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The effect of operating conditions on the clearance of a countercurrent hollow fiber dialyzer has been
investigated by utilizing the membrane transport model based on the volume averaging theory. The three-
dimensional numerical method for describing the mass transport phenomena within a hollow fiber membrane
dialyzer has been proposed to estimate performances under the several volume flow rates for blood and dialysate
phases. Clearances obtained from the present numerical simulation are compared against available set of
experimental data to elucidate the validity of the present three-dimensional numerical method. A series of
calculations reveal the effect of the volume flow rate for blood and dialysate phases on urea clearance under the
several total ultrafiltration rates. Moreover, the removal efficiency, which is the ratio of the mass flow rate of urea
removed from the blood phase within a dialyzer to that at the blood phase inlet, is introduced in order to estimate
an appropriate volume flow rate for blood and dialysate phases in the hemodialysis treatment. The present study
clearly indicates that the present numerical method is quite useful for determining the best clinical protocol of the
hemodialysis treatment and developing new dialysis systems such as home hemodialysis, nocturnal dialysis and
even wearable artificial kidney.
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1. Introduction

Hollow fiber dialyzers are widely used in the therapy of hemodialysis, which is a method for removing waste
products such as creatinine and urea, as well as free water from the blood when the kidneys are in renal failure. These
dialyzers are utilized a bundle of hollow fibers of the ultrafiltration membrane to remove metabolic end products from
the human body. Usually, patients are required to receive 3 times hemodialysis treatment per week, which it takes 3–4
hours per one treatment in Japan. In this situation, the home hemodialysis and the nocturnal dialysis have been focused
to improve the quality of life for patients undergoing the hemodialysis treatment. Moreover, Davenport et al. [1] and
Gura et al. [2] proposed the wearable artificial kidney downsizing the dialysis system, which is a belt type dialyzer
wrapped around patients waist. However, these treatments under investigation in clinical trials have been developed
based on the doctor’s experience.

On the other hand, several researchers have investigated to evaluate mass transport processes through membranes
within dialyzers. A number of analytical and numerical models based on the Kedem-Katchalsky model, in which
estimates the volume and solute flows of nonelectrolyte solutions across membranes, have been reported in the
literature [3–13]. However, in most of previous investigations, the axial concentration distribution within the dialyzer
has been neglected despite three-dimensional structures. Moreover, some numerical attempts (Shirazian, et al. [14];
Wang et al. [15]; Kumar and Upadhyay [16]) appear to be difficult to elucidate the details of flow and concentration
within the dialyzer containing thousands of hollow fiber membranes. Under these situations, Sano and Nakayama [17]
proposed a membrane transport model based on the volume averaging theory for the analysis of hollow fiber
hemodialysis systems. The concept of local volume-averaging theory, namely, VAT, widely used in the study of porous
media (Cheng [18], Quintard and Whitaker [19], Nakayama [20], Vafai and Tien [21], Nakayama and Kuwahara [22],
Yang and Nakayama [23]) is quite useful under these situations, in which thousands of small-scale elements exist in a
large space. Subsequently, Sano et al. [24] provided three-dimensional numerical computations for revealing the mass
transport phenomena within the three individual phases, namely the blood (lumen), the dialysate (shell) and the
membrane phases in the countercurrent hollow fiber dialyzer. They confirmed the validity of their numerical simulation
for creatinine and vitamin B12 by comparing clearances calculated from their simulation method and experimental
data.

In this paper, we shall prove that the volume averaging theory itself is capable of describing such complex three-
dimensional flow and concentration fields within hollow fiber membrane dialyzers. A rigorous mathematical
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development based on the volume-averaging theory is presented to obtain a complete set of the three-dimensional
volume-averaged governing equations for hollow fiber membrane dialyzers. Subsequently, the effect of operating
conditions on urea clearance within a dialyzer FDW-10 produced by Nikkiso has been investigated by three-
dimensional numerical computations. A series of calculations have been conducted to evaluate the effect of both
volume flow rates for dialysis and blood phases on urea clearance under the several total ultrafiltration rates. Moreover,
new indices for the hemodialysis treatment are introduced in terms of the mass transport phenomena within dialyzers.
This present numerical method is quite useful for determining the best clinical protocol of the hemodialysis treatment
and developing new dialysis systems such as home hemodialysis, nocturnal dialysis and even wearable artificial kidney.

