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Chapter 1

Introduction

The purpose of this thesis is to generalize a part of Dimitrov and Ghate’s study [6]
on classical weight one elliptic cusp forms inside a Hida family to the case of Hilbert
modular forms with parallel weights. Roughly speaking, a Hida family (with respect
to a prime number p) is an infinite set of modular forms parametrized by weights
and powers of p in the levels so that the Fourier coefficients of the members in the
family are p-adically close. One of the most important reasons that motivates us to
study such families is existence of congruences between modular forms.

1.1 Background of this thesis

The study of congruences between modular forms goes back to 1910s, when Ra-
manujan observed in [28] that there is a congruence modulo 691 between the unique
elliptic cusp form A (Ramanujan’s delta) of weight 12 and level 1 and the Eisenstein
series of the same weight and the level. Several other congruences concerning A had
been proved, but none of them explains why such congruences exist. Later in 1960s,
Deligne showed in [3] that one can associate the system of Galois representations to
a normalized Hecke eigen cusp forms. This enabled Serre and Swinnerton-Dyer to
open up in [44] the study of such congruences from the point of the image of the
associated Galois representations, which was followed by Ribet [29], [31], [32] and
Momose [24].

Hida, among with his collaborators, investigated such congruences in terms of
Hecke algebras, and in the early 1980s introduced the notion of congruence mod-
ules which measures congruences between modular forms of a fixed weight. Since
examples of congruences between modular forms of different weights were already
known, it was natural to seek for a theory of congruence modules that could handle
various weights. Eventually he was led to study the p-adic Hecke algebras which
parametrize Hecke eigenvalues of p-ordinary modular forms of all weight at least
two. This is the starting point of Hida theory.

The study of congruences between modular forms has made a significant influence
on number theory, especially on Iwasawa theory. Among those, Ribet gave a criterion
for p-divisibility of the class number of the cyclotomic field Q(z,) in [30], and Wiles’
proof of the Iwasawa main conjecture for totally real fields in [47] was achieved
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by the systematic use of A-adic Hilbert modular forms whose idea was based on
aforementioned Hida’s theory.

The work in this thesis has much to do with the so-called “control theorem”
(Section 3.5), namely, the controllability of specializations of a A-adic form. Let F’
be a totally real field and p an odd prime. We consider a primitive ordinary A-adic
cusp form F of parallel weight Hilbert cusp forms defined over F. It is proved by
Hida in [13] that a specialization of F at any arithmetic point of weight two or
more is a classical (holomorphic) Hilbert cusp form. Contrary to the higher weight
specializations, understanding of weight one specializations is much less satisfactory.
By studying those weight one specializations, one would expect to get a better grasp
on important issues such as intersections of irreducible components of the ordinary
Hecke algebra at classical weight one points and a suitable construction of a p-adic
L-function attached to a classical weight one eigenform.

It is Greenberg’s question (Question 6.2.1) on the local indecomposability of the
p-adic Galois representation attached to an elliptic eigenform of weight at least two
that directly leads to the study in this thesis. In the case of F' = @Q, Ghate and
Vatsal was motivated by his question and solved a similar question for A-adic forms
in [9]. In the course of their proof, they showed (as a byproduct) that a primitive
ordinary A-adic cusp form admits infinitely many classical weight one specializations
if and only if it is a CM family (namely, constructed from a Hecke character of an
imaginary quadratic field). Further the number of such forms inside a non-CM family
is bounded by an explicit constant due to Dimitrov and Ghate in [6]. The former
result in [9] was generalized to the case of totally real fields by Balasubramanyam,
Ghate and Vatsal in [1], which contains an outline of a proof even for nearly ordinary
families with not necessarily parallel weights.

Motivated by these works, in this doctor thesis, we pursue a generalization of
the results of Dimitrov and Ghate, and give an explicit estimate on the number of
classical weight one specializations obtained from a non-CM primitive ordinary A-
adic cusp form. As it will be revealed later, we will extensively investigate the local
behavior (at the prime ideals of F' lying over p) of Artin representations attached
to classical weight one forms. The author hopes that such investigation offers an
insight to the study of (strong) Artin conjecture and relevant topics.

1.2 Main theorem of this thesis

We give a brief account of the main results of this thesis. Let Gr be the absolute
Galois group Gal(F/F) of a totally real field F' and G the Galois group of the
cyclotomic Zy-extension of F. We take a finite extension of @@, and let O be the
ring of integers of it. The Iwasawa algebra A is defined to be the complete group
algebra O[[G]] of G over O, which is isomorphic to the power series ring O[[X]] over
O of one-variable. In this thesis we adopt Wiles’ convention of A-adic forms in [46].

Let F be a primitive ordinary A-adic cusp form of tame level an integral ideal ng
in F' prime to p, pr : Gp — GLo(Frac(Ay)) the Galois representation attached to
F where Ay is a finite integral extension of A. We take a Gp-stable Aj-lattice £ in



Frac(Ar)? and consider the reduction pr : Gr — GLy(F) of p7 modulo the maximal
ideal of Aj. Here F is a finite field of characteristic p. The reduction pr may depend
on the choice of a lattice £ but its semi-simplification p% : Gp — GLy(F) does not
(Section 5.2). On the other hand, by Ohta [26], Rogawski-Tunnell [33] and Wiles
[46], any classical weight one Hilbert cuspidal eigenform f gives rise to an irreducible
totally odd Artin representation py : Gp — G'Ly(C). The image of py in PGLy(C)
is either

e dihedral, namely isomorphic to a dihedral group Ds, of order 2n for some
integer n > 2, or

e cxceptional, namely isomorphic to one of the symmetric group 5, the alter-
native groups A4 or As.

It will be revealed in Section 5.3 that if F admits a classical weight one specialization
f, then the image of g% in PGLy(IF) has to be of the same type as that of py, and
hence pr = p% is irreducible and unique up to isomorphism. If F is a CM family,
then the image of pr in PG Ls(TF) is dihedral. According to the above classification,
we will distinguish the arguments for each case.

1.2.1 Dihedral case

Suppose first that the image of pr in PG Ly(F) is a dihedral group. We will observe
in Section 5.4 (Lemma 5.4.1) that there exist a quadratic extension K of F and
a character ¢ : Gx = Gal(F/K) — F* so that pz is isomorphic to the induced
representation Ind%. (@) by @. We consider the following condition on F:

(P) F has a classical weight one specialization f such that the associated repre-
sentation py : Gp — GL2(O) (O is a suitable finite integral extension of Z,)
has the property that ps(/;) has order at least three for each prime ideal q of
F lying over p. Here I; C G is the inertia group at q.

