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SHORT COMMUNICATION

On Explicit Construction of Simplex #-designs

Mohammad Samy BALADRAM*

Graduate School of Information Sciences, Tohoku University, Sendai 980-8579, Japan

A finite subset X of the n-dimensional simplex is called a simplex #-design if the integral of any polynomial of
degree at most ¢ over the simplex is equal to the average value of the polynomial over the set X. Although these
designs on a simplex are tightly connected to several other topics in mathematics, such as spherical designs, an
explicit construction of such designs is not well-studied. In this paper, we will explicitly construct such designs
using a union of sets consisting of elements whose coordinates are a cyclic permutation of a particular point. By
choosing such a set, the conditions of a set to be a simplex 7-design can be reduced to a system of 7 equations.
Solving these system of equations, we managed to explicitly construct simplex 2-designs on a simplex of an
arbitrary dimension.
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1. Introduction

In 1955, Claringbold [4] coined the term simplex design in his study of joint action by means of an appropriate
experimental design. This term is used for any N experimental points on the simplex. A related study on polynomials
on simplex is also studied in [8]. Inspired by these results, we define simplex design in a more formal term. For a
positive integer n, we define the simplex in R" as follows:

AT = {(xl,...,xn) eR"|) xi=1andx; >0 forallif.
i=1

A simplex t-design on A"~! is defined as a finite set of points X € A"~! for which

: /f()d() 1Zf() (1.1)
_ x)do(x) = — X .
o (A1) Jan 1X| £
holds for all polynomials f(x) = f(x,x2,...,x,) of degree at most #, where o denotes the surface measure on AL

This definition can also be seen as a cubature rule of degree 7 on the n-dimensional simplex as thoroughly studied in [7].
Designs on a simplex are also tightly connected to several other topics in mathematics, such as spherical designs and
isometric embeddings of the classical finite dimensional Banach spaces [5, 6].

Our interest in this topic originated from the fact that such a simplex #-design is closely related to the construction of
spherical 7-designs [1]. An explicit construction of such designs will result in an explicit construction of spherical
designs with varied strength and dimensions. The most straightforward way of constructing a simplex z-design is to
solve the moment equations that match the integral and the cubature sum for all polynomials up to degree . The
difficulty, however, lies in that the number of equations increase exponentially as ¢ increase. To prevent this, we will
restrict the set of points such that the number of equations to be solved is equal to the strength of the design. These
equations then can be solved, even mostly only by numerical means and for cubature rules of moderate degrees in
lower dimensions (see, for example, [10] for one of the latest effort in this direction). In the later section, we will also
provide some explicit solutions for small # and n.

The organization of this paper is as follows. The next section is preliminary, where we sum up the background on
cubature rules, mainly using a generalization of the beta function. Our main result and its accompanying lemma are
given in Section 3. The explicit result then is given in in Section 4.

2. Preliminaries

Our construction of simplex designs is tightly related to some manipulation of the gamma and beta functions. In this
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section, we will provide some basic facts about those two functions and some related identities.
Let I" be the gamma function. It is well-known that F(%) = /7 and for x > 1, ['(x) = (x — DI'(x — 1). For o; > 1,
1 < i < n, we define the multivariate beta function as follows:

[]re

B((@)L) =~
(&)
i=1

B((a)i_)) = Y Blay + 81,00 + 8. 0ty + 1) .1)
=1

We can also check that

where §;; is the Kronecker delta. An integral representation of this beta function can be given as follows.

. B 1 n ot
B((a)i)) = 1= Dl 1) Jas (nxi )da(x). 2.2)

i=1
The detail of this representation can be found in [9, p. 222]. One can notice that the right-hand side of this equation is
in the form of an integral over a simplex and we will use this to simplify our requirements for a set to be a simplex
design.

We note that due to the linearity of the summation and integral in (1.1), to show that a set X C A" s a
simplex t-design, it is enough to verify (1.1) for all monomials of degree at most . Now by (2.2), this is equivalent to

1 n
X § ke = 0= DBk + D) (0 < § ki < t). (2.3)
xeX i=1

3. Method of Construction
In this section, we manipulate both sides of (1.1) using some properties of the beta function, then the number of
required equations is reduced to #. Throghout this section, let C,, denote a cyclic group of order n.

Lemma 3.1. Let n,k € Z-, ri,r> € R. Define

V:=]R[x1,x2,...,x,,]/(Zx,-—l),
i=1

Flkiky, .ok i=r1 Y xh xle e — mB(ki + 1) € V.

weCy

Let Vi be a subspace of V spanned by F(j,0,...,0), 0 < j < k. Then, for non-negative integers ky,...,k, such that
Y ki =k, one has F(ki,...,k,) € Vj.

