the main part of the ridge at PS/PL ≈ 0.7 is reproduced by the ratios involving
non-radial pulsations. This might indicate that main relations of b2 and b3 sequences are formed
by non-radial pulsations; p2(l = 2) and p4(l = 1), respectively, rather than radial modes.

4.2. Mass ranges

In the previous subsection we found that radial 1O, 2O, and 3O, and non-radial p4(l = 1)
and p2(l = 2) modes are consistent with the observed period ratios in the RGB OSARGs, but
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Fig. 9.— The same as 7 but for period ratios of non-radial dipole (l = 1) p modes, p1–p4 to
radial modes of 1.1M� models. Lines (color coded as indicated) without symbols, with triangles,
and with circles indicate period ratios to radial first (1O), second (2O), and third overtones (3O),
respectively.
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the evolutionary sequence of a single initial mass cannot explain the whole range of luminosities
(and hence periods) observed. We have to consider a mass distribution along the ridges in the PL
relations. Soszyński et al. (2007) and Dziembowski & Soszyński (2010) used isochrones of several
ages for the relations between mass and luminosity. Here, we take a more general procedure to
obtain the relation between mass and luminosity, using the observed PL relations, in particular
sequence b3.

In order to compare with theoretical relations we have converted the period–magnitude rela-
tions shown in Figure 5 to PL relations in the following way: K and J magnitudes of each star are
obtained from 2MASS photometry data, bolometric corrections for the K magnitudes

BCK = 0.72 + 2.65(J − K) − 0.67(J − K)2 (4.5)

(Bessell & Wood 1984) are applied, and the LMC distance modulus, 18.54 [mag] (Tabur et al. 2010)
is adopted.

For each initial mass we adopt the luminosity range such that the theoretical PL relation lies
within the ‘band’ of sequence b3 as shown by solid lines in Figure 11. The boundary of sequence
b3 has been determined as follows. First we chose stars bounded by 1.3 log P + 1.28 ≤ log L/L� ≤
1.3 log P + 1.51 and 2.7 ≤ log L/L� ≤ 3.4 (dashed red lines in Figure 11) as tentative members
of b3. Then we calculated cumulative numbers as a function of period in each luminosity bin and
normalized it to unity at the longest period considered. We name this as the normalized cumulative
fraction ΦL(P ) (an example is shown in the bottom panel of Figure 11). We regard the width of
the sequence b3 at a given luminosity is bounded by periods where ΦL(P ) = 0.05 and 0.95 (dotted
lines in the bottom of Figure 11). We determine such boundaries for each luminosity bin and taking
means with adjacent luminosity bins to obtain a smooth curve, as shown by the black solid line in
the top panel of Figure 11.

Using thus obtained boundary for the sequence b3, we have determined the luminosity range
for each mass. An example is shown in the top panel of Figure 11. The two blue lines show period
to luminosity relations for radial 3O and non-radial p4(l = 1) modes of 1.1M� evolutionary models.
We adopt the appropriate luminosity range for the mass such that the both lines are within the
boundary of b3; the part is indicated by solid lines.

Similarly, we have determined luminosity ranges for models with initial masses of 0.9, 1.0, 1.2,
1.3 and 1.4M�. Figure 14 compares thus obtained theoretical PL relations (top panel) and period to
period-ratio relations (bottom panel) with observations. This figure demonstrates that our models
reproduce the characteristic distributions of RGB OSARGs in the PL and Petersen diagrams quite
well. Our models for the RGB OSARGs consist of the three radial overtones and the two non-
radial p4(l = 1), and p2(l = 2) modes in the evolutionary models having masses between 0.9 and
1.4M�: each mass contributes only in the corresponding appropriate luminosity range. The model
parameters at the low and high ends within the luminosity range, and at the central of the range
are listed in Table 1. Figure 12 shows where the luminosity ranges listed in Table 1 lie in the
Hertzsprung–Russell (HR) diagram. We note that the model effective temperatures corresponding
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Fig. 11.— The top panel shows period to luminosity relation obtained from only stars around
sequence b3 (red points; see text for how these stars are chosen). The black solid line is the
quantitative boundary of the sequence b3 defined using the cumulative distribution function, an
example of which is shown in the bottom panel. Dashed (and partially solid) blue lines are relations
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a luminosity bin at log L/L� = 3.06. It is normalized to unity at the longest period is named as
ΦL(P ). We have determined boundary of the sequence b3 by assuming that stars lay in the period
range where 0.05 ≤ ΦL(P ) ≤ 0.95; i.e. the range bounded by dotted lines for the luminosity.
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to the luminosity range derived from a comparison of the model with the observation fall within
narrow limits and an approximately vertical strip appears on the HR diagram by the different
masses. Some other non-radial modes may be involved because clumps in the period ratios and
ridges in the PL plane are broad. We note that the need of different masses for different luminosity
ranges comes from the fact that the PL relation of a single mass has a inclination slightly different
from the observed one.
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Figure 13 shows the relation between the central value of the luminosity range and mass which
can be expressed as an empirical formula

log L/L� = 0.91(M/M�) + 2.05 (4.6)

obtained by a least square fitting. We note that the mass-luminosity relation given in this equa-
tion corresponds to ages ranging from about 12.7 Gyr (0.9M�) to 2.6 Gyr (1.4M�); indicating
massive stars are younger than less massive ones. This means that our mass-luminosity relation is
significantly different from isochrone relations.

Dziembowski & Soszyński (2010) argued that pulsations in OSARGs should be excited stochas-
tically by turbulent convection because the run of the scaled optimal frequency νmax is consistent
with the frequencies of sequences b2 and b3, where νmax is defined as

νmax =
L�
L

M

M�

(
Teff

Teff�

)3.5

× 3050µHz. (4.7)

Amplitude is maximum at the frequency νmax in solar-like oscillations excited stochastically by
turbulent convection. The relation was first obtained by Kjeldsen & Bedding (1995), scaling the
frequency at maximum power of the solar oscillations. We plot in Figure 14 (top panel; black
dotted line) the run of 1/νmax, the optimal period for the stochastic excitation, calculated using
equation (4.6) and corresponding effective temperature at each luminosity. Also plotted for com-
parison (cyan dotted line) is the run of 1/νmax calculated by using the evolutionary track of the
1.1M� model with (Z, α)=(0.004, 1.5). For both of the cases, 1/νmax goes through roughly middle
of the PL relations of OSARGs. This suggests, in agreement with Dziembowski & Soszyński (2010),
that pulsations in OSARGs are stochastically excited by turbulent convection, and hence kin to
the solar-like oscillations measured in many less luminous red-giants by CoRoT and Kepler (e.g.,
De Ridder et al. 2009; Bedding et al. 2010). The similarity is also discussed in e.g., Soszyński et
al. (2007); Tabur et al. (2010).

5. Discussion

5.1. Effects of metallicity and mixing-length

In our analyses discussed in the previous sections we have adopted a set of parameters (Z, α) =
(0.01, 1.5), where Z is the heavy element abundance and α is the ratio of mixing-length to pressure
scale height. We examine here the effect of different choices of (Z, α). Figure 15 compares the
period/period-ratio relations of radial modes (3O/1O, 2O/1O, and 3O/2O) for the standard set
(Z,α) = (0.01, 1.5) with the (Z, α) = (0.004, 1.5) and (0.01, 1.8) cases for 1.1M� models in the
luminosity range 2.7 ≤ log L/L� ≤ 3.35. This figure shows that changing metallicity or mixing
length hardly changes period ratios, although periods themselves shifts considerably. (Similar
results were obtained for different masses in a range of 0.9 ≤ M/M� ≤ 1.4.)
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ratio plane (bottom panel) with RGB OSARGs in the LMC. Our theoretical relations include radial
first to third overtones and the dipole p4(l = 1) mode and the quadrupole p2(l = 2) mode in models
with masses in the range 0.9 ≤ M/M� ≤ 1.4. The luminosity range of each mass is determined
by fitting with the observed b3 sequence as illustrated in Figure 11. Black dotted line in the top
panel shows the scaled relation 1/νmax given by equation (4.7) using the mass to mean luminosity
relation given in equation (4.6) and the corresponding effective temperature. Cyan dotted line
shows 1/νmax computed using the evolutionary track of the 1.1M� model with (Z, α)=(0.004, 1.5).
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The period shifts are caused by changes in radius; lower Z or higher α makes the radius smaller
(and hence the period shorter) at a given luminosity due to more efficient energy transport. To have
the same period we have to adopt a slightly smaller mass compared to our standard case. Although
appropriate mass ranges might shift slightly, our mode identifications for the PL sequences b1 to b3

are not affected by changing metallicity or mixing-length.

5.2. Connection to the solar-like oscillations in G/K giants

Another fact supporting the stochastic excitation of OSARG pulsations may be found in the
period–MK diagram shown by Tabur et al. (2010) which shows the sequence of solar-like oscillations
in G/K giants extends toward the place where OSARGs are located. The left-hand panel of
Figure 16 is a similar diagram, which shows the relation between luminosity and the period at the
maximum amplitude (1/νmax) for red giants in the Galactic open clusters NGC 6791 and NGC
6819 obtained by Basu et al. (2011) from Kepler data. The difference between NGC 6791 (squares)
and NGC 6819 (triangles) comes from a difference in the range of stellar masses; stars in the latter
cluster systematically more massive (∼ 1.6−2.0M�) than those in the former cluster (∼ 1.0−1.5M�)
according to the seismic mass determinations by Basu et al. (2011). Also plotted are PL relations
of our sample RGB OSARGs (red dots).

The right-hand panel of Figure 16 shows νmax/∆ν of the solar-like oscillations in the cluster
giants, where ∆ν means the large separation. The value of νmax/∆ν is roughly equal to the number
of radial nodes in the maximally excited mode. The vertical dashed line indicate the number of
radial node (3) for the radial third overtone mode which we fit to the sequence b3 of OSARGs. The
radial order of the modes excited in the solar-like oscillations decreases with increasing luminosity,
which is consistent with the fact that only low-order modes are excited in the OSARGs.

These diagrams indicate that the properties of OSARGs can be understood as the high lumi-
nosity (and hence long period) extension of the solar-like oscillations in G/K giants; in other words
OSARGs are likely excited stochastically by turbulent convection.

