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Abstract

This thesis consists of two parts. The first part concentrates on the query complexity of
algorithms for game trees. In particularly, we treat multi-branching trees, and study eigen-
distribution over independent distributions and correlated distributions on assignments for them.
The second part is to investigate some mathematical results which are used to prove several game
properties in the context of reverse mathematics, including arguments of fixed point theorems and
continuous games.

Part I: Game Trees

Game trees are simple models of computation to analyze some difficult problems, and have been
extensively investigated from various aspects in many literatures. In the first part, we mainly study
the query complexity of algorithms on game trees. Saks and Wigderson [6] first studied the query
complexity that computes game trees over randomized algorithms, which is called randomized
complexity. It is usually difficult to directly analyze randomized algorithms. Thanks to Yao's
principle [11], which implies the equivalence between randomized complexity and distributional
complexity, we can instead study the distributional complexity, which runs over deterministic
algorithms and easier to analyze. For this reason, Liu and Tanaka [1] proposed the concept of eigen-
distribution on assignments, which achieves the distributional complexity computing uniform
binary trees. They showed that an independent distribution on assignments is an independent
identical distribution if it achieves the distributional complexity. Suzuki and Niida [10] extended
their study by fixing the probability of root of a uniform binary tree.

Compared with previous research in this area, we concentrate on multi-branching trees and
eigen-distribution over independent distributions and correlated distributions for them.

We begin with reviewing the background and some basic definitions about game trees in Chapter
3. In Chapter 4, we deal with eigen-distribution for balanced multi-branching trees. At first we will
give some technical lemmas to prove that the average cost on 1-set is larger than that on other
closed sets. Based on these results, we show that an eigen-distribution is equivalent to E*-
distribution for any AND-OR balanced multi-branching tree with respect to all closed subset of all
alpha-beta pruning algorithms. Such a method is quite different from the proof given by Suzuki and
Nakamura [9] for uniform binary trees. Then we mainly show that the uniqueness of eigen-
distribution holds for the set of all alpha-beta pruning algorithms, although the uniqueness does not
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hold for the set of directional algorithms.

In Chapter 5, we treat eigen-distribution over independent distributions (ID) for multi-branching
trees. For any ID d, we define a directional algorithm DIR,;, and show it is optimal among all the
depth-first algorithms with respect to d. Applying this result, we show that, for any ID d, there
exists an 11D d' such that the expected cost with d is not larger than that with d' following DIR.
Then we extend the Liu-Tanaka's results for uniform binary trees to balanced multi-branching case,
which has been left open since it was posed in [1].

The results represented in Chapters 4 have been published in [2] and [3], and the results in
Chapter 5 appeared in [4].

Part II: Reverse Mathematics

Reverse mathematics is a well-known research program in the foundations of mathematics. It
was founded by Harvey Friedman and Stephen Simpson in the 1970's and developed in many
publications. A basic goal of reverse mathematics is to classify mathematical theorems according to
the set existence axioms used in their proofs [7]. Though fruitful reverse mathematical results have
been achieved in various fields, game theory is so far one of the undeveloped lands. In the second
part of my thesis, we mainly investigate some mathematical results which are used to prove several
game properties in the context of reverse mathematics.

Since we know that fixed point theorems are used to prove the existence of Nash equilibria of
games, we first investigate the logical strength of some fixed point theorems in the context of
reverse mathematics. Note that the logical strength of Brouwer fixed point theorem has been studied
by Shioji and Tanaka [8]. They showed that it is equivalent over RCA, to WKL, which implies that
the existence of Nash equilibria for finite games is provable in WKL,. Then, we move on to the
study on reverse mathematics and continuous game, which is a mathematical generalization of
finite games. A continuous game is usually defined as an infinite game in which the strategy sets are
compact and the payoff functions are continuous.

In Chapter 8, we investigate the logical strength of two types of fixed point theorems in the
context of reverse mathematics. One is concerned with extensions of Banach contraction principle.
Among theorems in this type, we mainly show that Caristi fixed point theorem is equivalent to
ACA, over RCA,. The other is dedicated to topological fixed point theorems like Brouwer fixed
point theorem. We introduce the variants of Fan-Browder fixed point theorem and Kakutani fixed
point theorem, say FBFP and KFP respectively. Then we show that FBFP is equivalent to WKL,
and KFP is equivalent to ACA,, over RCA,. In addition, we also study some applications of Fan-
Browder fixed point theorem to game systems.

In Chapter 9, we study reverse mathematics and continuous games. We present a new version of
Stone-Weierstrass theorem, which can define a product measure from a given mixed profile.
Working in RCA,, we show that any sequence of probability measures on a compact space that has
a weak convergent subsequence is equivalent to ACA,. Using this result, we show that the existence
of mixed Nash equilibria for any continuous game is provable in ACA,.
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The results in Chapter 8 appeared in [5].
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