It follows from (P) that p; is isomorphic to the induced representation Indf () for
a finite order character ¢ : Gx — O which lifts ¢ (Lemma 5.4.5). The condition
(P) further implies that for any prime ideal q of F' lying over p, q splits in K,
say qOx = 0Q0Q7, and the character ¢ is ramified at exactly one of Q and Q°
(Lemma 7.1.2). We assume that ¢ is ramified at Q and unramified at Q7. We let
Q = ]I, Q and Clg(ngQ>) = lim,>,Clk(ngQ") be the projective limit of narrow
ray class groups Clg(ngQ") of K of modulus nyQ". For each Q let Uk, (Q) denote
the principal unit group of the completion Kg at Q and Uk the closure of the image
of Ug = {u € Of |u=1mod Q} in [T, Uka (). By virtue of class_ﬁeld theory,
the group Clg(ngQ>) is of finite order if and only if ([], Uk, (Q))/Uk is a finite
group (Section 7.1.2). If this is the case, we put

qlp

M = Cle| - | [ []Uka@ | /T T[] @=1- I (@+1)

qlp llng lIng
split in K inert in K



and M (F, K, f) = p>% M) where ¢ is the cardinality of the residue field at a prime
ideal [ of F' and ord,, is the p-adic valuation normalized so that ord,(p) = 1. We will
prove the following

Theorem 1.2.1. Let F be a primitive ordinary A-adic cusp form of tame level ng
satisfying the condition (P). Then the following two statements hold:

(1) Assume further that Leopoldt’s conjecture for F' and p is true. If Clg(ngQ>)
is an infinite group, then there exists a CM family G by K that has the same
tame level and the same residual representation as those of F. In particular,
K/F is a totally imaginary extension.

(2) If Clg(ngQ>) is of finite order, then F is not a CM family and the number of
classical weight one specializations of F is bounded by M(F, K, f).

If we assume Leopoldt’s conjecture for K and p and K/ F is not totally imaginary,
then the group Clg (ny Q) is of finite order and the second case (2) always happens.
In particular in the case of F' = Q and K is a real quadratic field, the case (2) always
happens. In [6], the case where K is a real quadratic field is referred to as “residually
of RM type”, which is what Theorem 1.2.1 (2) generalizes. It should be noticed that
if K/F is totally imaginary, then Clg(nyQ>) is always an infinite group (Remark
7.1.6 (2)).

We will show that if Clg(ngQ>) is infinite and Leopoldt’s conjecture for F' and
p is true, then there are infinitely many classical weight one forms such that all of
them occur as specializations of a primitive ordinary A-adic cusp form G having the
same tame level and the same residual representation as those of F (see Sections
7.1.2 through 7.1.4 for details). In view of Theorem 6.3.1 which concerns finiteness
of classical weight one specializations of a non-CM family and can be regarded as a
variant of Theorem 3 in [1], we see that G has CM by K and thus K/F is a totally
imaginary extension.

The first case (1) of Theorem 1.2.1 is referred to as “residually of CM type”
in [6], which is the other dihedral case treated in the paper. In the case (1), if
F is a non-CM primitive ordinary A-adic cusp form whose residual representation
pr is isomorphic to the induced representation Indf}(@) for some totally imaginary
quadratic extension K of F and a character ¢ : Gx — F* then one can also
give a bound on the number of classical weight one specializations in F. This is
a generalization of Lemma 6.5 in [6]. Since F is not a CM family, there is at
least one prime ideal [ in F' that is inert in K, prime to ngp and the trace of
pr(Froby) is non-zero (otherwise we have pr = ex/p ® pr and hence F has CM
by K: see Definition 6.1.1). Here Froby is an arithmetic Frobenius at [. Let Az,
be the number of height one prime ideals of A, which contain Trpz(Froby) and
sit above prime ideals of A corresponding to weight one specializations. We put
Ar = min {Arz; | [ is inert in K and prime to ngp}. In Section 7.1.5, we will prove
the following

Proposition 1.2.2. Let F be a non-CM primitive ordinary A-adic cusp form which
15 residually of dihedral type and pr is isomorphic to the induced representation
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Indf((gb) for some totally imaginary quadratic extension K of F and a character
@ : Gg — F*. Then the number of classical weight one specializations of F is

bounded by \r.

Secondly we consider the exceptional case.

1.2.2 Exceptional case

As the image of the Artin representation py in PGLo(C) for any classical weight
one form f in F has bounded order, say 24, 12 or 60, our analysis in this case is
simpler than the dihedral case. Let p” be the p-part of the class number of F' and ¢
the number of the prime ideals of F' lying over p.

Theorem 1.2.3. Let F be a non-CM primitive ordinary A-adic cusp form such
that the image of the residual representation pr : Gp — GLo(F) in PGLy(F) is
exceptional. Then F has at most b classical weight one specializations, where

e b=1p", except p =3 or 5, in which case b=2-p".

Further, under some assumptions on a Hida community {F} (refer to Definition
7.1.4 for the notion of Hida communities), we prove the existence of a classical weight
one specialization in some member of {F}.

Proposition 1.2.4. Let p > 7 be a prime number that splits completely in F' and
{F} a Hida community of exceptional type which is p-distinguished (cf. Definition
6.2.2) and the residual representation pr is absolutely irreducible when restricted to
Gal(F/F((,)), where (, is a primitive p-th root of unity in F. Assume further that
the tame level ng of {F} is the same as the Artin conductor of pr. Then {F} has at
least one classical weight one specialization f. Moreover, any other classical weight
one specialization of {F} can be written as f @ n, where n: Gp — Q) is a p-power
order character of conductor dividing ng.

As mentioned in the last paragraph of Section 1.1, Theorems 1.2.1 and 1.2.3
extend Theorems 6.4 and 5.1 of [6], respectively, to the case of Hilbert modular forms
with parallel weights. The proof is basically the same as [6], but some additional
argument are necessary in the dihedral case for the following reason. When F' = Q
and K is a real quadratic field, the finiteness of Clg(nyQ>) is a consequence of
Leopoldt’s conjecture. However, for a general number field K, Leopoldt’s conjecture
is still open and we do not know whether or not the group Clg(nyQ*) is finite.
Therefore, a new analysis around the group Clg(ngQ>) is necessary to get around
assuming Leopoldt’s conjecture for K and p.

1.3 Organization

This doctor thesis is organized as follows:
The first two chapters are devoted to introducing modular forms and p-adic
families of them. To be specific, in Chapter 2 we recall basics of Hilbert modular
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forms with parallel weights and the Hecke operators acting on the space of such
forms. In Chapter 3, we introduce Hilbert modular forms defined over arithmetic
rings, recall the notion of A-adic forms which was invented by Wiles in [46], and give
an account on the control theorem concerning the space of ordinary A-adic forms.