2. Volume Averaging Theory for Hollow Fiber Membrane Dialyzers

The volume averaging theory [17–23] is introduced to derive a complete set of the volume-averaged governing
equations for the case of hollow fiber membrane dialyzer systems. At first, we shall consider the concept of the volume
averaging theory in this chapter. The concept of the local volume-averaging theory are widely used in the study of
porous media under these situations, in which thousands of small-scale elements exist in a large space. Now, we
consider a local control volume V in a porous medium filled with substances, as shown in Fig. 1. Under this condition,
the volume average of a certain variable � is defined as

h�i ¼
1

V

Z
Vf

�dV ð1Þ

On the other hand, another average, namely, the intrinsic average, is given by

h�i f ¼
1

Vf

Z
Vf

�dV ð2Þ

where length scale V1=3 should be much greater than the microscopic matrix characteristic length (say the size of the
hollow fiber), at the same time, length scale V1=3 should be much smaller than the macroscopic characteristic length
Vc

1=3, namely, the size of dialyzer [17, 19]. Vf is the volume space which the fluid (either blood or dialysate) occupies.
Two averages are related as

h�i ¼ "f h�i f ð3Þ

where "f ¼ Vf =V is the local volume fraction of the fluid space. A variable is decomposed into its intrinsic average and
the spatial deviation, like the Reynolds decomposition.

� ¼ h�i f þ ~� ð4Þ

Naturally, its spatial deviation ~� is defined such that its spatial average equals zero h ~�i ¼ 0. The dialyzer matrix
consists of three phases, namely blood, dialysate and membrane. Sano and Nakayama [16] introduced these averaging
to individual velocities and species concentrations in dialyzer, namely, the blood, dialysate and membrane phases.
Subsequently, they exploited spatial average relationships as follows:

Fig. 1. Control volume in a porous medium.
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h�1�2i f ¼ h�1i f h�2i f þ h ~�1
~�2i f ð5Þ

@�

@xi

� � f
¼

1

"f

@"f h�i f

@xi
þ

1

Vf

Z
Aint

�nidA ð6Þ

and

@�

@t

� �
¼
@h�i
@t

ð7Þ

where Aint represents the interfaces between the fluid (blood and dialysate) and membrane matrix within the local
control volume. Note nj is the unit vector pointing outward from the fluid side to membrane matrix side.

Figure 2 schematically shows a countercurrent hollow fiber dialyzer, in which only outer fibers are shown for clarity.
Several thousands of hollow fiber membranes are arranged in a dialyzer. Individual phases are separated by these
hollow fiber membranes. The blood flows inside hollow fibers (lumen side) from end to end of the dialyzer. On the
other hand, the dialysate is fed from the tube connected vertically near one end of the dialyzer, and then, passes through
the bundles of hollow fibers. Finally, the dialysate leaves from the tube connected at opposite side of dialyzer. The
microscopic governing equations, namely, the continuity, momentum and species mass transfer equations can be
written as follows:

@uj

@xj
¼ 0 ð8Þ

�
@ui

@t
þ �

@ujui

@xj
¼ �

@p

@xi
þ �

@2ui

@xj2
ð9Þ

@c

@t
þ
@ujc

@xj
¼ D

@2c

@xj2
ð10Þ

These governing equations may be written for three individual phases. These microscopic equations are integrated
over the local control volume, exploiting the foregoing spatial average relationships, as given by Eqs. (5) to (7). The set
of the macroscopic governing equations for the blood phase (lumen side) may be given as follows:

@"bhujib

@xj
þ
Z
Aint

ujnbjdA ¼ 0 ð11Þ
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@hujibhuiib
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Fig. 2. Countercurrent hollow fiber dialyzer.
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where the superscript b indicates the blood phase. As already noted, nbi is the unit vector pointing outward from the
blood side to membrane side. This set of the volume averaged governing equations may be closed by means of
modeling the unknown terms associated with subscales in terms of the volume averaged quantities (i.e., the dependent
variables) [17, 19]. Sano and Nakayama [16] took modeling the unknown terms in the original macroscopic equations,
subsequently, they introduced the macroscopic governing equations for three individual phases in dialyzer as follows:
For the blood (lumen) phase:

@"bhujib

@xj
þ ! ¼ 0 ð14Þ

�
@huiib

@t
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@hujibhuiib

@xj
¼ �

@hpib
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For the dialysate (shell) phase:

@"dhujid

@xj
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For the membrane phase:

@"mhcim

@t
¼

@

@xj
"mDmjk

@hcim

@xk

� �
þ abhtbðhcib � hcimÞ þ !hcib þ adhtdðhcid � hcimÞ � !hcim ð20Þ

where

! �
1

V

Z
Abint

ujnbjdA ¼ abLp ðhpib � hpidÞ � �
iRhTim

M
ðhcim � hcidÞ

� �
ð21Þ

where the subscripts, b, d and m are assigned to indicate the blood phase, dialysate phase and membrane phase,
respectively. Equations (14)–(16) are the continuity, momentum and mass balance equations for the blood phase, while
Eqs. (17)–(19) describe for the dialysate phase, respectively. As defined in Eq. (21), ! is the ultrafiltration volume rate
per unit volume, which penetrates through the membrane due to the pressure difference of both static pressure and
osmotic pressure between blood and dialysate phases. The osmotic pressure is given by ðiRhTim=MÞðhcim � hcidÞ,
where i;R (¼ 8341 J/kg kmol K), M and hTim are the number of ions for ionized solutes (i.e., Vant Hoff factor), ideal
gas constant, molecular weight of solute and temperature, respectively. However, in a hemodialysis, it is a common
practice to control the osmotic pressure between the blood and dialysate (around 300 mOsm/l), such that the osmotic
pressure can be negligible. In this model, the membrane is characterized in terms of three parameters, namely, the
hydraulic permeability Lp, the solute permeability through the membrane hm and the reflection coefficient �. The
reflection coefficient � can be negligible when the size of molecule penetrating through the membrane is much smaller
than the size of pore existing on the membrane.

In this study, as carrying out three dimensional numerical calculations based on Eqs. (14)–(21), the permeability and
the dispersion tensors for both lumen and shell sides are given by reference to Sano et al. [24] as follows:
For the lumen side:

1

Kbij

¼

1

Kbxx

0 0

0
1

Kbyy

0

0 0
1

Kbzz

2
66666664

3
77777775

ð22Þ
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For the shell side:

Kdxx ¼
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32
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ð25Þ
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"ddb
2
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� �� �2

� Dd disyy ¼ Dd diszz ¼� Dd disxx=20 ð27Þ

where the axial permeability component Kbxx and dispersion component Dbxx of the lumen side was estimated by
assuming laminar fully-developed flow in a tube, while the transverse components Kbyy ¼ Kbzz, Dbyy ¼ Dbzz may
virtually be set to zero since the blood flows axially inside hollow fibers. On the other hand, the axial permeability
component and dispersion component of the shell side may be evaluated by using the hydraulic diameter concept, while
the transverse components are proposed by many reports [18, 25, 26] associated with the transport phenomena in porous
media.

The effective mass transfer coefficients for lumen and shell sides are defined as follows:
For the lumen side:

1
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þ
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For the shell side:
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where Dm is the solute diffusion coefficient in water. The resistance of mass transfer through membrane can be shared
half and half for lumen and shell sides since the membrane thickness is very thin. Shimura [27] proposed an empirical
formula to estimate an interstitial mass transport coefficient of shell side in dialyzer.