6. Summary

We studied PL relations and period ratios of RGB OSARGs in the LMC, and found that these
relations can be explained by radial first to third overtones and non-radial p4(l = 1) and p2(l = 2)
modes in evolving red giant models having masses between about 0.9 and 1.4M� for our standard
parameters of (Z, α) = (0.01, 1.5). Although different choices for the parameters would shift the
mass ranges, mode identifications are not affected because the period ratios hardly depend on these
parameters. The sequence b1 is fitted by radial 1O, b2 by radial 2O and non-radial p2(l = 2), and
b3 by radial 3O and non-radial p4(l = 1) modes. The reason why only the two non-radial modes
are observed is not clear.
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Fig. 15.— The same as Figure 8 but including models with (Z, α) different from our standard
values. Blue lines are for the standard models (i.e., the same as in Figure 8), cyan lines are for
models with a low metallicity (Z = 0.004), and green lines for models with a longer mixing length
(α = 1.8).
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Fig. 16.— Pulsation properties of OSARGs compared with solar-like oscillations of open cluster
giants in NGC 6791 and NGC 6819 obtained by Basu et al. (2011) from Kepler data. Left-hand panel
shows luminosity versus period (1/νmax) of maximally excited mode in the solar-like oscillations of
the cluster giants, and PL relations of OSARGs in the LMC (red dots), where only the primary
period for each OSARG is plotted. Right-hand panel shows luminosity versus νmax/∆ν which gives
the approximate number of radial nodes for the maximally excited mode in the cluster giants.
The vertical dashed line indicates the number radial nodes of radial 3O mode which we fit to the
sequence b3.
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The scaled νmax of solar-like oscillations evaluated with our model parameters goes through
roughly the middle of the three ridges populated by RGB OSARGs in the PL plane. In addition,
the PL relations look like a high-luminosity extension of the solar-like oscillations recently detected
by the Kepler satellite in G/K giants of the open clusters NGC 6791 and NGC 6819. These facts
strongly suggest that pulsations in OSARGs are stochastically excited by turbulent convections.
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Part II

Long Secondary Period

Long-term JHK light curves have recently become available for large numbers of the more luminous
stars in the SMC. We have used these JHK light curves, along with OGLE V and I light curves,
to examine the variability of a sample of luminous red giants in the SMC which show prominent
long secondary periods (LSPs). The origin of the LSPs is currently unknown. In oxygen-rich stars,
we found that while most broad band colours (e.g. V −I) get redder when an oxygen-rich star dims
during its LSP cycle, the J-K colour barely changes and sometimes becomes bluer. We interpret the
J-K colour changes as being due to increasing water vapour absorption during declining light caused
by the development of a layer of dense cool gas above the photosphere. This result and previous
observations which indicate the development of a chromosphere between minimum to maximum
light suggest that the LSP phenomenon is associated with the ejection of matter from the stellar
photosphere near the beginning of light decline. We explore the possibility that broadband light
variations from the optical to the near-IR regions can be explained by either dust absorption by
ejected matter or large spots on a rotating stellar surface. However, neither model is capable of
explaining the observed light variations in a variety of colour–magnitude diagrams. We conclude
that some other mechanism is responsible for the light variations associated with LSPs in red giants.

7. The observational data

7.1. The near-IR data

A long-term multiband near-IR photometric survey for variable stars in the Large and Small
Magellanic Clouds has been carried out at the South African Astronomical Observatory at Suther-
land (Ita et al., in preparation). The SIRIUS camera attached to the IRSF 1.4 m telescope was used
for this survey and more than 10yr of observations in the near-IR bands J(1.25µm), H(1.63µm)
and Ks(2.14µm) band were obtained. In this work, we select the SMC stars from the SIRIUS data
base. Variable and non-variable stars in an area of 1 deg2 in the central part of the SMC have been
observed about 99-126 times in the period 2001–2012 and a total of 340147, 301841 and 215463
sources were identified in J , H and Ks, respectively. We note that the photometric detection range
of the SIRIUS camera is about 8–18 magnitudes in the Ks band. A total of 12008 variable sources
of all kinds were detected of which 4533 were detected in all three wavebands (data release ver
130501; Ita et al., in preparation).
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7.2. The optical data

We obtained the V - and I- band time series of SMC red giants from the OGLE project
(Soszyński et al. 2011). Typically, about 1000 observing points were obtained in the I band by
OGLE-II+III while a much smaller number of about 50–70 points were obtained in the V band.

Soszyński et al. (2011) divided the LPVs into LSP and non-LSP stars according to their
positions in the period–luminosity relations for variable red giants. We found nearly 700 LSP stars
in the area of the IRSF infrared survey. In order to determine if an LSP star is oxygen-rich or
carbon-rich, we initially adopted the classification method introduced by Soszyński et al. (2011).
The stars we examined in detail had their oxygen-rich or carbon-rich status checked against optical
spectral classifications in the literature.

7.3. The combined near-IR and optical data

By combining the SIRIUS data with the OGLE data, we obtained 298 oxygen-rich LSP stars
and 88 carbon-rich LSP stars in the region monitored by the SIRIUS camera. For all sample stars,
a small number of apparent bad data points were removed from each time series. Then, by using a
first-order Fourier fit to the I-band time series, we obtained the period and amplitude corresponding
to the largest amplitude mode of the light curves. In all cases, the obtained periods and amplitudes
were almost identical to those in the OGLE-III catalogue (Soszyński et al. 2011). Using the period
from the fit to the I light curve, a fit was also made to the Ks light curve in order to derive its
amplitude.

Since our aim is to look for and to model colour and magnitude changes, we need the observed
changes to be significantly larger than the noise in the data. The limiting factor in this study is noise
in the near-IR data. We concentrate on the brightest stars with Ks < 13 and for them the useful
lower limit for clearly apparent Ks-band variation is about 0.04 mag. Similarly, we set a useful lower
limit for the I-band variation of about 0.2 mag. Figure 17 shows the full amplitude of the observed
LSP stars in the I and Ks bands. This figure shows the selected stars, which having full amplitudes
larger than 0.04 mag in Ks and 0.2 mag in I. This selection gave us a sample of 7 oxygen-rich
stars and 14 carbon stars for analysis. The spectral types of our sample stars obtained from the
OGLE photometry agree with the classifications in the SIMBAD astronomical data base where the
spectral types were obtained from spectroscopic determinations. The properties of these stars at
maximum light are listed in Table 2. Figure 18 represents the I-band light curves for a sample
of 21 LSP stars observed by OGLE-III. The light curves are folded with the period corresponding
to the largest amplitude mode. A sample of 21 LSP stars show short period variations possibly
corresponding to pulsation of the stars. The periods corresponding to the largest amplitude mode
of 298 oxygen-rich LSP stars and 88 carbon-rich LSP stars including a sample of 7 oxygen-rich
stars and 14 carbon stars are plotted with the Ks magnitudes in Figure 19. Most of those periods
lie in a distinct PL sequence corresponding to the sequence D. This indicates that the period we
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Fig. 17.— The relation between the I- and Ks- band full amplitude of 298 oxygen-rich stars and
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magnitude over the light curves, not corresponding to the magnitude at the maximum light.
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7.4. Separating the LSP variation from the primary period variation

Light curves of all LSP stars show variations with the period corresponding to sequence D and
also variations with the primary period, which mainly corresponds to sequence B. Therefore, in
order to study the LSP variation only, we need to separate each light curve into the components
due to variation with the LSP and variation with the primary period. The separation method we
used is now described.

At first, we adopted a reference time t0 and then delimited the light curve into time intervals
equal to the size of the LSP (P ), with t0 as the start of an interval. Then we fitted the observed
data points in each interval independently using a second-order Fourier series F0 with the period
equal to that of the LSP,

F0(t) = A0 +
2∑

i=1

a0 sin
(

2πi
t − t0

P

)
+ b0 cos

(
2πi

t − t0
P

)
.

The fit was performed on independent intervals of length P rather than the full light-curve interval
because the light curves of LSP stars vary substantially from cycle to cycle of the LSP. Furthermore,
in order to minimize the dependence of the final fit on the adopted value of t0, the fit was made using
four values for t0, τ0, τ1, τ2 and τ3, with each of these values increasing by 1

4P , giving fits F0(t),
F1(t), F2(t) and F3(t), respectively. In this study, τ0 corresponds to JD2450000. A requirement for
a fit to be made was that there be at least six points in each of the first and second halves of the
fit interval. If such points were not available, no fit was made. The final adopted fit F (t) at the
observed times is given by

F (t) =
1
4

3∑
j=0

Fj(t).

When there were fewer than four fits, the average was taken over the number of fits available. An
example of the final light-curve fits for each band in a representative star is shown in Figure 20.

As one can see from Figure 20, observation times of the OGLE I band usually differed from
those of the OGLE V band and the SIRIUS J , H and Ks bands, the latter being taken simulta-
neously. The I-band observations are always the most frequent. In our analysis, we will examine
colours relative to the I-band magnitude. In order to derive the colours and I-band magnitudes at
simultaneous dates, the I-band fits to the LSP variations were used. Magnitudes and colours were
derived from the fits at observation times of the V band and the Ks band. As noted above, fits are
not available at all times in a given band.

8. Modeling the LSP magnitude and colour variations

We will now create models for the magnitude variations in various bands associated with LSPs
in order to see if the assumed models are consistent with the observations. The two models we
examine are obscuration by dust and the variation of spots on a star.
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Fig. 18.— Light curves in I band for a sample of 21 LSP stars. The 7 panels of the left column
correspond to the oxygen-rich stars and the 14 panels of the middle and right columns are for the
carbon stars. All the light curves are folded with the LSPs shown in Table 2.
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8.1. The dust model

One possible explanation of the LSP phenomenon is episodic circumstellar dust absorption.
Here we assume that the central star ejects mass for several hundred days in each LSP cycle, leading
to the formation of thin spherical mass shells. Dust grains which form in the ejected matter will be
carried along with the expanding mass shells leading to dimming of the light from the central star.
We assume that the dust shells are ejected spherically although this is not an essential aspect of
the dust model for the optical and near-IR bands which we are examining since thermal emission
in these bands is not strong.