In the next two chapters, we focus on Galois representations attached to forms.
Precisely, in Chapter 4 we recall main properties of the Galois representations at-
tached to Hilbert cusp forms of weight at least two and of weight one, separately.
We also discuss the image of those representations in the projective linear groups.
In Chapter 5, we briefly review the construction of the Galois representation arising
from a A-adic cusp form, define the notion of reduction of such a representation, and
compare the image in the projective linear group of the Galois representations at-
tached to a A-adic form and its specializations including in weight one. This chapter
includes some facts on dihedral and induced representations as well.

In Chapter 6, we will first recall the notion and an explicit construction of CM
families, and discuss specializations (including in weight one) of CM and non-CM
families. Then we introduce the works in [9] and in [1] which characterize CM
families in terms of local indecomposability of the associated Galois representations.
Then we prove the finiteness result for non-CM families (Theorem 6.3.1).

The last chapter is dedicated to giving an upper bound on the number of classical
weight one specializations of a non-CM family. In Section 7.1 we discuss the dihedral
case and prove Theorem 1.2.1 (Theorem 7.1.5) and Proposition 1.2.2 (Proposition
7.1.14). In Section 7.2, we deal with the exceptional case and prove Theorem 1.2.3
(Theorem 7.2.1) and Proposition 1.2.4 (Proposition 7.2.3).

1.4 Notation and Terminology

Throughout this thesis, we adopt the following notation and terminology:

The symbols Z, Q, R and C indicate respectively the ring of rational integers, the
field of rational numbers, the field of real numbers and the field of complex numbers.
For a complex number z € C, the real part and the imaginary part of z are denoted
by Re(z) and Im(z), respectively. The symbol § indicates the upper-half plane
9 ={z € C|Im(z) > 0}. We denote by /=1 the square root of —1 that lies in §
and by oo = limy_, 1o tv/—1 the point at infinity. For a rational prime number p, /s
and Q, denote the ring of p-adic integers and the field of p-adic numbers.

For a commutative ring A, we denote by A* the group consisting of invertible
elements of A, and by GLy(A) the group of all 2 x 2 matrices whose entries are in
A and determinants are in A*. The identity element of GLy(A) is denoted by Is.
We put SLy(A) = {X € GLy(A) | det(A) =1}. If M is an A-module, End4 (M)
denotes the ring of all A-linear endomorphisms of M.

Throughout the thesis, we fix an algebraic closure Q of Q. By an algebraic
number field, we mean a finite extension of Q in Q. For an algebraic number field
F', we denote by Op the ring of integers in F', by P(F’) the set of places of F', and by
P (F) (resp. by P;(F)) the subset of P(F') consisting of infinite places (resp. finite
places) of F. Each real place v € P, (F) uniquely determines an embedding o, of



F into R. Each complex place v € P, (F') corresponds to a unique pair (o,,d,) of
embeddings of F'into C so that &, is the complex conjugate of o,.

For each v € P(F)), let F, be the completion of F' at v. We define the standard
absolute value | - |p, : F) — Rsq as follows: for each real place v € Py (F), this is
the usual absolute value on F,, = R; for each complex place v, we have |z|r, = 2 for
x € F) = C*, where F), is identified with C by o, and z is the complex conjugate
of z. For v € P;(F), the ring of integers, the maximal ideal and the residue field at
v are denoted by Op,, pr, and [, respectively. The standard absolute value at v is
normalized so that |w,|r, = (#F,)! for any uniformizer w, in F,.

For an algebraic number field F, let Ap be the ring of adeles of F', Aps (resp.
Ap ) the subring of Ap consisting of elements a = (ay)yepr) € Ap with a, = 0 for
any v € Poo(F) (resp. for any v € P(F)) so that Ap = Apg X Apo. We denote
by A;OO the connected component of A;OO containing the identity element. For an
integral ideal m in Op and each finite v € P(F'), let Up, (m) be the group consisting
of units u, in O such that u, —1 € mOp,. Note that if v { m, then Ug,(m) = OF, .
We put Up(m) = [],cp,(r) Ur,(m). This is an open compact subgroup of Ap;.



Chapter 2

Hilbert modular forms

In this chapter, we recall the definitions of Hilbert modular forms with parallel
weights and their Fourier expansions, and give a brief account of the Hecke operators
acting on the complex vector space of such forms. We will basically follow the setting
in [40]. Throughout this chapter, we use the following notation:

e [ a totally real number field of degree g over Q;

e [: the set of embeddings of F' into R;

e [, : the set of totally positive elements in F’;

o GLI(F) ={y € GLy(F) | det(y) € F' };

e 0: the different ideal of F/Q;

e N = Np/g: the norm of F/Q;

e Fora € Fand o € I, a? is the image of a in R under o;

e For a € I and a vector r = (74)ser € (Z/2Z)9, sgn(a)” =[], sgn(a”)".

2.1 Basic definitions

We begin by recalling the definition of narrow ray class characters of F'. Let m be
a non-zero integral ideal of F'. We put

o = {3

P, ={aOp |a € F,}, and
Py(m) =P, N{aOF | a=1mod *m}.

n and [ are integral ideals and prime to m} ,

Here a = 1 mod *m if and only if aOp € I(m) and there exists an element b € F;
such that bOp € I(m), b € Op, ab € Op, and ab = b mod m. We call the quotient
group Clp(m) = I(m)/Py(m) the narrow ray class group modulo m. This group
is known to be finite for any non-zero m. An inclusion m C m’ of integral ideals
induces a canonical homomorphism Clg(m) — Clg(w’).
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Definition 2.1.1. A narrow ray class character modulo an integral ideal m is a
group homomorphism ¢ : Clg(m) — C*.

The conductor of a narrow ray class character ¢» modulo m is a unique integral
ideal f which has the following properties:

1. mCf;

2. the canonical homomorphism 7 : Clg(m) — Clg(f) factors 1, i.e., there exists
a homomorphism vy : Clg(f) — C* such that ¢ = ¢ o 7;

3. the canonical homomorphism 7 : Clg(f) — Clp(f') does not factor ¢ for any
integral ideal § with § C .

We write cond(¢)) = f. If m = §, ¢ is said to be primitive modulo m.
It is known that there exists a vector r € (Z/27)9 such that

Y(aOp) = sgn(a)” for any a € O with a = 1 mod m.

We call r the signature of 1. Then we can define a character ¢¢ : (Op/m)* — C*
associated to v given by ¢¢(a) = ¥(aOp)sgn(a)”. We will always regard the right-
hand side as a character on (Op/m)*, without any notice.

When m = Op, we write Cl}. rather than Clp(Op), and we call this group the
narrow ideal class group of F'. There is a canonical surjective homomorphism from
Cl} to the (wide) ideal class group Clp of F. In particular h = #CIlf is a multiple
of the class number of F'.