Sh ¼
hddh

Dm

¼ 4:2Red
0:73Scd

1=3ðdh=LÞ0:5 ð30Þ

where dh is the hydraulic diameter for dialysate phase, Reynolds number and Schmidt number are defined as Red ¼
huiddh=�d and Scd ¼ �d=Dm. Moreover, he mentioned that the resistance of mass transfer for the lumen side can be
consider the constant value under the hemodialysis treatment.

3. Three-Dimensional Numerical Simulation

We shall consider a hollow fiber dialyzer FDW-10 produced by Nikkiso, as illustrated in Fig. 3, in which
geometrical details of dialyzer housing are shown. On the other hand, geometrical details of the follow fiber membrane
are provided by the manufacturer as follows:

L ¼ 26 cm; N ¼ 8500; db ¼ 210 mm; tm ¼ 30 mm; Afiber ¼ 1:3 m2

where N and Afiber are the number of hollow fibers and the total area of hollow fibers, respectively. The membrane
thickness, the inner and outer diameters of the hollow fiber are indicated by tm, db and dd ¼ db þ 2tm, respectively. The
baffle plate is arranged at entrances of dialysate phase in FDW-10 so that dialysate uniformly penetrates through
the bundle of hollow fibers. The hydraulic permeability of the membrane Lp ¼ 2:5� 10�10 m/sPa and the solute
permeability through the membrane hm ¼ 1:85� 10�5 m/s are provided by Shimura [27]. The following relations can
be found for the volume fractions "b, "m "d, the specific area of the blood compartment ab and that of the dialysate
compartment ad:
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ab ¼
4"b
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ð34Þ
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4"b
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tm

db
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ð35Þ

where A is the cross-sectional area of the dialyzer case.
Sano et al. [28] introduced the combined velocity vector to solve the continuity equations (14) and (17) containing

the ultrafiltration rate.

�ui � "bhuiib þ "dhuiid ¼ ubi þ udi ð36Þ

where ubi and udi are the Darcian velocities for blood and dialysate phases, respectively. Exploiting the combined
velocity vector �ui, a usual discretization procedure can be used to formulate the pressure correction equations based on
SIMPLE algorithm [29]. Upon substituting Eq. (36) into the original macroscopic governing equations (14)–(16) for
the dialysate phase, we obtain,
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Fig. 3. Numerical model (FDW-10 produced by Nikkiso).
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Note that the Darcian velocity of the blood phase is given by ubi ¼ ðubx; 0; 0Þ since the blood flows axially inside hollow
fibers (lumen side) from end to end of dialyzers. The set of the equations for blood and membrane phases may be
simplified further,

dub

dx
¼ �! ¼ �abLpðhpib � hpidÞ ð40Þ

�
dhpib

dx
�

�

Kbxx

ub ¼ 0 ð41Þ

d

dx
ubhcib ¼ �abhtbðhcib � hcimÞ � !hcib ð42Þ

@"mhcim

@t
¼ abhtbðhcib � hcimÞ þ !hcib þ adhtdðhcib � hcimÞ � !hcim: ð43Þ

The inertia and macroscopic diffusion terms in the momentum equations are neglected since the blood flows inside
hollow fibers is most likely to be laminar and fully developed flow. In the mass transport equations (40) and (43), the
macroscopic diffusion terms are dropped, since such effects on the solute mass transfer would be negligibly small as
compared with those of the interfacial mass transfer and ultrafiltration. Substituting Eq. (40) as given above into
Eqs. (41)–(42) can readily be transformed into the following ordinary differential equations.

1

abLp

d2ub

dx2
�

�

Kbxx

ub ¼
dhpid

dx
ð44Þ
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¼ "b

Db

ub

d2hcib
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�

abhtb

ub
ðhcib � hcimÞ ð45Þ

These governing equations (37), (38), (39), (43), (44) and (45) for describing the mass transport phenomena in dialyzer
can be solved numerically for given the appropriate initial and boundary conditions as referenced to the usual
hemodialysis treatment. A series of numerical calculations was carried out using the finite volume method code based
on SAINTS [20].