The amount of dimming of a star due to circumstellar dust depends on the optical depth
through the dust. For a spherical dust shell with an outer radius Rout (corresponding to the start
of a mass ejection episode), an inner radius Rin (corresponding to the end of a mass ejection episode,
or the dust formation radius in a newly-forming inner shell), a constant expansion velocity v and
a mass ejection rate Ṁ , the optical depth τλ through the shell is given by (e.g. Groenewegen & de
Jong 1993)

τλ ∝ ṀΨQλ/a

vρg
(

1
Rin

− 1
Rout

), (8.8)

where Ψ is the dust-to-gas mass ratio, Qλ is the absorption efficiency of the grain at wavelength λ,
a is the grain radius and ρg is the grain density.

We have used the dusty code (Ivezić et al. 1999, see Appendix C for the brief introduction) to
examine the effect of a spherical dust shell on the broad-band colours of LSP stars. dusty computes
the spectral energy distribution (SED) of a dust-enshrouded LSP star for one given configuration
of the dust shell. From Equation 8.8, we can see that the innermost dust shell plays the most
important role for dust extinction when multiple dust shells of similar origin exist. In our model
we only consider the innermost dust shell.

The first input parameter for dusty which we consider is the dust shell thickness. AGB stars
are well-known mass-losing stars in which the terminal velocity of the mass flow is ∼10–20 km s−1

(Decin et al. 2007; De Beck et al. 2010; Lombaert et al. 2013). On the other hand, R Coronae
Borealis (RCB) stars are similarly luminous evolved stars which eject mass semi periodically in
random directions (Clayton 1996). The large-amplitude variability of these stars is due to dust
absorption by those ejected dust clouds which lie in the line of sight to the star. Observationally,
the ejection velocity of the clouds is ∼200–250 km s−1 (Feast 1975; Clayton 1996; Feast 1990). In
view of these velocity estimates, and since we do not know what causes dust shell ejections in LSP
stars, we considered two values for the wind velocity v of 15 and 220 km s−1, and the velocity is
assumed to be constant with radius. We assume that dust is ejected for a time interval equal to
half the length of the LSP so the shell thickness is vP/2, where P is the length of the LSP. Our
models are thus made with two values for the shell thickness.

The second input parameter we require for dusty is the temperature Tin at the inner edge
of the dust shell. We assume Tin is the dust condensation temperature. The dust condensation
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temperature is commonly assumed to lie in the range of 800–1500 K (e.g. van Loon et al. 2005;
Cassarà et al. 2013) and in our models we consider Tin values of 800 and 1500 K. We note that Tin

determines the inner radius of the dust shell.

The third input parameter for dusty is the grain type. The assumed chemical composition of
the grains is different for models of oxygen-rich stars and carbon stars. van Loon et al. (2005) used
dusty to empirically determine possible grain types for oxygen-rich and carbon AGB stars in the
LMC by requiring an acceptable fit to the SED of the observed stars. We use the grain chemical
composition that they adopted. For carbon stars, we use dust grains of 50% amorphous carbon
from Hanner (1988), 40% graphite from Draine & Lee (1984) and 10 % SiC from Pègouriè (1988)
and for oxygen-rich stars, we use the astronomical silicates of Draine & Lee (1984).

The stellar luminosity L and the effective temperature Teff of our LSP stars are also required
as input to dusty. These were computed from the J and Ks magnitudes at maximum light, when
circumstellar extinction is minimum. The Teff values for the observed stars were estimated from the
J-Ks colour at maximum light using the formula given in Bessell, Wood, & Evans (1983). We also
used J-Ks to calculate a blackbody temperature TBB for the central star at maximum. Luminosities
were computed using a bolometric correction BCK to the Ks magnitude. For oxygen-rich stars,
we adopted the formula BCK = 0.60 + 2.56(J − K) − 0.67(J − K)2 given by Kerschbaum et al.
(2010) and for carbon stars we adopt the formula BCK = 1.70 + 1.35(J −K)− 0.30(J −K)2 given
by Bessell & Wood (1984). To estimate the absolute bolometric magnitude, we used the distance
modulus of 18.93 to the SMC given by Keller & Wood (2006). The derived values for L, TBB and
Teff are listed in Table 2. When using dusty, we assumed that the central star emits a blackbody
spectrum of temperature TBB. We are only interested in changes in magnitudes and colours, rather
than the absolute values of the colours and magnitudes, and the blackbody assumption will have
only an insignificant effect on these changes.

The final input parameter to dusty is the optical depth τV in the V band. The output from
dusty is the SED of the central star extincted by a shell of visible optical depth τV. Unless there
is significant emission from the dust shell in each band under consideration, for a given value of τV

the extinction of the central star in each band is essentially independent of the details of the shell
radius or thickness.

8.2. Comparison of the dust model with observations

8.2.1. The variation of I with I − J

In general, the I light curves are the best sampled of the light curves in the different filters,
the J , H and Ks light curves are the next best sampled and the V light curves are mostly only
sparsely sampled. Thus when comparing observations against models in magnitude–colour plots,
we use I as the magnitude and a colour involving I and another magnitude. The other magnitude
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Fig. 21.— Comparisons of observations with models of expansion velocity 15 km s−1. The 7
panels of the left-hand column represent the I and I − J variations for the oxygen-rich stars and
the 14 panels of the middle and right-hand columns are for the carbon stars (see text). The black
continuous lines with open circles show the magnitude and colour variations for models with an
inner dust shell temperature of 800 K while the triangles are for models with an inner dust shell
temperature of 1500 K. The top end of each curve corresponds to shell optical depth τV = 0 and the
points are spaced at intervals of 0.5 in τV = 0. The black dotted lines show the locus of un-extincted
blackbodies of different temperatures and the constant luminosity given in Table 2 for each star.
Note that the scale of the vertical axis is the same for all oxygen-rich stars and for all carbon stars.
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Fig. 22.— The same as Figure 21 but for models with an expansion velocity of 220 km s−1.
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should be one of J , H or Ks because of the higher frequency of observation compared to V . Ideally,
I −Ks would be best because of the large wavelength range spanned by this colour, but as we will
show below, the Ks band in O-rich stars is contaminated by variable H2O absorption, as is the H

band, so we use I − J as the colour in our first comparison of observations and models.

In Figures 21 and 22 we show the I magnitude plotted against the I−J colour for the observed
samples of oxygen-rich and carbon stars. The red points show the LSP variations obtained from
Fourier fits to the observed light curves. The blue lines show least-squares fits to these points (the
line is omitted if the relative error in the slope is more than 0.2). Figure 21 displays models with
a shell expansion velocity of 15 km s−1 (thin shell) while Figure 22 displays models with a shell
expansion velocity of 220 km s−1 (thick shell). Note that it is not the absolute values of points in
the diagrams that is important, it is the slope of the line representing the variation of I with I − J

that matters. If the LSP variations are caused by variable amounts of circumstellar dust alone,
then the slope will depend almost entirely on the dust properties and not on the spectrum of the
central star. The central star, which in these models we assume to emit as a blackbody with the L

and TBB given in Table 2, determines the position of the model in Figures 21 and 22 when there is
no circumstellar extinction.

First, we make some comments on the models. In both Figures 21 and 22, the two model lines
differ slightly due to re-emission from the dust shell at J and to a lesser extent I. Comparing
Figure 21 with Figure 22, corresponding to models with different dust shell thickness, we see that
there is a slightly faster increase in I − J with I for the thinner shell of Figure 21, especially for
the hotter inner dust shell temperature of 1500 K. The reason for this is that for the thinner dust
shell there is more emission at J . Also, for a given optical depth τV to the centre of the disk
of the observed star, the total extinction averaged over the stellar disk is slightly greater for the
thinner shell in Figure 21 than for the thicker shell in Figure 22 (the lines in Figure 21 are longer
than in Figure 22). This is because the extinction near the limb of the disk is smaller relative to
the extinction at the centre of the disk for a thicker shell.

The observed variation of I with I − J associated with the LSP (red points) is generally
consistent with the slope of one of the model lines in Figures 21 or 22. This indicates that the
variation of I and J due to an LSP could be explained by variable dust absorption alone.

8.2.2. The variation of I with J − Ks

Figures 23 and 24 show the variation of I with J −Ks. As one can easily see, the observational
variations due to the LSPs are inconsistent with the model variations in all cases. Most importantly,
for the O-rich stars, the observed J − Ks colour tends to get bluer as the star gets fainter in I.
There is no way that such variations can be the result of variable amounts of dust extinction only.

The most probable explanation for the variation of J − Ks in O-rich LSP stars is strong H2O
absorption in Ks band. Significant broad H2O band absorption is found between about 1.4 and
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Fig. 23.— The same as Figure 21 but using the J − Ks colour rather than I − J .
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Fig. 24.— The same as Figure 22 but using the J − Ks colour rather than I − J .
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1.9µm on the edges of the H and Ks filter bandpasses. In non-variable stars, this absorption is seen
from about M6 III to later spectral type in M giants (e.g. Tsuji 2000; Rayner et al. 2009). Strong
water absorption in the H and Ks bands is also commonly seen in large amplitude pulsating red
giants (Mira variables; e.g. Johnson & Méndez 1970). The reason for this absorption is the existence
of a relatively dense shell with a temperature of about 1800 K elevated above the photosphere by
shock waves associated with the pulsation (Ireland, Scholz, & Wood 2011). Using the models
atmosphere results of Houdashelt et al. (2000), we find that the V − I colours of the stars we are
examining here yield Teff ∼3400–3600 K, corresponding to spectral types M3–M5. Due to these
relatively early M spectral types, the results noted above mean that strong water absorption in
the Ks band cannot occur in a hydrostatic atmosphere. The elevation of a shell of mass above the
photosphere is required to produce strong water absorption, as in the case of Mira variables. We
suggest that this shell elevation, which may also lead to dust formation, occurs at the beginning
of the luminosity declines associated with the LSPs, leading to the formation of increasing H2O
absorption in the Ks band and blueing of the J − Ks colour.

This result is a second piece of observational evidence for the existence of a disturbance above
the photosphere caused by the LSP. Wood et al. (2004) found variable Hα absorption in stars
with LSPs which they attribute to a chromosphere of variable strength, with the strongest Hα

absorption near maximum light. Combined with the results above for the H2O absorption layer,
we have a picture whereby matter is ejected above the photosphere beginning near the luminosity
decline of the LSP forming a relatively dense shell of temperature ∼1800 K. As the LSP cycle
progresses, this shell appears to be slowly heated by non-thermal processes to ∼8000 K giving rise
to a chromosphere which is then displaced by the next ejected shell containing H2O.