We now describe the definition of parallel weight Hilbert modular forms over F'.
First we choose a representative fractional ideal ty of each A\ € Cl}, and define a

subgroup I'y(m) of GL] (F) by

rm = {(¢ ) <orim

a,d € Op,b € (0ty) ™, c € mdty, ad — bc € O;} )

Definition 2.1.2 (cf. [40] Sections 1 and 2). Let & > 0 be an integer, and m, ¢ as
above. The space My (m, ) of Hilbert modular forms of (parallel) weight k, level m
and character v consists of elements f such that

(1) f= (f/\)xe(n; is an h-tuple of holomorphic functions fy : 7 — C;
(2) for each \ € Cl}., fy satisfies the following modularity property:

Aley = ¥e(d) fi for all v = < (Cl Z ) € T'\(m). (2.2.1)

Here we put

g - bO'
j2) = T2 + %), 72 = (— ot )
oel

cz de
o€l g +



and fy|x7 is a function on $7 defined by

k
2

(faler)(2) = N(det (7)) 25 (7, 2) " fa(v2).

Since each fy is a function on $’, we regard z a g-tuple of variables z,. We
also note that vz € H7 for any v € GL; (F). We often omit the subscript k of
falky when there is no ambiguity concerning the weight.

(3) when F' = Q, we also impose the holomorphy condition around each cusp:
that is, for any v € SLy(Z), we have

) = 3 a (2o fler) exp (2

where M is the positive integer uniquely determined by M7Z = m.

Remark 2.1.3. The definition of the subgroup I'y(m) depends on the choice of a
representative fractional ideal ty. We take two representative ideals t),; (i = 1,2)
of A € Cl}. and consider the C-vector space My(m,1)); consisting of modular forms
satisfying the modularity property (2.2.1) with respect to I', ,(m) for each i. By
definition we have ty o = uty; for some v € F;. Then there is an isomorphism

Nmeh%NMmeﬂhh@ﬁH(ﬁh(u0)> .
g 0 1)) secrs

However we will define the Fourier coefficients of f independent of the choice of a
representative ideal t, (see Definition 2.2.2 and Remark 2.2.3 for details).

It is known that for any k, m and 1, the space My(m,) is finite dimensional
(refer to Sections 1.3 and 1.7 of [8], for instance).
2.2 Fourier coefficients of a Hilbert modular form

We define the Fourier expansion of a Hilbert modular form (cf. [40] (2.16); p. 649).

Proposition 2.2.1. A Hilbert modular form [ = (fA)/\eCl} € My(m, 1) has the

Fourier expansion (at the cusp oo = (00, 00,...,00)) of the form
a(z) = ax(0) + Z ax(b)ep(bz) for each A € Clf. (2.2.2)
bet\NFy

Here ax(0), ax(b) are complex numbers and ep(x) = exp(2mi ) ;o) (we use this
notation both for x € F and for a g-tuple of variables x = (2, )ser)-

Proof. The assertion is well known when F' = Q. When F # Q, ideas of the proof
are basically the same as that for F' = Q. Namely, the modularity property (2.2.1)
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implies that fy(z) is invariant under the translation by elements of (9ty)~!, and since
fx is holomorphic in z, we conclude that f is of the form

fr(z) =D ax(b)ep(bz).

bety

We need to show that a,(b) = 0 for all b € t, with b ¢ F'; and b # 0. This is so-called
“Koecher’s principle” (one can refer to [10] Theorem 3.3; p. 64 for instance). Note
that Koecher’s principle does not hold when F' = Q. O]

We call the coefficients ay(b) the unnormalized Fourier coefficients of f. We also
define the normalized ones as follows.

Definition 2.2.2. Let f be as in Proposition 2.2.1 with the Fourier expansion
(2.2.2). We define the normalized constant term ¢, (0, f) of f by

ex(0, f) = ax(0)N(t,) "2

for each A € Clf.. For each non-zero integral ideal n of F', there exist a unique
A € Clf, and b € F, unique up to multiplication by totally positive units, such that
n=bt;'. Then b € t, N F, and the normalized Fourier coefficient c(n, f) associated
to n is defined by

NI

c(n, f) = ax(D)N(ty) 2.

Remark 2.2.3. The following two facts show why ¢, (0, f) and c(n, f) are called the
“normalized” coefficients. These facts can be deduced from the modularity property
(2.2.1).

1. ¢x(0, f) and c(n, f) are independent of the choice of a representative ideal t,.
2. ¢(n, f) is independent of the choice of b € t, N F, such that n = bt .

One can show, in exactly the same way as Proposition 2.2.1, that for every
vx € GLF (F) we have a Fourier expansion

(Srlsm)(2) = ax(0,7) + Y ax(b, 1 )er(bz). (2.2.3)

beF+

of f\ around the cusp 7,(0o). Moreover, for each A € Cl}, ay(b, 7)) are supported
on a fractional ideal in F' determined by t, and 7,, as it is the case in Proposition
2.2.1. We do not explain this in detail because we will not need this.

Definition 2.2.4. A Hilbert modular form f = (f/\)/\e(n; is said to be a cusp form
if for every A € Clf, we have ay(0,7,) = 0 for any v\ € GL] (F).

The space of Hilbert cusp forms of (parallel) weight k, level m and character 1
is denoted by Si(m, ).

11



2.3 Hilbert modular forms in the adelic language

In the next section, we will define Hecke operators acting on the space of Hilbert
modular forms. In order to describe such operators, it is convenient to characterize
the space under consideration as a subspace consisting of functions on the adele
group of GLy over F' with some properties such as the one corresponding to the
modularity property (2.2.1). We will define the action of Hecke operators in this
adelic point of view.

In what follows, we will consider a certain class of complex valued functions on
GLy(Ar). Notice that we have GLy(Ap) = GLy(Aps) X GLy(Apo) as a group,
which is in accordance with the decomposition of rings Ap = Apf X Ap . Also note
that Ar ., is identical to RP=() since F is a totally real field. Let GLy(Apo)* de-
note the connected component of GLy(Af ) containing the identity element. This
group acts on the product $7>F) = §! of copies of the upper-half plane, compo-
nentwisely via linear fractional transformation. Note that the action of GLay(Ap )™
on HU) is transitive. Let K. be the stabilizer subgroup in GLy(Aps)* of
i=(v—1,...,v/=1) € 9" namely, K, = [Loep. () (R*SO2(R)).

Definition 2.3.1. Let £ > 0 be an integer, K; an open compact subgroup of
GLy(Apg) and x : Ky — C* a finite order character. A continuous function & :
GLy(Ap) — C is said to be an automorphic form of parallel weight &, level K; and
character y if

(1) for any g € GLa(Ap), v € GLy(F) and u = (ug, us) € Kr X Ky, we have
®(ygu) = ®(9); (oo, 1)~ det(uae)**x (ug).
(2) @ is smooth, namely, for any gr € GLa(Apg), the function
GLy(Apse) = C; goo = P(go09r)
is of C*-class, and for any g. € GLa(AF ), the function
GLy(Aps) = C; gr = P(googr)
is locally constant.