4. Results and Discussions

Cross-sectional velocity and concentration fields for blood and dialysate phases are illustrated in Figs. 4 and 5, when
the dialysate and blood inlet volume flow rate are Qdin ¼ 500 ml/min and Qbin ¼ 200 ml/min, which commonly set in
the hemodialysis. In these figures, the dialysate inlet pressure is given as boundary condition so as to achieve the total
ultrafiltration rate Qf ¼ Qbin � Qbout ¼ Qdout � Qdin ¼ 20 ml/min. As can be seen from Fig. 4, the dialysate permeates
uniformly into the hollow fiber bundle due to baffle plates and spaces surrounding the hollow fiber bundle at both inlet
and outlet for the dialysate phase. The velocity of the blood phase decreases from 5:4� 10�3 to 4:8� 10�3 m/s as it
flows from left to right in a dialyzer, since the water penetrates through membranes from blood to dialysate phases as an
ultrafiltration. On the other hand, Fig. 5 shows that the concentration distributions for blood and dialysate phases exist
in a dialyzer. As can be seen from Fig. 5, the mass transportation of urea reduces toward the center of the bundle from
outside of a dialyzer under the influence of the deviation of the dialysate flow.

Shimura [27] carried out a careful experiment to measure the total ultrafiltration rate and urea clearance under
several operating conditions by using FDW-10 produced by Nikkiso. They utilized the aqueous solution of urea in
place of the blood and the dialysis for an accurate measurement of urea clearance. In this study, a series of numerical
simulations were carried out along his experimental conditions to examine the validity of the present numerical
method. Figure 6 shows the total ultrafiltration rate of water penetrated through hollow fiber membranes when both
pressures of shell and lumen sides were set the conditions presented by Shimura [27]. The total ultrafiltration rate
increases linearly with the pressure difference between shell and lumen sides. The total ultrafiltration rate obtained from
the present numerical simulation agree well with a set of available experimental data. Figures 7 and 8 show urea
clearance CL ¼ ðQbin �cbin � Qbout �cbout Þ= �cbin , which is often used for the scale for the dialysis time, against the volume
flow rates of shell and lumen sides, where �cb is the bulk mean solute concentration. In Fig. 7, urea clearance increases
with increasing the volume flow rate for the shell side. On the other hand, the effect of increasing the volume flow rate
of blood phase on urea clearance tends to less in the case of the high blood volume flow rates under the constant volume
flow rate of the dialysate phase. Moreover, urea clearance increases with increasing the volume flow rate of lumen side
in Fig. 8. On the other hand, the effect of increasing the dialysate volume flow rate on urea clearance also tend to less in

Operating Conditions for the Hemodialysis Treatment Based on the Volume Averaging Theory 221



the case of high dialysate volume flow rates under the constant blood volume flow rate. A good agreement between the
present numerical simulation and experimental data (together with the catalog provided by the manufacturer) can be
seen from these figures, which substantiate the validity of the present numerical method based on the volume averaging
theory.

In order to develop novel dialyzers, it is necessary to know all clearances in any case of the volume flow rates for
blood and dialysate phases. Moreover, minimization of the amount of dialysate may be needed in the case you want to

Velocity fields
Blood phase

Dialysate phase

Fig. 4. Velocity fields for blood and dialysate phases.