Turning to the carbon stars, we see that they do get redder as they get fainter in I but in
all cases they clearly do not redden as much as predicted by the models. To bring the observed
variation in J − Ks with decline in I into agreement with the models, while keeping the variation
of I − J with I in agreement with the models, would require a strange dust opacity with a large
bump in the Ks band. We do not know of any dust composition that could produce such a bump
(see Section 8.2.4 for a discussion of the effect of different grain opacities).

We note that ejected clouds covering only part of the stellar surface rather than the complete
surface as for spherical shells cannot explain the observed variation in J −Ks with declining I. For
all but very large optical depths, the J − Ks colour in a cloud model increases slightly faster with
decline in I than for a spherical shell model, whereas the observations require a slower increase in
J −Ks colour. Also, given that the variation of the observed I − J colour with decline in I agrees
with the spherical shell models, a cloud model will not agree with the observations (the V −I colour
in the cloud model increases more slowly with decline in I than in the spherical shell model).

In summary, our conclusion from examining the variations of LSP stars in the (I,J − Ks)
plane is that, for both O-rich and C-rich stars, a model involving only variable dust extinction is
not viable as an explanation for LSP behaviour.
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8.2.3. The variation of I with V − I

Although the V observations are not as frequent as observations in other bands, we show the
variation of I with V − I for completeness in Figures 25 and 26. For both the V and I bands,
re-emission of light absorbed by the shell is weak so the model lines corresponding to the two inner
shell temperatures of 800 and 1500 K are close together in both figures.

For most O-rich stars, the observed V − I tend to increase slightly more rapidly with declining
I than in the models. For most C-rich stars, the observed and model variations have consistent
slopes although for OGLE-SMC-LPV-13557 and OGLE-SMC-LPV-13945 the slopes are different.
Overall, the agreement between the observations and dust model predictions is not good in the
(I,V − I) plane but the results are not definitive.

8.2.4. Testing different dust grains

Different dust grains have different absorption and scattering coefficients. Thus we tried chang-
ing the dust grain composition to see if this would give agreement between the light variations in
the dust shell model and the observed light variations, especially in the I and J −Ks plane for the
carbon stars. We examined four dust grain types available in dusty (see Table 3) for oxygen-rich
stars and for carbon stars, including the grain types we used in Section 8.1. The thin dust shell
model with an expansion velocity of 15 km s−1 was adopted.

Figure 27 shows comparisons of observed variations in the I and J − Ks diagram with dust
shell models for the different grain types. The model slopes for oxygen-rich stars can be changed
appreciably by different dust grains but none of the models reproduce the observed slopes. In
particular, none of the models can explain the observation that the J −Ks colour get bluer as the
star gets fainter in I. Turning to the carbon stars in Figure 27, we see that changing the grain
type in the models changes the slope of the variations but again none of the adopted grain types
can consistently reproduce the observed slope.

The relations between the colors and I magnitude variations for the program stars have been
derived from least square fits (cf. blue lines in Figures 21, 23, and 25). Figures 28 and 29 show
comparisons of the mean values of the fitted observed line slopes in the (I, V − I), (I, I − J), and
(I, J − Ks) diagrams with dust shell models for the different dust grain types for the oxygen-rich
stars and the carbon stars, respectively. The black dots with bars indicate the mean values of the
observed line slopes for the stars with a relative error in the slope of less than 0.2 and its standard
deviation. The colored dots and bars in each panel of Figures 28 and 29 show the mean values of
the model slopes and its standard deviations for the different dust temperatures. The slope of the
model curve on the color-magnitude diagram slightly varies with the colour (see e.g. Figure 21).
To determine the model slope, we calculate the slope of the straight line which connect two points
corresponding to the optical depths τV of 0 and τV,max on the color-magnitude diagram. We choose
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Fig. 25.— The same as Figure 21 but using the V − I colour rather than I − J .
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Fig. 26.— The same as Figure 22 but using the V − I colour rather than I − J .
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τV,max=2 and τV,max=0.5 for the oxygen-rich stars and the carbon stars, respectively, to reproduce
the mean value of the observed I amplitudes, which is ∼0.23 [mag] for the oxygen-rich stars, and
which is ∼0.32 [mag] for the carbon stars.

In Figure 28, the models 0, 1, and 3 agree with the observation in the V − I and J − Ks

colours. However, as mentioned above, none of the models can reproduce the observation in the
J − Ks colour. We can see very small standard deviations in the model slopes. Thus the variety
of the parameters we used for the models could not explain the cause of the disagreement between
model and observation. Turning to the carbon stars in Figure 29, we can see larger differences of
the model slopes by the different grain types. However none of the program grain types can not
explain the observation. These results strengthen the finding of Section 8.2.2 that dust shell models
cannot by themselves explain the broad-band light and colour variations in LSP stars.

8.3. The dark spot model

Another possible explanation of the LSP phenomenon is a dark spot on a rotating AGB star.
Soszyński & Udalski (2014) noted that the observed light curves of LSP stars are similar to those
of the known spotted stars. Moreover, the V to I amplitude ratios of LSP stars and known spotted
stars are similar and they are different from the ratios seen in the ellipsoidal binaries of sequence E
which lie near the LSP stars in period–luminosity plane. Here we test a simple rotating dark spot
model for LSP stars using the latest version of the Wilson–Devinney code (Wilson & Devinney
1971, see Appendix D for the brief introduction) which has the ability to simulate the light curve
of a spotted star in a binary system. Since our aim is to examine the light and colour variations
due to the appearance of a dark spot on a red giant, our binary systems consist of a rotating red
giant star with a circular isothermal spot and a very faint orbiting companion which cannot be
seen. Hence, we obtain the light and colour variations due to only the dark spot on the rotating
red giant. For the red giant star, we assume a mass of ∼1.0M� and a radius of ∼170R�, which
gives a surface gravity log g [cgs] of −0.02. A metallicity, log[Fe/H] = −1.0 and a gravity-darkening
coefficient, g1=0.32 (Lucy 1967) are used. For the calculation of oxygen-rich stars, we use the
model stellar atmospheres of van Hamme & Wilson (2003) while for carbon stars, a blackbody is
used. We note that the model atmospheres do not take into account the effect of the absorption
due to H2O molecules.

The amplitudes of the light variations due to the presence of spots are determined by the
spot sizes and the temperature differences between the spots and the normal stellar surface. The
temperatures of spots on AGB stars are not known well. For the spot temperature, we follow
the work of Soker & Clayton (1999). They initially adopted the solar value of 2

3 for the ratio of
spot to normal photospheric temperature. For an assumed photospheric temperature of 3000 K,
the spot temperature would then be 2000 K. Soker & Clayton (1999) then considered a range of
spot temperatures from 1600 K (cool spot,) and 2500 K (warm spot) corresponding to a ratio of
spot to normal photospheric temperature of 0.533 and 0.833, respectively. To cover a range of spot
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Fig. 27.— The same as Figure 23 but including different dust compositions. For both oxygen-rich
and carbon stars, the black solid lines with open circles and filled triangles correspond to the original
dust compositions (model 0 in Table 3), while the green, magenta and blue colours correspond to
models 1, 2 and 3, respectively.
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Fig. 28.— Comparisons of the mean observed line slopes in the (I, V − I), (I, I − J), and (I,
J −Ks) diagrams for the oxygen-rich stars with dust shell models for the different dust grain types
shown in Table 3. The dust grain type adopted for dust shell model is indicated in the top left of a
panel. The black dots with bars show the mean value of the fitted observed slopes and its standard
deviation while the red and cyan indicate the mean model slopes with dust temperatures Td=800 K
and Td=1500 K, respectively.
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Table 3: Dust composition
Sp. type Model name Composition

O-rich star model 0 100% 1astronomical silicate
model 1 100% 2warm O-deficient silicate
model 2 100% 3FeO
model 3 100% 4glassy olivine

C-rich star model 0 50% 5amorphous carbon,
40% 1graphite, 10% 6α-SiC

model 1 100% 1graphite
model 2 100% 5amorphous carbon
model 3 100% 6α-SiC

Note: 1Draine & Lee (1984), 2Ossenkopf et al. (1992),
3Henning et al. (1995), 4Dorschner et al. (1995), 5Hanner
(1988), 6Pègouriè (1988)

 0

 1

 2

 3

 4

 5

   

S
lo

p
e

Color

V-I I-J J-K

model 0

Td800K
Td1500K

observation

 0

 1

 2

 3

 4

 5

   

S
lo

p
e

Color

V-I I-J J-K

model 1

Td800K
Td1500K

observation

 0

 1

 2

 3

 4

 5

   

S
lo

p
e

Color

V-I I-J J-K

model 2

Td800K
Td1500K

observation

 0

 1

 2

 3

 4

 5

   

S
lo

p
e

Color

V-I I-J J-K

model 3

Td800K
Td1500K

observation

Fig. 29.— The same as Figure 28 but for the carbon stars.
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Table 4: Spot temperatures and the spot sizes
Sp. type Temperature ratio Spot radius(◦) Model

O-rich star 0.533 35 cool
0.833 45 warm
0.913 90 hemisphere

C-rich star 0.533 40 cool
0.833 50 warm
0.888 90 hemisphere

Note: Spot radius is defined as the angle when viewed from
the stellar centre.

temperatures, we also make models with these two temperature ratios. We use these models to
simulate each of the stars in Table 2 and we use the effective temperatures Teff in Table 2 as the
temperature of the normal photospheric regions.

The spot sizes for the two temperature cases are fixed by requiring that the amplitude in the
I band is similar to the observed largest amplitudes, which are ∼0.5 mag for the oxygen-rich stars
and ∼0.7 mag for the carbon stars. Table 4 gives the parameters of our spot models. It has been
assumed that the inclination of the model rotation axis is 90 deg to the line of sight and the centre
of the spot is on the equator of the star.

The spot model also effectively simulates light variations caused by the giant convective cells
which were proposed by Stothers (2010) to explain LSPs in AGB stars. In this model, the light
variations are caused by the turnover of cooler and hotter giant convective cells at the stellar
surface. To simulate this situation, we examine a model where the rotating dark spot covers a
full hemisphere of the star (hereinafter, the hemisphere model). To reproduce the observed largest
amplitudes in I band, we use the temperature ratios of the spot area to the normal area given by
Table 4. As in the case of the other spot models, we use the effective temperatures Teff given in
Table 2 for the temperature of the normal photospheric regions in both oxygen-rich and carbon
stars.