(3) @ is of moderate growth on GLy(Af), that is, for any compact subset 2 of
GLy(Ap) and for any ¢ € Ry, there exist some integer m and a constant

Cq € Ry such that
a 0 m

for all a € Ap with |ala, = [,cp(p)lavlo = c and g € Q.
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(4) @ is holomorphic, namely, for any gr € GL2(Ap¢), the function
5 = € (R)uepa(r) = P(Go00) (900, 1) det(goc) 2

is holomorphic on $). Here, for a given (7,)vep.(r) € H>E), we choose
Joo = (gv)vepu(r) in GLy(Apo)t so that g,(i) = 7, for any v € P(F). The
function does not depend on the choice of such g,’s, because of the assertion
(1) above.

The space of automorphic form of weight k, level K; and central character y will be
denoted by Ag (K%, x).

We now observe that the space My(m, ) which we considered in the preceding
sections can be embedded into A (K5, x) for suitably chosen Kt and x. For each
v € P(F), let K,(m) be the subgroup of GLy(Op,) defined by

K,(m) = H CC‘ Z } € GLy(Op,)|c = 0 mod mOF,U}.

Then K¢(m) = [],cp,r) Ko(m) is a compact open subgroup of GLa(Arg). We take
an element D = (D,) € A;f so that D,Op, = 00p, for any v € P(F). Also, for
each \ € Cl}, choose Ty = (T\,) € Agf so that T) ,OFp, = t,\Op, for any v € P;(F).
Then we see that

nim = [ 00 0] smenatane [ P 0] nen

for each A € Clf.. We will make use of the following lemma:

Lemma 2.3.2. We have a disjoint decomposition

-1
GL2 AF H GLQ |: DT)\ 0 :| Kf(m)GLQ(AF,oo)+

1
AeClf,

Proof. The following proof essentially relies on the theorem of Kneser [22] from which
we know that the algebraic group S L, defined over F' has strong approximation. Let
g € GLy(Af). Take an element a € F* so that a'det(g) € A} is positive at every
infinite place v € Pyo(F). Since Cl}. is 1somorphlc to AL/ F* [ epr) O, there

exists a unique A € Cl}. such that a-det(g)~! = b~uDT) for u € [Tocrr) O, AR
with u, > 0 for any v € P (F') and a totally positive b € F,. Let us put

W= [] (SL:(Op) N K,(m)) x [ SL2A(F).

vEP(F) VEPoo (F)

This is an open subgroup of SLs(Ar), and thus in view of Kneser’s theorem we have

uDTy, 077" uDTy 0
SLy(F H SL2 { 0 1} W{ 0 1}#@

VE Poo
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ab 017" uDTy\ 0
0 1 0 1

[ab 0 pry 0] [w 0],
I9=1o 1|7 o 1| %01

for some v € SLy(F), 0 € [[,cp_(p) SL2(Fy) and h € W, and hence

where ¢’ = [ } € SLy(Ar). This implies that

DT\ 0

—1
:| GLQ(AF7W)+Kf(m)

Secondly we verify that the components in the union on the right-hand side are
mutually disjoint. Suppose that we have

DTy, 01"  [DTy, 077" L
o 1| - 0 1| M

for A\, Ay € Clf, v € GLo(F), goo € GLa(Ap o)t and ky € Ki(m). Taking determi-
nants, we find that det(y) is totally positive and t,, = det()t,, as fractional ideals
of F'. This implies that \; = \o. O

We let x, @ F*\A; — C* be the continuous character corresponding to
via global class field theory for F'. To be specific, the narrow ray class group
Clp(m) is isomorphic to A /F*Up(m)Af, , and for each fractional ideal a € I(m)
we have ¢(a) = [],, Xow(@o ™). Notice that y, is unramified at v € P(F)
not dividing m and thus the value xy ,(w,) is independent of the choice of a uni-
formizer @, in F,. For ux = [¢]] € Ki(m), we put Xym(ur) = [[jm Xp.0(do)-

Then xym @ K¢(m) — C* is a finite order character. Moreover, it follows that

_ -1
Ur(d) = X ([2 9] 97 [P829]7") for 5 = [2}] € Ta(m).
Let f = (f\) recth € My (m, 1) be a Hilbert modular form. We shall construct a

function ®; : GLy(Ap) — C out of f. It suffices to define ®; on each component
of GLy(Ar) as in Lemma 2.3.2. Let A € Clf, v € GLy(F), goo € GLa(Apo)™,
ke € K¢(m) and put

O, (’Y { DoTA (1) }_ kfgoo> = (900 (1))7 (9o 1) et (o) xupm (Ke).

It is a standard matter to check that the value on the right-hand side is independent
of the way of expressing an element in GLy(F) [ P[> 9] "N Ki(m)GLy(Apse)t in terms
of v, k¢ and g.

Proposition 2.3.3. We have &y € Ay (K¢(m), Xypm)-
Proof. (1) It is straightforward to verify that
5 (YgUttioo) = P (9)] (oo, 1)~ det(too)™ *xp m(ur)
for v € GLy(F), us € K¢(m) and uo, € Koo.
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(2) Since each fy is holomorphic on $', it is of C*°-class, and hence for each
gr € GLo(Apyg), the function goo — Pf(gogr) is of C®-class as well. Let
K¢ 1(m) be the group consisting of [¢ %] € K¢(m) such that d, — 1 € mOp, for
each v € P;(F). Then K¢ ;(m) is an open subgroup of GLy(Ap¢) and it follows
by definition that @ is right K ;(m)-invariant. This implies that the function
gr = Pr(googr) is locally constant for each goo € GLa2(Ap).

(3) As each fy is holomorphic around any cusp, for each R € Ry, the absolute
value |(fr]x72)(2)] is bounded on the set {z € H' | Im(z,) > R, Yv € Pw(F)}.
This implies that ®¢ is of moderate growth.

(4) We take gr € GLy(Apg) and write gr = v [PD ﬂ_lkfgoo for v € GLy(F),
A € Clf, ke € Ki(m) and goo € GLa(Apo)t. Then for us € GLy(Aps)t, we
have

P (Grttoo) J (Uoo, i)’l“det(v,boo)’k/2 = (/| gootloo) (1) (Uoo, i)kdet(uoo)’kﬂxw,m(kf)
= (falgoo) (oo (1)) Xapm (Kir)-

Since fy is holomorphic on $7, 50 is fx|geo-
O

Conversely, for a given automorphic form ® € Ay (K¢(m), Xy m), we will construct
fo = (f,\)AE(jl; € M (m, ) as follows: for a point 7 in =) we choose a matrix

Goo € GLy(Ap o)™ so that goo(i) = 7. For each \ € Cl}, we put

=2 ([ Al goo) (g 1) det(gc) 2

Note that the right-hand side depends only on 7 and independent of the choice of
Joo- Omne can show the following

Proposition 2.3.4. fo = (f,\))\echr belongs to My(m,v) and the correspondences
f—= ®¢ and ® — fo are mutually inverse.