Concentration fields (Urea)
Blood phase

Dialysate phase

Fig. 5. Concentration fields for blood and dialysate phases.
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reuse the dialysate in an artificial kidney. Figure 9 shows urea clearance against the dialysate volume flow rate under
the several blood volume flow rates and total ultrafiltration rates. Now, we shall introduce the removal efficiency & ¼
CL= �Qbin , which is the ratio of the mass flow rate of urea removed from the blood phase within a dialyzer to that at the
blood phase inlet, as illustrated in Fig. 10. It is found that an appropriate dialysate volume flow rate exists against each
blood volume flow rate in the hemodialysis treatment. Thus, in reference to Fig. 10, it is possible that both blood and
dialysate volume flow rates can be reduced in the home hemodialysis carried out for a long period. Figure 11 shows
the amount of dialysate to achieve each removal efficiency. If we select a high removal efficiency, the much amount
of dialysate is required as compared with a low removal efficiency. Now, we also introduce new index
ð �cdout � �cdin Þ=ð �cbin � �cdinÞ, which is the value indicated an effective mass transfer capability of the outlet dialysate.
ð �cdout � �cdin Þ=ð �cbin � �cdinÞ ¼ 0 means the inlet dialysate concentration, thus the dialysate with low concentration flows
out from the dialyzer when this value is small. Figure 12 reveals that the dialysate not sufficiently exchanged waste
products flows out from the dialyzer in the case of a high removing efficiency. The present numerical simulation reveals
the complex transport phenomena associated with blood phase, dialysate phase and membrane phase under the several
operating conditions in the hemodialysis treatment. Figures 9–12 presented in this study must be important indices in
order to develop the novel dialysis treatment.

Fig. 6. Total ultrafiltration rate Qf .
( , : Experiment by Shimura [27], —: Present study, L ¼ 26 cm, N ¼ 8500, db ¼ 210mm, tm ¼ 30 mm, Lp ¼ 2:5� 10{10 m/sPa)

Fig. 7. Urea clearance against the volume flow rate of the lumen side.
( : Experiment by Shimura [27], �: Catalog, —: Present study, L ¼ 26 cm, N ¼ 8500, db ¼ 210mm, tm ¼ 30 mm, Lp ¼ 2:5�
10�10 m/sPa, hm ¼ 1:85� 10�5 m/s, hb ¼ 1:26� 10�4 m/s, D ¼ 1:29� 10�9 m2/s, Qbin ¼ 100{300 ml/min, Qdin ¼ 500
[ml/min], Qf ¼ 0 [ml/min])
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5. Conclusions

The effect of operating conditions on urea clearance for the hemodialysis treatment was investigated by three-
dimensional numerical computations based on the volume averaging theory. A general set of macroscopic governing
equations for describing the mass transport phenomena in dialyzers were derived for the three individual phases,
namely, the blood (lumen) phase, the dialysate (shell) phase and the membrane phase. Numerical computations
revealed cross-sectional velocity fields and concentration fields for blood and dialysate phases within a dialyzer FDW-
10 produced by Nikkiso. The validity of the present numerical method was educated comparing between an available
set of experimental data (together with the catalog data provided by the manufacturer) and the present numerical
results. A series of numerical simulations revealed urea clearance against the dialysate volume flow rate and the blood
volume flow rate under the total ultrafiltration rates. Subsequently, new indices for the hemodialysis treatment were
introduced in order to estimate the appropriate volume flow rate for blood and dialysate phases. The present study
clearly indicates that the present numerical method is quite useful for determining the best clinical protocol of the
hemodialysis treatment and developing new dialysis systems such as home hemodialysis, nocturnal dialysis and even
wearable artificial kidney.

Fig. 8. Urea clearance against the volume flow rate of the shell side.
( : Experiment by Shimura [27], —: Present study, L ¼ 26 cm, N ¼ 8500, db ¼ 210 mm, tm ¼ 30 mm, Lp ¼ 2:5� 10�10 m/sPa,
hm ¼ 1:85� 10�5 m/s, hb ¼ 1:26� 10�4 m/s, D ¼ 1:29� 10�9 m2/s, Qbin ¼ 200 ml/min, Qdin ¼ 100{500 [ml/min], Qf ¼ 0
[ml/min])