Proof. As an element in V,

n
ko Lk ke _ ki k ke
Z Xr(1YXm2) " Xy = < X1y X(2) " 'xn(n>> (Z xf)
weC, j=1

eC,
n
ki+38n L ka+3p kn+8in
sznm Y@ Ka) -
=1 neC,

Then, by (2.1),
F(ki k... kn) =Y Fky + 81,k + 8. ko + 8- 3.1)
I=1
Let >; be the lexicographical ordering on ZZ,. We will prove F(ki,...,k,) € Vi by double induction on k and the
reverse lexicographical ordering of (ky,...,k,) whose sum is k.
Note that for any (ki,...,k,) € ZL,, with 3" k; = k,

(k,0,...,0) > (ky,....ky)

unless k» = k3 = --- = k, = 0 and the statement is trivially true for (k,0,...,0). Now, assume that F(k},...,k,) € V
for (k{,...,k)) € Z, such that ) . ki <k—1or )y . ki=kand (K|,...,k,) > (ki,...,k,). Pick a € {2,...,n} so

that k, # 0. Choose 7 € C, in such a way that 7(n) = a. Then,
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Fki ko, ... ky) = F(kzty, kz@)s - - - > Kn(n)

n—1
= Fknq1), - -+ s k1) Knny — 1) — ZF(kn(l) +8its s Knn—1) + Sin—1, kny — 1)
p

by (31) Since ZT:I kn(,‘) —1=k- 1, we have F(kﬂ(l),. . .,kﬂ(n_l),kn(n) — 1) € Vk—l' A]SO, fori e {1,. . 1}, we
have

(kx(ty + 8it5 - s knne1) + Sin—15kniny — 1) >1 (ks - -+ s Ktn—1) Kz (m))-
Then, by induction hypotheses, F(ky1y + 8it, - .. kntn—1) + 8in—1, knny — 1) € Vi. Thus,

n—1

Fknqty, - s knn—1ys knny — 1) — ZF(kn(l) +8its s Knn—1) + Sin—1,knny — 1) € V.
=1
This completes the induction. (]

Theorem 3.2. Let n,5,t € Zg, 1> 2, (Xij)i<izs1<j<n € (0, 1) where 370, xij =1 for all i. Also, let

SI=S =)=

X = {(Xin(1)s Xin@)> - -+ Ximmy) € R" | 1 <0 <5, € Cy}.
Then, the multiset X is a simplex t-design if and only if

SOy o TOre

X,Ifj = Q2 <k<p. (3.2)
1

1
sn A= 42 I'(n+k) -

Proof. Let2 <k <t and (ky,...,k,) € Z;O such that Z};l k; = k. Define

1 )
Filki, o) = — Z X Xy Xy — (0= DB+ D) (1 <i<s).

weC,

We can rewrite (3.2) as
ZF,-(k,O,...,O):O 1 <k<0p. (3.3)
i=1

Note that by Lemma 3.1, with | = %, ry = (n— 1)!, there exists ¢; € R, 0 < j < t, such that
k
Fky, ... k) = chF(j,O,...,O).
j=0
Since X ¢ A"™!, we may evaluate both sides at (x;1,...,X;,) to obtain
k
Fitki,...oka) =Y ciFi(j,0,...,0) (1 <i<s). (3.4)
=0
We assume (3.3) holds. By taking summation over i on both sides of (3.4), we have (2.3). Conversely, assume (2.3)
holds. Then, (3.3) is just a special case (ki,...,k,) = (k,0,...,0) of (2.3). O

In this theorem, if we set all x;s to be the same, except x,,, we have a system of # equations with ¢ variables. We expect
this system to have a solution, thus one can obtain a simplex z-design on A" with n(t — 1) points.

4. Explicit Construction of Simplex #-design

Even though we managed to reduce the number of required equations for a set to be a simplex design, it is still
difficult to solve moment equations that are nonlinear in the coordinate of points. Nevertheless, we will provide some
explicit results for some small 7.

With t = 2 and s = 1 in Theorem 3.2, we take all x;s to be the same, except x,. We obtain the following corollary.

Corollary 4.1. Let n € Z-g, n > 2, and w be a cyclic permutation of order n. The set

X={r(aa,. ..,a,1—=(n—1a)|0<j<n—1} with ae{+- jm}

is a simplex 2-design on A"\,
The following result can be obtained by taking n = 3 in Theorem 3.2:

Corollary 4.2. Let s,t € Z~g, a;,b; € (0,1] for 1 <i <s. Also, let

X = J @, bi,1 —a; = b),(1 — a; — b, ai, by), (bi, 1 — a; — b, ay)}.
i=1
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Then, the multiset X is a simplex t-design on A if and only if

i - k k PSR TN - _;
3S;(a,~+bi+(1 a=b)) =gy @skso. 4.1)

Taking s = 1 and ¢ = 3, the system of equations (4.1) can be reduced to the polynomial 60x* — 60x> 4 15x — 1
whose roots are a, by, 1 — a; — b;. These roots all lie in interval (0, 1], hence we obtain a simplex 3-design on A? with
3 points.

Further, if we take a; = b; and s =t — 1 in Corollary 4.2, we will have a system of 7 — 1 equations with # — 1
variables. It turns out that these systems of equations do have a solution for small 7. The following table shows the value
of some ¢ and its corresponding numerical solution a;s for a set X as in Corollary 4.2 to be a simplex 7-design:

aq ar as ay as
Torl
0.446334 | 0.126485
0.476589 | 0.257088 | 0.094591
0.456393 | 0.433938 | 0.092359
0.489178 | 0.385410 | 0.184975 | 0.084132
0.490566 | 0.270260 | 0.192580 | 0.083133

0.499627 | 0.393244 | 0.211612 | 0.173352 | 0.074035

(o)WY IO, T S NS I (S N

Although a better computational power is needed to find a; for larger ¢, this experimental result shows that for small z,
we only need 3(¢ — 1) points to construct a simplex #-design on A”. The fact that the number of points is linear in ¢
allows us to construct a spherical 7-design on S° of size 3(t + 1)°(t — 1) (see [2]). If this is true for arbitrarily large ¢, it
will give a better asymptotic bound than that of [3] which states that for each N > c#°, there exists a spherical z-design
in the sphere $° consisting of N points, where c is a constant.
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