We leave the proof to the reader, as it is just a routine work.

Finally, we characterize the subspace A; """ (K¢(m), x4.m) of cuspidal automorphic
forms, namely, the subspace of A (K¢(m), xy.m) that corresponds to Si(m, ) under
the bijection between My(m, ) and Ay (K¢(m), Xypm)-

Lemma 2.3.5. Let [ = (fk),\ecg € My(m,v) be a Hilbert modular form and @y

the corresponding automorphic form in Ax(Ki(m), Xym). Then for each X € Clf
and v» € GL3 (F), the constant term of the Fourier expansion of fi|yx in (2.2.3) is

equal to
1 t] . [D1y 0]
ax(0, v :/ P [ }’y [ } dt.
( ) Pap f( 0 1 A f 0 1

Here, dt is the additive Haar measure on F\Ap normalized so that fF\AF dt =1.
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From Lemmas 2.3.2 and 2.3.5, we deduce that f € Si(m, ) if and only if

[ o (b 4]o)as

holds for every g € GLa(AF).

Definition 2.3.6. Let £ > 0 be an integer, K; an open compact subgroup of
GLy(Apg) and x : Ky — C* a finite order character. We define A;™ (K%, x) to be
the subspace of Ay (K, x) consisting of elements ® with the property that

IR (FH DI

for every g € GLy(Ar). The elements in A;"*P(K, x) are said to be cuspidal.
We end this section by providing a proof of Lemma 2.3.5.

Proof. From now on, we denote by Ag(g) the left-hand side of the equation in
Definition 2.3.6. Then for 7 = z + iy € H") and g, = [§ 7] € GLa(Apo)T, we
have

(Al () = J (Y005 goo(i))—kdet(%m)k/z

x ® ([ DOT g (1) }_1 w,oogoo> F(Moegoos 1) det(12,00go0)
= 5 (o0, 1) det (gsc) ’“/2<1>< DTA _ w,oogoo>
(1l )

Hence we have ay(0,7,) = y "2 A ([g I g [P0 (1)}_1) By definition, we have
y"“”%([?é e H)
o8l )

F\Ap
o ()

Since ® is holomorphic, the function

1
. _ T _ DT, 0
rnwen([3 1] )
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is holomorphic as well. By applying the Cauchy-Riemann equation to this function,
we see that it is actually a constant. We put y = 1 to obtain

—1
- ]. t -1 DT)\ 0
(l)\(o,')/)\) - /F\AF ¢ <|: 0 1 :| ,YA,f |: 0 1 :| ) dta

as desired. O

2.4 Hecke operators on the space of Hilbert mod-
ular forms

In this section, we define the Hecke operators acting on the space Aj(Ky,x) of
automorphic forms. For simplicity, we assume that the open compact subgroup K;
of GLy(Apy) is contained in K¢(m) and the character y : Ky — C* is the restriction
of xym : Kf(m) — C* attached to a narrow ray class character ¢ modulo m, as
explained in the previous section.

As Ky is an open compact subgroup of GLy(Apyg), for any oy € GLo(Apy), the
group Ky N apKroy lis a subgroup of finite index in K;. We choose a disjoint
decomposition

Kf = H 'U/Z<Kf N OéfoC‘é;l). (224)
iel
Here, I is a finite set and u; belongs to Ky for each i € I.

Definition 2.4.1. Let af € GLy(Aps) and ® € Ag(Ky, x). We define the Hecke
operator [KrapK¢| on Ak(Kf, X) by

((I)HKfOéfo ZX UZ I(IJ(guzozf) (g € GLQ(AF)) (225)

el
One can verify that the right-hand side of (2.2.5) is independent of the decom-
position (2.2.4).
Proposition 2.4.2. For any ® € A(Ks, x), we have ®|[Kras K] € Ak(Kg, x).
Proof. (1) Let g € GLy(AR), v € GLy(F) and u = (ug,us) € K X Ky. For
each i € I, there exists a unique i(u) € I such that ugu; = Ui(uykin for some
kiw € K¢ N OéfoQ{f_l. Then we have

X (i) 0 (yguuiar) = x(us) T O(guiguyaray i war) (oo, 1) Fdet (g )2

= ()" B(guigar)x(af hiar) (s, ) Fdet(ua

Notice that the map I 54— i(u) € I is a bijection. Also, it follows from the
definition of x and the relation wusu; = w;)ks. that x(og ki war) = x(kiw) is
equal to x(u;)x(ue)x(wiw)) ' Therefore we see that

)k/2.

Z X(ui)ilq)(fyguui@f Z X uz (u) guz(u)af).] (uooa ) kdet(uoo)k/2x<uf)a
iel el
as desired.
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(2)

By definition, for any gr € GL2(Ap;) and for each i € I, the function
GLy(Apoc) = C; goo = P(googruirr)

is of C*-class, and hence go, — (P|[KrasKi])(googr) is. We see in exactly the
same way that the function g — (®|[KrasK:])(googr) is locally constant on
GLy(Apy) for any fixed goo € GLay(Apy).

Let © be a compact subset of GLy(Ap) and ¢ a positive real number. Since ®
is of moderate growth, for each 7 € I, there exist a constant C; € Ry, and
an integer m; such that

a 0 m
(3 2]9) e

for all @ € A} with |a|a, > cand g € Qu;as. Let Coq = #1-max{Cq, |i € I}
and m = max {m; | ¢ € I'}. Then we have

o ([5 2]o)

iel

< Colaly,

for all @ € AX with |a|s, > c and g € Q, as desired.

By definition, for any gr € GL2(Ag) and for each i € I, the function

H=F) 5 C; 1 = (T)veru k) = P(googrtticrs)j(goos 1) Fdet(goo) 2

is holomorphic. Thus ®|[Kras K| is holomorphic as well.
[l

With Lemma 2.3.5 in mind, we know that the subspace Aj;"" (K, x) consisting
of cuspidal automorphic forms is preserved by the action of Hecke operators.