8.4. Comparison of the spot model with observations

8.4.1. The variation of I with colours

In Figures 30, 31 and 32 we show the I magnitude plotted against the colours I − J , J − Ks

and V − I, respectively, for the observed samples of oxygen-rich and carbon stars. The magnitudes
of models at the maximum light, which corresponds to when there is no visible spot, are adjusted
in the plots to the magnitudes at the observed maximum light for each star.
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As with our comparison of dust shell models with observations, we test the spot models by
looking for differences in the slopes in (I,colour) diagrams of model lines and observational varia-
tions. Models with different ratios of the spot to normal photospheric temperature show different
slopes. The models with higher spot temperature (i.e. larger temperature ratio) show shallower
slopes.

For carbon stars, the slope of the line representing the observations generally shows a good
agreement with the model lines in each of Figures 30, 31 and 32 (two exceptions are OGLE-SMC-
LPV-13557 and OGLE-SMC-LPV-13945 in Figure 32 which show disagreement with their models).
According to the figures, the models with hotter spots (temperature ratio 0.833) and the hemisphere
models (which also have a temperature ratio of 0.888) fit the models better in each of the (I,I −J),
(I,J − Ks) and (I,V − I) diagrams. If sequence D light variations are due to rotating spots, these
results suggest that the spot temperatures in carbon stars should be roughly 2500 K.

In distinct contrast to the carbon stars, the oxygen-rich star variations do not agree with model
variations in any of the (I,I − J), (I,J − Ks) or (I,V − I) diagrams. Although agreement would
not be expected in the (I,J −Ks) plane where the observations are affected by absorptions due to
H2O molecules, the bad disagreement in the (I,I − J) and (I,V − I) diagrams indicates that spot
models cannot explain the light and colour variations due to the LSP phenomenon in oxygen-rich
stars. Since the LSPs of both oxygen-rich stars and carbon stars should have the same origin, the
failure of the spot models to reproduce the observations in oxygen-rich stars means that spots are
not a reasonable explanation for LSPs in sequence D stars. This result agrees with the conclusion
of Olivier & Wood (2003) that the rotation periods of LSP stars are too long for a spotted star
model to explain LSP variations.

8.4.2. The effect on spot models of the inclination of the rotation axis and the spot latitude

The models above were made assuming spots on the equator of a rotating star whose rotation
axis is perpendicular to the line of sight. Changing the latitude of a spot will reduce its apparent
area and hence the amplitude of the light variation it will cause. However, the slope of the locus of
colour–magnitude variation should be unchanged since the reduction in apparent area also occurs
as a spot on the equator rotates towards the limb of the star (the very minor effect of limb darkening
will produce very small differences between the two cases). The same argument applies in the case
of a star with a tilted rotation axis. We thus expect the results of the previous section to apply
regardless of the inclination of the rotation axis and the latitude of the spots. As a test calculation,
we examined the change in the I and I−J magnitudes for a star with the rotation axis tilted at 30,
60 and 90 deg. The results are shown in Figure 33. It can be seen that the slope of the variation
is the same in all cases.
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Fig. 30.— Comparisons of observations with dark spot models in the (I,I−J) plane. The 7 panels
of the left-hand column show oxygen-rich stars and the 14 panels of middle and right-hand columns
show carbon stars. Red points and blue lines represent observations, as in Figure 21. The black
lines with open circles and the lines with filled triangles show the magnitude and colour variations
for models with cool and warm spot temperatures, respectively, while the lines with crosses are for
models with a hemisphere spot.
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Fig. 31.— The same as Figure 30 but using the J − Ks colour rather than I − J .
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Fig. 32.— The same as Figure 30 but using the V − I colour rather than I − J .
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Fig. 33.— The variation of I with I − J in hemisphere spot models for oxygen-rich stars when
different inclination angles for the rotation axis are assumed.
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Table 5: ∆Teff and τV,0 for models

Sp. type Teff,0(K) ∆Teff(K) τV,0 Model
O-rich star 2800 100 1 model0

2800 50 2 model1
C-rich star 2500 100 0.5 model2

2500 50 1 model3

8.5. The combined dust model with dark spot

In Section 8.2 we examined the possibility that a dust shell model alone could explain the
LSP phenomenon and rejected. Similarly, in Section 8.4 we examined if a rotating spotted star
could explain the light and colour variations of the LSPs and rejected. In a dust shell model we
implicitly assumed that the luminosity emitted from a central star does not change at all. However
it is likely that a mass ejection process which can induce supply of dust into circumstellar space
correlates with change of luminosity which red giant emits. Cuntz (1990) argued the possibility of
mass ejection in red giant stars which could be induced by propagation of shock waves. The brief
scenario of this is that acoustic waves in late-type giant star due to the motion of convection eddies
induce mass loss by propagation of shock waves in the stellar atmosphere. If giant convective cell
as Stothers (2010) proposed, which could induce the presence of a dark spot in the stellar surface,
moves within the convective zone in a red giant star, acoustic waves might be generated and lead
to mass ejection which could cause dust formation in the circumstellar space. Hence the light and
colour variations are expected to be induced due to both the presence of a spot and dust absorption.
Similar light and colour variation is induced by circumstellar dust absorption around a rotating
star with dark spots. Here we examine the possibility that a combination of a rotating spotted
star and dust absorption at certain phases of the rotation could reproduce the observed light and
colour variations in stars with LSPs.

In this combined model, the effective temperature of the central star is assumed to vary sinu-
soidally to simulate a rotating spotted star and the optical depth of the dust shell is assumed to
vary sinusoidally to simulate periodic dust absorption. The following equations are used:

Teff(φ) = Teff,0 + ∆Teff sin (2πφ + β) (8.9)

τV(φ) = τV,0 sin (πφ) (8.10)

where ∆Teff and τV,0 are the amplitudes of variation of the effective temperature and optical depth
of a dust shell in V of the dust shell, respectively. Teff,0 is the average effective temperature. As a
direct consequence of these equations, the central star luminosity is given by

L(φ) =
T 4

eff(φ)
T 4

eff,0

L0 (8.11)
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where L0 are the average luminosity. The fluxes emitted by the central star in the various pho-
tometric bands were obtained assuming the central star was a blackbody. The dust absorption in
photometric bands other than V was obtains using dusty. The dust compositions used in Sec-
tion 8.1 for oxygen-rich and carbon-rich stars was adopted and the shell outer radius was set to 1.5
times the inner radius, which roughly corresponds to the models described above with an expansion
velocity of 15 km s−1. The inner dust shell temperature was set to 800 K.

In the combined model, φ varies from 0 to 1 as the spotted star makes one complete rotation.
The phase shift β between the rotation phase and dust absorption phase has been introduced to
allow for dust absorption at different possible rotation phases. Since we do not know how dust
absorption might be linked to the rotation phase, models were made with different values for β.
Note that the dust absorption goes through one maximum as the star makes a full rotation.

Table 5 gives the parameters considered for the models described here. Two values of ∆Teff , 50
and 100 K, were used for both oxygen-rich and carbon-rich stars. The values of τV,0 were adjusted
so that the variations in magnitude caused by dust dominated for the models with ∆Teff = 50 K
while the variations in magnitude caused by Teff variations dominated when ∆Teff = 100 K.

Figure 34 shows the I magnitude plotted against V − I, I − J and J − Ks for the various
models computed here. In general, the slopes of the variations in the (I,colour) diagrams for the
combined models lie between the slopes for pure dust absorption and pure Teff variations (spot
model). The combined models do not generally represent an improvement over the pure dust or
spot models. In particular, they cannot explain the observation that J − Ks in oxygen-rich stars
get bluer as the star dims.

9. Summary

We have examined broad-band observations of samples of oxygen-rich and carbon stars in the
SMC which exhibit LSP light variations. The observations are in the V IJHKs bands and they
were obtained by the OGLE project and by the SIRIUS camera of the IRSF 1.4m telescope.

The J and Ks observations of oxygen-rich stars reveal a significant new feature of LSP light
variations. As light declines, the J − Ks colour barely changes or sometimes gets bluer. We
interpret this as indicating that cool gas containing a significant amount of H2O is levitated above
the photosphere of LSP stars at the beginning of light decline. Absorption of light in the Ks band
by H2O forces the J − Ks colour to remain constant or to get bluer during light decline. The
levitation of matter above the photosphere found here, along with the discovery of the development
of a warm chromosphere during rising light by Wood et al. (2004), provides strong evidence that
the LSP phenomenon is associated with mass ejection from the photosphere of red giant stars.

We examined two possible models for the explanation of the LSP phenomenon by comparing
these models with broad-band observations of both oxygen-rich and carbon stars. The first model
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Fig. 34.— The variations of I with V − I, I − J and J − Ks for the models listed in Table 5.
Models for oxygen-rich stars are shown in the upper two panels and models for carbon-rich stars
are shown in the lower two panels. Solid lines with filled squares represent the dust shell model
alone while solid lines with filled triangles represent the dark spot model alone. The combined dust
and rotating spotted star models are shown as coloured lines with the colour indicating the phase
lags β. Note that the coloured lines have been arbitrarily shifted in I to prevent confusing overlap
since it is only the slope of the lines that is of interest. The slopes of the three solid black lines
in each diagram represent the observed variations. The central line corresponds to the mean value
of the observed line slope for stars with a relative error in the slope of less than 0.2 and the outer
lines vary from the mean slope by 1σ.
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assumes LSP light variations are due to dust absorption by ejected dust shells while the second
model assumes a rotating star with a dark spot.

In the dust shell ejection model for LSP stars, it was found that dust absorption by the ejected
mass shell could not explain the observed variations in the (I,J − Ks) or (I,V − I) diagrams for
either oxygen-rich or carbon stars. In oxygen-rich stars, the models fail to reproduce the variations
in the (I,J−Ks) because the models only include variable dust absorption and not the variable H2O
absorption noted above. The failure of the dust shell models to reproduce the observed variations
in the (I,V − I) diagram for either oxygen-rich or carbon stars, and the failure to reproduce the
observed variations in the (I,J − Ks) diagram for carbon stars, suggests that dust absorption in
ejected mass shells is not the cause of LSP light variations.