Fig. 9. Urea clearance under the several operating conditions.
(L ¼ 26 cm, N ¼ 8500, db ¼ 210 mm, tm ¼ 30 mm, Lp ¼ 2:5� 10�10 m/sPa, hm ¼ 1:85� 10�5 m/s, hb ¼ 1:26� 10�4 m/s, D ¼
1:29� 10�9 m2/s, Qbin ¼ 50{200 ml/min, Qdin ¼ 50{500 [ml/min], Qf ¼ 0{20 [ml/min])
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Fig. 11. The amount of dialysate in order to achieve each removal efficiency.
(L ¼ 26 cm, N ¼ 8500, db ¼ 210 mm, tm ¼ 30 mm, Lp ¼ 2:5� 10�10 m/sPa, hm ¼ 1:85� 10�5 m/s, hb ¼ 1:26� 10�4 m/s, D ¼
1:29� 10�9 m2/s, Qbin ¼ 50{200 ml/min, Qdin ¼ 50{500 [ml/min], Qf ¼ 0{20 [ml/min])

Fig. 10. Removal efficiency under the several operating conditions.
(L ¼ 26 cm, N ¼ 8500, db ¼ 210 mm, tm ¼ 30 mm, Lp ¼ 2:5� 10�10 m/sPa, hm ¼ 1:85� 10�5 m/s, hb ¼ 1:26� 10�4 m/s, D ¼
1:29� 10�9 m2/s, Qbin ¼ 50{200 ml/min, Qdin ¼ 50{500 [ml/min], Qf ¼ 0{20 [ml/min])

Fig. 12. ð �cdout � �cdin Þ=ð �cbin � �cdin Þ under the several operating conditions.
(L ¼ 26 cm, N ¼ 8500, db ¼ 210 mm, tm ¼ 30 mm, Lp ¼ 2:5� 10�10 m/sPa, hm ¼ 1:85� 10�5 m/s, hb ¼ 1:26� 10�4 m/s, D ¼
1:29� 10�9 m2/s, Qbin ¼ 50{200 ml/min, Qdin ¼ 50{500 [ml/min], Qf ¼ 0{20 [ml/min])
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6. Nomenclature

A : cross-sectional area of the dialyzer case [m2]
Afiber : total area of hollow fibers [m2]
Aint : interface area between the fluid and membrane phases [m2]
ab;d : specific surface area [1/m]
c : solute concentration [kg/m3]
CL : clearance [m3/s]
db;d : inner and outer diameters of the hollow fiber [m]
dh : hydraulic diameter [m]
D : solute diffusion coefficient [m2/s]
Ddisjk : dispersion tensor [m2/s]
h : interstitial mass transfer coefficient [m/s]
hm : solute permeability [m/s]
i : Vant Hoff factor
K : permeability [m2]
L : effective length of the dialyzer case [m]
Lp : hydraulic permeability of membrane [m/s Pa]
M : molecular weight of the solute [–]
ni : unit vector pointing outward from the fluid side to membrane side [–]
N : number of hollow fibers [–]
P : pressure [Pa]
Q : volume flow rate [m3/s]
Qf : total ultrafiltration rate [m3/s]
R : universal gas constant [J/kg kmol K]
Re : Reynolds number [–]
Sc : Schmidt number [–]
Sh : Sherwood number [–]
tm : membrane thickness [m]
T : temperature [K]
�ui : combined velocity vector [m/s]
ui : velocity vector [m/s]
ud;bj : Darcian velocity vector [m/s]
V : representative elementary volume [m3]
Vb : volume space which the fluid occupies [m3]
x; y; z : Cartesian coordinates [m]

Greek symbols
" : volume fraction [–]
� : viscosity [Pa s]
� : density [kg/m3]
� : reflection coefficient [–]
& : removal efficiency [–]
! : perfusion rate [1/s]

Special symbols
~� : deviation from intrinsic average
h�i : volume average
h�ib;d;m : intrinsic average

Subscripts and superscripts
in : inlet
b : blood
d : dialysate
dis : dispersion
f : fluid
m : membrane
out : outlet
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