Remark 2.4.3. In the case of F' = Q, we can easily describe the Hecke operators on
M. (m, ) as follows: let M be the positive integer determined by m = MZ. Since
Q has class number one, we may take t, to be Z and see that I'y(m) = T'o(M). Let
¥ be a Dirichlet character modulo M with ¥(—1) = (=1)* and ¥ (vy) = ¥(d) for a
matrix v = [¢b] € My(Q) with d € Z prime to M. Take § € GL2(Q) with positive
determinant and choose a decomposition

To(M) = [[(To(M) N B~ To(M)B):

el

where [ is a finite set and v; € I'o(M) for each i € I. Then the Hecke operator
[To(M)BTo(M)] acting on My (m, ) is defined by

(fILo(M)BLo(MN(7) = Y $(B7%)  (FIkBr)(r). (T €9, f € My(m, )

el

18



Let xy : Q*\Ag — C* be the idele class character corresponding to 1 by class field
theory. We define the character xym : Kf — C* as exposed in the previous section.
Take av € GL2(Q)" and decompose it as o = (o, o) With af € GLy(Agy) and
Qoo € GL2(Ageo)™. Then in the notation used in the previous section, we have

O | [Ke(m)as Ke(m)] = D g (ayaero(an)
as elements of Ay (K¢(m), xym). Here o' € GLy(Q) is defined by aa* = det(a)ls.

Example 2.4.4. We introduce the Hecke operators Ty, (v) and Sy (v) associated to
each finite place v € P(F). Fix a uniformizer w, in F, and choose oy € GLy(Afpg)
to be [ 9] at v and I at any other finite place. Then we have

1 4, .
H [ 0 21 } ap K¢(m) if v | m;
Ki(m)asKr(m) = § "€/

H { (1) Zf } O‘fo(m)H { (1) _01 ] agKp(m) if vfm.

ivEOFU /pv

This Hecke operator [K¢(m)asK¢(m)] will be denoted by Ty (v). When v | m, we will
also write Tiy(v) as U(v).

For each finite place v { m, we define f € GLy(Apy) to be w,l at v and I, at
any other place. The Hecke operator [K¢(m)S;K¢(m)] will be denoted by Sy (v). We
put Sp(v) =0 if v | m.

One can verify by direct computation that for f € M (m,), the normalized
Fourier coefficients satisfy

N(O!*2e(nl, f) + N(OF2e(al™", f1Sn(0) i (m;
elm fITn(0) = { N([)l—mc(zr, f) " if [ \2

for every prime ideal [ of F' and any non-zero integral ideal n in Op. Here we
understand that c(n’, f) = 0 when n’ does not lie in Op. As for the constant terms,
it follows that

N(I l_k/ZcM , N()k/2¢ 410, f1Sm(l if [4m;
R o

where p € Cl}. is the narrow ideal class such that [ = (b[)t;1 for some by € F,.
For each integral ideal n in Op, we define the Hecke operator Ty, (n) acting on
the space My(m,)) so that an equality of formal Euler product

ZTm(n)N(n)_s = H(l — T (ON(H) ™% + Sm<[)N([)1—25)—1

[

holds. Here the product on the right-hand side runs over all prime ideals [ in F'. In
other words, we have

Tu(1) = T (DT (19) — Su(ON(NT (1571 (e € Zs)
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for each prime ideal [ (here we understand that 7,,(Op) is the identity map). Fur-
thermore, we have Ty, ()T (q) = Tw(q)Tw (1) for distinct prime ideals [ and q, and

fr (H I?) )
j=1 j=1

for distinct prime ideals [y,... ,[,. We will simply write T'(n) and S(n) for Ty,(n)
and Sy (n) if there is no ambiguity concerning the level m.

Remark 2.4.5. We make a remark on the central character of a Hilbert modular
form. As Shimura pointed out in Proposition 2.1 (p. 649 of [40]), if a non-zero
element f € My(m, 1)) is an eigenform for all Sy (v) with v t m, then there exists
a finite order character ny : Ax/F* — C* so that @ (g[5%]) = ns(2)Ps(g) for all
z € Aj and g € GLy(Ap). This character is referred to as the central character of f.
This 7y should satisty ny(u) = [1,},, X¢.0(u0) for any u = (uy)ver (r) € [loepr) OF,
and 17 (T) = sgn(z.)* for every z., € A% - In particular 7 factors through the
quotient Ay /F*Up(m)Af,  which is isomorphic to Clp(m).

Remark 2.4.6. Here is a remark concerning the normalzation of the Hecke operators.
In p. 650 of his paper [40], Shimura introduced the modified version of the Hecke
operators T, (n) = N(n)¥/2=1T;, (n) as seen in the equation (2.21) in that paper. With
respect to this definition, we have

ot FIT(0) :{ EEEE }‘g+N(l)k_1c(n[—1,f|5m([)) i”z

(see the equation (2.23) in [40]) and

ot = )R

respectively. As the equation (2.26) in [40] indicates, the formal Euler product is
modified as follows:

S TN~ = [T = Ta(ON() ™ + Sw(ON()172) 7L

[

It is proved by Shimura that the eigenvalues of Ty, (n) are algebraic numbers, and
further, in the case of Hilbert modular forms with parallel weights, those of T} (n)
are algebraic integers (Proposition 2.2; p. 650 of [40]).

In the following chapter, we will interpolate the Fourier coefficients {c(n, f)},
{ea(0, f)} and the Hecke operators T, (n). We note that C'(n, f) in Shimura’s paper
[40] is denoted by c(n, f) in Wiles” paper [46] for each non-zero integral ideal n in
Op. Similarly, Ty, (n) in [40] is denoted by Ti,(n) in [46]. Our c(n, f) is identical to
C(n, f) in [40] (and thus to c(n, f) in [46]).
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Chapter 3

p-adic families of Hilbert modular
forms

In this chapter, we will give a definition of Hilbert modular forms over a p-adically
complete ring, and then introduce a p-adic family of such modular forms which will
be called a A-adic form. We fix a prime number p once and for all.

3.1 Modular forms defined over a ring

In what follows, we will define the space of Hilbert modular forms defined over a
p-adic integer ring. For this purpose, we first make a brief review of the theory of
rationality for Hilbert modular forms, which was established by Shimura in [40]. As
in the previous chapter, we let £ > 1 be an integer, m a non-zero integral ideal in
Or and v : Clf(m) — C* a narrow ray class character modulo m.

Shimura showed that for f € M(m,) and o € Gal(C/Q), there exists a form
f7 € Mi(m,9?) such that (0, f7) = (0, f)? and c(n, f7) = c(n, f)? for all
A € Clf and n (Proposition 1.6; p. 644 of [40]). Here ¢° : Clf(m) — C* is a narrow
ray class character modulo m defined by 7 (n) = ¥ (n)°.