The LSP model involving a rotating, spotted star was not able to reproduce the observed
variations in oxygen-rich stars in either the (I,I − J) or (I,V − I) diagrams (or the I,J − Ks

diagram, but here the J − Ks colour is affected by H2O absorption that is not included in the
models). We thus conclude that the rotating, spotted star model is not the explanation for LSP
light variations either. This result strengthens the conclusion of Olivier & Wood (2003) that the
rotation periods of LSP stars are too long for a spotted star model to explain LSP variations. A
simple combined dust and spotted star model was no better at explaining the observed magnitude–
colour variations than the dust and spotted star models individually.

Our conclusion is that some process other than dust shell ejection or spot rotation lies behind
the light variations seen in stars with LSPs. This unknown process seems to be responsible for the
ejection of matter near the beginning of light decline. The ejected matter may be the origin of the
excess mid-IR emission due to dust that is seen in stars with LSPs (Wood & Nicholls 2009).
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10. SUMMARY OF THIS THESIS

At least 8 period-luminosity relations (sequences A’, A, B, C’, C, D, E and F) of the red giant
variables are known. The origin of sequences A’-C and F is explained by pulsation in red giants,
while the sequence E agrees with eclipse/ellipsoidal binarities of which system generally consists
of a red giant and a less massive star than the red giant. The longest-period is the sequence D.
The origin of the variability is still unknown. In general, the red giant variables belonging to the
sequence D have a primary period corresponding to the stellar pulsation. Thus, the sequence D
period is known as long secondary period (LSP).

The pulsating red-giant stars can be separated into two classes by the pulsation properties.
One is the long-period group, so called Mira and semi-regular variables. In general, such stars are
known as stars in AGB phase and those pulsation periods fall in the sequences C’, C and F. Well-
accepted explanation is that the sequences C and F correspond to the radial fundamental mode,
while the sequence C’ is the radial first overtone mode. On the other hand, red giant variables
among second group show relatively irregular variabilities with smaller amplitudes and their periods
fall in the sequences A’, A and B. Such stars are classified into OSARG variables. The OSARGs
consist of stars in RGB phase and AGB phase. The stars belonging to the former phase fall in
three PL relations of b1–b3, while the stars of the latter phase forms four PL relations of a1–a4.

In part I of this thesis, we discussed the properties of pulsation in the RGB stars of OSARGs
in the LMC. By comparing pulsation periods and the period ratios of theoretical models with
observations obtained with OGLE-III, we have found that the radial first, second and third overtone
modes and the non-radial dipole (l = 1) p4 and quadrupole (l = 2) p2 modes reproduce those three
ridges. The RGB stars of OSARGs are consistent with stars having initial (i.e. ZAMS) masses
of ∼0.9 - 1.4M� and current luminosities of log L/L� ∼ 2.8 − 3.4. With those stellar parameters,
the period corresponding to the scaled optimal frequency νmax for solar-like oscillations increases
with luminosity, and passes through roughly the ridge of b2 on the period luminosity plane. This
indicates that the stochastic excitation causes the pulsation in OSARGs.

Many researchers explored the possible explanation of the origin of the variability associated
with LSP. Stellar pulsation and eclipse in a binary system, respectively, have been well-discussed
from theoretical and observational aspects. On the other hand, the evidence of the dust formation
in circumstellar space of LSP stars was found from the recent near- and mid-IR observation (Wood
& Nicholls 2009), indicating that periodic dust formations may cause the variability of LSP.

In part II, we discussed the properties of LSPs in red giants and explored a possible explanation
for the light variations. Using OGLE V and I data and long-term JHKs light curves obtained
with the SIRIUS camera mounted on the IRSF 1.4m telescope, we selected a sample of 21 LSP
stars (7 oxygen-rich stars and 14 carbon stars) among the SMC. We found that in the oxygen-rich
stars the most broad band colours (e.g. V − I) get redder at the light declines in its LSP cycle,
while the J − Ks colour of those stars barely changes or even gets bluer when the a star dims.
The most plausible explanation for the cause of getting bluer in the J − Ks colour would be an
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increase of H2O vapour absorption induced by the development of a dense cool layer above the
atmosphere. This scenario is consistent with the results of recent observations which suggest that a
chromosphere develops during its LSPs cycle, which implies that the LSP phenomenon is associated
with mass ejection from the stellar atmosphere near the beginning of light decline. We explored the
possibility that photometric variations in OGLE V and I and the near-IR JHKs can be interpreted
by either dust absorption by ejected matter or dark spots on a rotating stellar surface. We have
found, however, that both models can not reproduce the light and colours variations associated
with LPSs. A simple combined dust absorption and dark spots model do not show any better
improvement at explaining the observation than the dust and spotted star models individually. We
conclude that some other mechanism is the cause of the light variations showing LSP.
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A. Stellar pulsation

In the first part of this thesis, we calculated pulsation periods according to the method intro-
duced by Saio, Winget, & Robinson (1983) and Saio & Cox (1980). In this appendix, we will briefly
discuss the theories of linear non-adiabatic radial and non-radial pulsations. The variables used
here generally correspond to those of Saio, Winget, & Robinson (1983) and Saio & Cox (1980).

The basic equations for hydrodynamics for the fluid in the stellar interior are given by

(
∂ρ

∂t

)
+ ∇ · (ρv) = 0,

ρ
dv

dt
= ρ

(
∂v

∂t

)
+ ρ(v · ∇)v = −∇P − ρ∇Φ,

∇2Φ = 4πr2Gρ,

ρT

(
∂S

∂t

)
= ρ(εn − εν) −∇ · F , (A1)

where P , ρ, T and S are the pressure, the gas density, the temperature and the entropy, respectively.
v represents the vector of the velocity of the fluid. Φ and G are the gravitational potential and
the gravitational constant. F is the vector of the energy flux. εn and εν are the nuclear energy
generation rate and the neutrino cooling rate per unit mass, respectively. q is the heat per unit
mass. Applying linear perturbations and assuming the temporal variations of perturbed quantities
to be proportional to eiσt, where σ is the angular frequency of pulsation, we obtain the first-order
differential equations assuming the linear perturbations.

A.1. Radial pulsation

The basic equations for linear non-adiabatic radial pulsation have been well discussed. We
use the Lagrangian perturbations described at δr/r, δP/P , δT/T and δL/L. The luminosity
L(r) is given by L(r) = Lrad + Lconv, where ‘rad’ and ‘conv’ mean radiation and convection,
respectively. Since the pulsation periods (i.e. approximately same as the dynamical time scale)
would be enough shorter than the thermal time (i.e. convection time scale), we assume for simplicity
that the convection flux perturbation δLconv can become 0. Then we obtain following four first-order
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differential equations

− rσ2 δr

r
=

(
4
δr

r
+

δP

P

)
GMr

r2
− 4πr2P

d

dMr

(
δP

P

)
,

iσCP T

[
δT

T
−∇ad

δP

P

]
= −L

d

dMr

δLr

L
,

δρ

ρ
= −3

δr

r
− 4πr3ρ

d

dMr

(
δr

r

)
,

δL

L
=

Lrad

L

[
4
δr

r
− K +

1
(dT/dMr)

d

dMr

(
δT

T

)]
, (A2)

where

δT

T
=

(
∂ ln T

∂ ln P

)
S

(
δP

P

)
+

(
∂ ln T

∂S

)
P

δS = ∇ad
δP

P
+

δS

CP
, ∇ad ≡

(
∂ ln T

∂ ln P

)
S

,

CP ≡ T

(
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∂T
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P
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δρ

ρ
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∂ ln ρ

∂ ln T
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P

(
δT

T

)
+

(
∂ ln ρ

∂ ln P

)
T

(
δP
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∂ ln κ

∂ ln T

)
ρ

(
δT

T

)
+

(
∂ ln κ

∂ ln ρ

)
T

(
δρ

ρ

)
, Lrad = −64π2acr4T 4

3κ

d ln T

dMr
,

Γ1 ≡
(

d ln P

d ln ρ

)
ad

, Γ3 − 1 ≡
(

d ln T

d ln ρ

)
ad

. (A3)

κ is the mean opacity. a, c and G represent the radiation constant, the speed of light and the
gravitational constant, respectively. σ is the pulsation frequency, although it consists of a real
part and an imaginary part in the case of non-adiabatic pulsation calculation. The dimensionless

frequency ω is defined as ω ≡ σ

/ √
GM
R3 , where M is the stellar mass, and R is the stellar radius.

Bottom of the envelope, the amplitude of pulsation diminishes. Thus, at the inner boundary
we used following conditions

δr

r
= 0,

δL

L
= 0. (A4)

On the other hand, the pressure vanishes at the outer boundary of the star. At the outer
boundary, we assume that the luminosity L is given by the Stefan-Boltzmann law L ∝ R2T 4

eff ,
where Teff is the effective temperature. Then we obtained following conditions at the outer bound-
ary of the star

δP

P
= 0,

δL

L
= 2

δr

r
+ 4

δT

T
. (A5)
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A.2. Non-radial pulsation

Using the Eddington approximation, the radiative flux is described by

Frad = − 4π

3κρ
∇J , (A6)

where J is the mean intensity. We assume the local thermodynamic equilibrium, then we obtain
J :

J =
ac

4π
T 4. (A7)

The perturbations for the non-adiabatic non-radial pulsation are usually represented by the
Eulerian (’) and Lagrangian (δ) perturbations with a spherical harmonic Ylm(θ, φ) given by

F ′(r, θ, φ, t) = F ′(r)Ylm(θ, φ)eiσt,

δF (r, θ, φ, t) = δF (r)Ylm(θ, φ)eiσt. (A8)

The relation between the two kind of perturbations are expressed by

δF = F ′ + ξr
dF

dr
, (A9)

where ξr is the the Lagrangian perturbation in radius, δr.

For describing linear non-adiabatic non-radial pulsation equations, we use the six variables
defined as

y1 ≡ δr

r
, y2 ≡ 1

gr

(
P ′

ρ
+ Φ′

)
, y3 ≡ 1

gr
Φ′,

y4 ≡ 1
g

dΦ′

dr
, y5 ≡ δS

CP
, y6 ≡ Lrad

L
, (A10)

where S is the entropy per unit mass and CP is the specific heat at constant pressure per unit
mass.

By linearizing the basic equations represented by Equation A2 and Equation A6, we obtain
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the six differential basic equations for linear non-adiabatic non-radial pulsation

r
dy1

dr
=

(
V

Γ1
− 3

)
y1 +

(
l(l + l)
C1ω2

− V

Γ1

)
y2 +

V

Γ1
y3 + χ̃y5,

r
dy2

dr
= (C1ω

2 + rA)y1 + (1 − U − rA)y2 + rAy3 + χ̃y5,

r
dy3

dr
= (1 − U)y3 + y4,

r
dy4

dr
= −rAUy1 +

UV

Γ1
y2 +

(
l(l + 1) − UV

Γ1

)
y3 − Uy4 − χ̃Uy5,

r

V ∇
dy5

dr
= (B1 + α(U − C1ω

2) + 4(1 − α))y1 −
(

B1 + (1 − α)
l(l + 1)
C1ω2

)
y2

+B1y3 + αy4 + (−κT + κρχ̃ + 4)y5 − y6,

r
dy6

dr
= (B2 − l(l + 1)(1 − α))y1 +

(
l(l + 1)

(
η

C1ω2
− α

)
+ B2

)
y2

+(l(l + 1)α − B2)y3 +
(
− l(l + 1)

V ∇
+ B3 − iωB4

)
y5 − ηy6, (A11)

where

U ≡ 4πr3ρ

Mr
, V ≡ ρgr

P
, g ≡ GMr

r2
, χ̃ ≡

(
∂ ln P

∂ ln T

)
ρ

/(
∂ ln P

∂ ln ρ

)
T

,

A ≡ 1
ρ

dρ

dr
− 1

Γ1P

dP

dr
, ∇ ≡ d ln T

d ln P
, α ≡ ∇ad

∇
, C1 ≡

( r

R

)3
(

M

Mr

)
,

κT ≡
(

∂ ln κ

∂ ln T

)
ρ

, κρ ≡
(

∂ ln κ

∂ ln ρ

)
T

, B1 ≡ V

(
∇adκT +

κρ

Γ1
− 4∇ad

)
+ α

(
V +

d ln∇ad

d ln r

)
,

B2 ≡ −η
V

Γ1
, B3 ≡ ηχ̃, B4 ≡ 4πr3ρTCP

Lrad

(
GM

R3

)1/2

, η ≡ d ln Lrad

d ln r
.(A12)

Note we assumed no perturbation of the convective flux, δ(∇ · F ) = 0.

At the center of the star, g should become 0. Therefore, the gas density and the pressure (and
hence the temperature) should be constant. Under the requirements, we use the conditions in the
inner boundary given by,

C1ω
2

l
y1 − y2 = 0, ly3 − y4 = 0. (A13)

The perturbation of the gravitational potential Φ′ should become 0 when r becomes 0. Therefore,
we obtain y1∼4 ∝ rl−2. Then, we obtain the last one condition in the inner boundary

y5 ∝ rl. (A14)

As mentioned in Section A.1, the pressure should become 0 in the outer boundary (i.e. the
stellar surface). In addition, the perturbation of the gravitational potential |Φ′/Φ| should be a
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Fig. 35.— Period ratios of the radial fundamental - the second overtone mode in the adiabatic
pulsations for the polytropes. The different polytrope indexes represent the different stellar struc-
tures.

small value compared with unity to satisfy the assumption of linear perturbation. Thus, we obtain
the outer boundary conditions,

y1 − y2 + y3 = 0, (l + 1)y3 + y4 = 0. (A15)

Note that to obtain the equations above, we used the relations of U → 0 and V >> 1. Assuming
no radiation coming into inward trough the outer boundary, we chose the following condition

F = 2πJ , (A16)

then we obtain the linearized equation of this equation as the outer boundary condition by(
1
2
−∇adV

)
y1 + V ∇ad(y2 − y3) + y5 −

1
4
y6 = 0. (A17)

A.3. Period ratio

In the two sections above, we obtained the four first-order differential equations for the non-
adiabatic radial oscillation, and the six first-order differential equations for the non-adiabatic non-
radial oscillation. Giving suitable boundary conditions (e.g. those of mentioned above), we can
solve those differential equations. However, since the number of the given boundary conditions has
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exceeded the allowable number, the dimensionless frequency ω (and hence the pulsation frequency
σ) has been permitted to have a value at only the appropriate number to satisfy the given boundary
conditions. Thus, ω corresponds to so called ‘eigenvalue’ for the differential equations. Considering
non-adiabatic oscillation, the eigenvalues are generally complex numbers. In general, plural values
are permitted as the eigenvalues for the stellar structure and the boundary conditions. For example,
in adiabatic radial pulsation (i.e. P = ρΓ1 (and hence δP/P = Γ1δρ/ρ) is always satisfied), the
pulsation mode corresponding to the smallest eigenvalue is called ‘fundamental mode’, while the
modes corresponding to the second and third smallest eigenvalues are ‘first overtone mode’ and
‘second overtone mode’, respectively. The eigenvalue ω depends on the stellar structure. Since the
period ratio between different modes is expressed as

P1

P2
=

1/σ1

1/σ2
=

ω2

√
GM
R3

ω1

√
GM
R3

=
ω2

ω1
, (A18)

The ratio depends on the stellar structure. Figure 35 shows the period ratios of the first three
modes of the adiabatic radial pulsation for the polytropes. If the energy in the envelope is carried
by pure radiation, the structure of the envelope corresponds to polytrope index of ∼3. When the
envelope structure is consistent with the adiabatic temperature gradient (i.e. similar to the case
of the fully convective envelope), the envelope structure corresponds to polytrope index of 1.5. In
a given stellar structure, the different period ratios represent the different combinations of the two
pulsation modes consisting of the period ratios. This indicates that the period ratios are useful for
the purpose of the mode determinations.

B. MESA code

Modules for Experiments in Stellar Astrophysics (mesa; Paxton et al. 2011) code is an open
source 1D stellar evolution code based on the Henyey relaxation method (e.g., Henyey et al. 1959,
1964). We discuss the basic method to solve the stellar evolution problems and introduce the mesa

code briefly.

Assuming spherical symmetry for a star excluding stellar rotation nor magnetic field, and
considering the gravitational contraction or expansion, the spacial structure along radial direction
of a star and its temporal evolution are generally described by the following basic equations:

dv

dt
= −4πr2

(
∂P

∂Mr

)
− GMr

r2
, (B1)

T

(
∂S

∂t

)
= (εn − εν) −

(
∂Lr

∂Mr

)
, (B2)(

∂r

∂Mr

)
=

1
4πr2ρ

, (B3)

dT

dMr
=

T

P

(
∂P

∂Mr

)(
d ln T

d ln P

)
, (B4)
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where εn and εν are the nuclear energy generation rate per unit mass and the thermal neutrino-loss
(i.e. the neutrino cooling) rate per unit mass, respectively. In general, dv/dt is assumed to be 0
except for the cases of a rapid collapse or expansion such as the gravitational collapse before super
nova. To treat convection, the standard mixing length theory formulated by e.g. Cox & Giuli
(1968) is generally assumed. When a star is contracting or expanding, the gravitational energy
changes. The rate of change of gravitational energy per unit mass due to contraction or expansion
(εg) is given by

εg = −T
∂S

∂t
. (B5)

Therefore, the energy conservation is described, from Equation B2, following as

εn − εν + εg =
dLr

dMr
. (B6)

If the hydrostatic equilibrium condition is satisfied temporally at any Lagrangian point Mr, Equa-
tion B1 becomes

dP

dMr
= −GMr

4πr4
. (B7)

Thus, the stellar structure along radial direction are described by Equations B3, B4, B6 and B7.
The differential equations to solve the stellar structure at a given time ti, however, are not closed
by themselves because the number of the unknown variables (and hence they are the solutions of
those equations) exceeds the permissible number. To close the equations, we need an equation of
state (EOS) for the gas. In the mesa code, the EOSs are given by the mesa EOS ρ − T tables
based on the OPAL EOS tables (Rogers & Nayfonov 2002) and the SCVH tables (Saumon et al.
1995). When either ρ or T is in the outside of the range of the mesa EOS tables, the HELM
(Timmes & Swesty 2000) and the PC (Potekhin & Chabrier 2010) are used. With the equation of
states and the opacities: the OPAL opacity tables (Iglesias & Rogers 1996) are basically employed
in the mesa code, the stellar structure at a given time ti can be calculated numerically by the
Henyey relaxation method, which describes the basic equations mentioned above by the form of
the difference equations and solves r, Lr, P and T by the multidimensional Newton-Raphson solver.

Evolution of the stellar structure from ti to ti+1 is determined by the change of the chemical
composition distribution along radial direction in the stellar interior due to the nuclear synthesis
and the mixing of the elements by turbulent convection, described as(

∂Xi

∂t

)
Mr

=
(

∂Xi

∂t

)
n

+
∂

∂Mr

(
(4πrρ)2D

∂Xi

∂Mr

)
, (B8)

where Xi is the abundance of the element i and D is the diffusion coefficient of the mixing by
turbulent convection. The first term of the RHS indicates the nuclear synthesis of the element i.
With the new distribution of the chemical composition at time ti+1, the stellar structure at ti+1 can
be solved. This is a brief introduction of the basic method to solve the stellar evolution problems.
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C. Radiative transfer problem in a spherically symmetric dust shell

The dusty code is based on the method proposed by Ivezić & Elitzur (1997). They solved
radiation transfer problem in a spherical dust shell surrounding a star. In this appendix, we discuss
their method briefly. We basically used the same symbols used in Ivezić & Elitzur (1997).

C.1. The equation of radiative transfer

A familiar expression of the radiative transfer equation in stationary state is

dIλ

dl
= κλ(Sλ − Iλ), (C1)

where κλ is the total extinction coefficient at wavelength λ, given by κλ = κaλ + κsλ, of which κaλ

and κsλ are the absorption and the scattering coefficients, respectively. The optical depth along
the path satisfies dτλ = κλdl. Thus, the total optical depth along the path is τT

λ =
∫

κλdl. We
define the dimensionless distance

y ≡ l/l1, (C2)

where l1 is the arbitrary length-scale. Then, we obtain the equation of radiative transfer

dIλ(y)
dy

= τT
λ η(y)(Sλ(y) − Iλ(y)), (C3)

where ηλ(y) is the dimensionless extinction coefficient at the position y,

η(y) =
1
τT
λ

dτλ(y)
dy

=
κλ(y)∫
κλ(y)dy

. (C4)

If the dust properties are unvarying with the position along the path, η indicates the normalized
density profile of the absorbers η(y) = na/

∫
na(y)dy. For simplification, we assume that dust

grains consist of a single type with the temperature T . We do not consider line emissions and
photoionization, therefore the source function becomes

Sλ = (1 − $λ)Bλ(T ) + $λ

∫
Iλg(Ω′, Ω)

dΩ′

4π
, (C5)

where Bλ(T ) is the Planck function corresponding to temperature T , and g(Ω′, Ω) is the angu-
lar phase function for coherent scattering from direction Ω′ to Ω. $λ represents the extinction
coefficient ratio of the scattering to the overall

$λ ≡ κsλ

κλ
. (C6)

We assume for simplicity g(Ω′, Ω) = 0, meant the case of isotropic scattering. The radiative
equilibrium condition is

d

dl

∫
dΩ

∫
Iλdλ =

∫
dΩ

∫
κλ(Sλ − Iλ)dλ = 0, (C7)
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or ∫
dΩ

∫
κλSλdλ = 4π

∫
κλJλdλ, (C8)

where Jλ is the mean intensity, given by Jλ =
∫

Iλ
dΩ
4π . From Equations C5 and C8, we obtain the

radiative equilibrium condition expressed by Bλ(T ) and Jλ∫
qaλBλ(T ) =

∫
qaλJλdλ, (C9)

where qaλ is the absorption coefficient at λ normalized by that at arbitrary wavelength λ0

qaλ ≡ κaλ

κaλ0
= qλ

1 − $

1 − $0
, (C10)

and

qλ ≡ κλ

κλ0
. (C11)

From the expression of qλ, the relation between qλ and τλ is

τλ = qλτλ0. (C12)

C.2. Spherically symmetric dust shell

In this subsection, we discuss the radiative transfer problem in a dust shell. Here we assume
spherical symmetry as the geometrical shape of the dust shell, surrounding a spherical star having
radius of re. We consider the case of that the radiative source is only the central star. We denote
the normalized radius of the star θe1 = re/r1, where r1 corresponds to the shell inner radius. The
external flux at r1 is, therefore, given by

Feλ =
∫

µIeλdΩ ≈ πθ2
e1Ieλ. (C13)

From the energy conservation, the bolometric external flux satisfies

Fe1 =
∫

Feλ(r1)dλ =
Le

4πr2
1

. (C14)

Here Le is the bolometric luminosity. We denote the normalized internal flux (i.e. the flux distri-
bution)

feλ =
Feλ

Fe1
. (C15)

Normalizing the radial distance as y = r/r1, we obtain the spatial distribution of the normalized
extinction coefficient

η(y) =
κλ(y)∫ ∞

1 κλ(y)dy
. (C16)
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Fig. 36.— Schematic diagram of the geometrical arrangement of the central star and the dust shell.
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Note again, if the dust properties unvarying with the radial distance, η gives the density profile of
the absorbers (i.e. the dust) along the radial direction. Figure 36 shows the schematic diagram
expressing the geometrical arrangement of the central star and the dust shell. The vector u makes
an angle θ with the radius vector. At the point P, η is described by ηP = η(

√
u2 + y2 sin2 θ).

Thus, at any point y, the optical depth from the origin of u along the path pointing out the same
direction of u is

τλ(y, θ) = τT
λ

∫ y cos θ

0
η

(√
u2 + y2 sin2 θ

)
du. (C17)

The intensity Iλ(y, θ) at point y, corresponding to that of Figure 36, can be obtained from the
radiative transfer equation;

Iλ(y, θ) = Ieλe−τλ(y)Θ
(

θe1

y
− θ

)
+ Idλ(y, θ), (C18)

where

Θ(x) ≡

{
1, (x > 0)

0, (otherwise)
(C19)

The intensity of the diffuse radiation Idλ(y, θ) is now obtained from the source function;

Idλ(y, θ) =
∫

Sλ(y′, θ) exp(τλ(y′, θ) − τλ(y, θ))dτλ(y′, θ). (C20)

Using Equations C13–C15, and C18, we obtain the mean intensity

Jλ(y) =
Fe1

4πy2
feλeτλ(y) + Jdλ(y). (C21)

We assume the dust shell with the temperature of T1 at the bottom (i.e. T (r1) = T1). The ratio

bλ(T1) =
π

σT 4
1

Bλ(T1), (C22)

is the normalized Planck function. From the radiative equilibrium condition (Equaion C9) and
Equation C22, we obtain the relation between the shell bottom temperature T1 and the temperature
at any point y, T ;

qaP (T )T 4 = qaP (T1)T 4
1

∫
qaλJλ(y)dλ∫
qaλJλ(1)dλ

, (C23)

where

qaP (T ) =
∫

qaλbλ(T )dλ (C24)
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is the Plank mean of the absorption efficiency. The characteristic flux of the emission from dust at
r1 is σT 4

1 . Therefore, the flux ratio

Ψ =
4σT 4

1

Fe1
=

qae

qaP (T1)
1

1 − ε
=

4π

qaP (T1)Fe1

∫
qaλJλ(1)dλ, (C25)

where

qae =
∫

qaλfeλdλ, (C26)

and

ε =
∫

qaλJdλ(1)dλ∫
qaλBλ(T1)dλ

(C27)

is also the characteristic parameter of the model. The right-hand term of the equation indicates
that Ψ is an explicit function of Jλ. Assuming isotropic scattering (i.e. the scattering term of
Equation C5 g(Ω′, Ω) = 1), described by the integral term, becomes $λ

∫
Iλg(Ω′, Ω)dΩ′

4π = $Jλ.
From Equation C21, thus, the diffuse radiation term Jdλ is also an explicit function of the mean
intensity Jλ. This indicates that the mean intensity Jλ is a self-consistency equation for Jλ itself.
Then, Equation C21 becomes

Jλ(y) =
Fe1

4πy2
feλe−τλ(y)

+
1
2

∫
dµ

∫ [
$λJλ(y′, µ) +

Fe1

4π
Ψ(1 − $λ)bλ(T ′)

]
×eτλ(y′,µ)−τλ(y,µ)dτλ(y′, µ), (C28)

where µ ≡ cos θ, and bλ(T ′) is the normalized Plank function at T ′ = T (y′). Fe1 is given by the
flux ratio Ψ and the shell bottom temperature T1 (see Equation C25). Therefore, once a spatial
temperature distribution T (y) and a flux ratio Ψ are given, we obtain the spatial distribution of
the mean intensity Jλ(y) at any point y in radial direction.

To close the integral equations of Jλ(y), the dusty code solves the temperature profile de-
scribed by

4πJλ(y) = Fe1

[
1
y2

+ 3τλ0

∫ ∞

y
qF (y′)η(y′)

dy′

y′2

]
, (C29)

and

4πJλ(y) = 4σT 4 +
F1

y2

∫
feλe−τλ(y)

[
1 − qaλ

qaP (T )

]
dλ, (C30)

where

qF =
∫

qλfλ(y)dλ. (C31)



– 103 –

Note that Equation C29 is consistent with the radiative pressure equation proposed by Auer (1984),
and Equation C30 is obtained from the radiative equilibrium condition Equation C9. The flux Fλ

is derived from the diffuse component Fdλ, however the diffuse component Fdλ is derived from Fλ

itself. We now assume the diffuse component as to be Fdλ ∝ Bλ(T ), where Bλ(T ) is the Planck
function at temperature T . Then,

qF =
∫

qλfeλ(y)e−τλ(y)dλ + qP (T )
(

1 −
∫

feλe−τλ(y)dλ

)
, (C32)

where

qP (T ) =
∫

qλbλ(T )dλ. (C33)

With Equation C29 and C30, the flux ratio Ψ becomes

Ψ
(

T

T1

)4

=
1
y2

[
1 −

∫
feλe−τλ(y)

(
1 − qaλ

qaP (T )

)
dλ

]
+ 3τλ0

∫ ∞

y
qF (y′)η(y′)

dy′

y′2
, (C34)

when y = 1, then

Ψ =
qae

qaP (T1)
+ 3τλ0

∫ ∞

1
qF (y′)η(y′)

dy′

y′2
. (C35)

We give feλ by the spectrum which the central star emits and give η by the spatial density profile
along radial direction in the dust shell. Then we obtain Ψ when a specific temperature distribution
T (y) is given. However the mean intensity J is needed to satisfy the shell outer boundary condition,
for example J = 0 at y → ∞ when the dust shell extends to infinity, or 4πJ(yout) = γFe1/y2

out,
where γ ∼ 1.5. This indicates that the determination of a plausible value of Ψ requires iteration
through the computation. Therefore, Ψ can behave as an eigenvalue of the radiative transfer
problem.

D. Light from a spotted star

The Wilson-Devinney code (WD code; Wilson & Devinney 1971) we used for examining the
light curve of the dark spot model argued in the Part II solves the entire flux from a spotted star.
This code is originally designed to solve problems of binary systems or triplet systems consisting of
spotted stars. However specifying an extremely longer distance as the separation between the two
stars and assuming a negligibly fainter companion comparing with the luminosity of the primary
star, the solution can be approximately consistent with the solution of the single rotating spotted
star problem. The entire flux from the stellar surface is obtained by integration of the local fluxes
emitted from quadrilateral surface elements whose boundaries are consistent with meridians and
latitude lines. The computational algorithm (so called ‘VFA algorithm’) to deal with the fluxes
coming from the elements where are around the boundary between the spot area and the normal
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Fig. 37.— Theoretical configuration of a spotted star with spot radius of 15◦. The spot centre is
located in longitude of 70◦.

area is developed by Wilson (2012). The number of surface element are specified by the number N

of equivalent separations of the hemisphere along longitude direction. The length of a side along
latitude direction of the element located in the longitude of θ (0 - π) is approximately R sin θ,
where R is the stellar radius. The spot radius is expressed by angular radius on the stellar surface,
while the spot location is specified by spherical coordinate (θs, φs). Figure 37 shows the theoretical
configuration of an example of a spotted star.