Definition 3.1.1. Let A be a subring of C. A Hilbert modular form f € M (m,)
is said to be defined over A if ¢\ (0, f),c(n, f) € A for all A € Cl} and non-zero ideal
nin OF

The subspace of My(m, ) consisting of forms defined over A is denoted by
My (m,; A). We put Si(m,; A) = Sp(m, ) N My(m,1p; A) for the space of cusp
forms defined over A. My (m,1; A) and Si(m, 1; A) admit the structure of A-modules
via scalar multiplication. In view of Example 2.4.4, we have f7|Tw(n) = (f|Tw(n))?
and f7|Sn(n) = (f|Sm(n))? for f € Mi(m,) and o € Gal(C/Q), namely, the spaces
My (m,¢; A) and Si(m, 1; A) are preserved by the Hecke operators Ty, (n) and Sy (n),
if A contains the values of ¢). Shimura proved that

Mi(m,1p) = My(m, ¢; Z[1)]) @zpy) C

where Z[)] is the ring obtained by adjoining all the values of ¢ to Z (Proposition
1.7; p. 645 and Proposition 2.6; p. 652 of [40]). We can deduce from this equality
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that the Hecke eigenvalues for T (n) are algebraic integers (Proposition 2.2; p. 650
of [40]).

Now let p be a prime number and fix an algebraic closure @p of Q,. We also fix
embeddings ¢, : Q — @p, L @p — C and put too = 10, : Q — C. Let p be the
prime ideal of F' lying over p determined by ¢,.

Definition 3.1.2. We define M (m,;Q,) to be My(m,v; Z[Y]) @z Q,. For a
subring A of @p, the subspace M (m,1; A) of My (m,; @p) consists of forms f with
the defining data ¢, (0, f),c(n, f) € A for all A and n. The same for the space of
cusp forms Si(m,1; A).

Shimura has shown in Section 2 of [40] that My(m, ¢; A) = My (m, ¢; Z[Y]) @z A
for any field A in @, or C containing Q[¢)] or Q,[¢/], respectively. For a subring R
of such a field A containing Z[v] or Z,[¢)], we let My(m,1; R) denote the subspace
of Mg(m,; A) with the defining data in R. This definition is compatible with that
in Definition 3.1.2.

3.2 The Uy -operator and the ordinary idempotent

Let O be the ring of integers of a finite extension of @, containing the values of
. We will define an ordinary idempotent e on Mjy(m,1; O) which we now make
precise. We note that M (m,1; O) is a free O-module of finite rank. We assume that
m is divisible by p and let U, = Ty, (p). The ordinary idempotent e is an O-linear
endomorphism on My (m,1; O) given by

: n!
= Jim U}
Since My(m,1; O) is free of finite rank over O, the limit e does exist in the en-
domorphism ring Ende(Mj,(m,; O)) and satisfies e? = e (see p. 537 of [46] and
Lemma 7.2.1; p. 199 of [15] for details). We define Mp(m,1; O) to be the image of
My (m,; O) by e and likewise Sy (m, 1; O) for the space of cusp forms.

Definition 3.2.1. We say that a Hilbert modular form f € My (m,; O) is ordinary
if f € M(m,v; 0).

The space Mg (m,1; O) is the maximal direct summand of Mj(m,¢; O) on which
the action of U, is invertible.

We now introduce the notion of p-stabilized newforms. For the precise definition
of a newform, we refer the reader to Section 2 of [40] where it is called a primitive
form. A newform is in particular an eigenform f for all the Hecke operators T'([),
U(l) and S(I) and is normalized so that ¢(Op, f) = 1. We just recall that for each
eigenform f € My(m, ) for all the Hecke operators, there exists a unique newform
f* of level ¢ a divisor of m such that the system of eigenvalues of f and f* for the
Hecke operators T'(I), U(l) and S(I) are the same for all prime ideals [ mc™!.
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Definition 3.2.2. Assume that m is divisible by p. A p-stabilized newform in
Mj,(m,v); Q,) is an eigenform for all the Hecke operators Ty (1), Un(l) and Sy (I) such
that the associated newform has a level that only differs from m at prime ideals
dividing p and the eigenvalue for Uy,(q) is a p-adic unit for each prime ideal q lying
over p.

We note that any p-stabilized newform lies in MP(m, ) including in weight one.
In particular, when k > 2, a p-stabilized newform is always of the shape f|e for a
newform f € M (m, ) of level dividing m with ¢(q, f) a p-adic unit for each prime
q sitting above p (cf. pp. 537-538 of [46]).

3.3 A-adic forms

In this section, we introduce a p-adic family of Hilbert modular forms in Mj(m, )
which interpolates Fourier coefficients of each member of the family as k£ and v vary.
We will give a exposition of such a family basically following [46].

We fix a prime number p and define p to be p if p # 2 and 4 if p = 2. Let F
be the cyclotomic Z,-extension of F' and G the Galois group Gal(F./F) which is
isomorphic to Z, as a topological group. This G will parametrize the weights and
exponents of p in the levels of a p-adic family which we will deal with. Let O be
the p-adic integer ring of a finite extension of Q, and A = O[[G]] = lim ,O[Z/p"Z]
the complete group algebra. We fix a topological generator v of G. Then A can be
identified with the power series ring O[[X]] in one-variable by sending v to 1 + X.
Let F'(pp) be the Galois extension of F' obtained by adjoining all the p-power roots
of unity to F. Then we have an isomorphism Gal(F(py)/F) = G x A, where A is a
subgroup of the group pip—1 of (p —1)-st roots of unity in Zx. Since G is isomorphic
to 1 + pZ,, we may regard Gal(F(p,~)/F) as a subgroup of Z>, and obtain the
p-adic cyclotomic character

Xp : Gr = Gal(F(uye)/F) — Z;
of Gr. Namely, we have
a(¢) = ¢ (a € Gp)

for any p-power root of unity ¢ € F. We may and do regard Y, as a character of G
via the isomorphism Gal(F'(uy~)/F) = G x A. Let

— 1; o X
W—nggoxg cGr = Z, = pp
be the Teichmiiller character. For k£ € Z and a p-power order character € : G — @; ,

let ¢y : A — Q, be the ring homomorphism induced by 5)(’;_1 G — @: . Let Py,
denote the kernel of ;.. Note that the character sending a € G to £(a)x,(a)*! is
of finite order if and only if £ = 1.
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Definition 3.3.1. Let L be a finite extension of the field of fractions oi A and Af
the integral closure of A in L. An O-algebra homomorphism P : A — Q,, is called
an arithmetic point of Ay if the restriction P|y of P to A is equal to ¢y . for some

integer k£ > 2 and a finite order character ¢ : G — @; )

Let xa : Gr — A* be the A-adic cyclotomic character obtained by composing the
canonical surjection Gp — G with the map G — A* taking v to 14+ X. Throughout
the paper, we will fix a finite extension L of the field of fractions of A.

Definition 3.3.2. Let ny C O be a non-zero ideal prime to p and ¢ : Clp(ngp) —
O* a narrow ray class character that is totally odd and tamely ramified at all prime
ideals p of F' lying over p as a character of Gp. A A-adic form F of tame level ny and
nebentype 1 is a collection {c,\(O,}")}/\em; U {c(n, F)}, of elements in Ay indexed
by Clf and the set of non-zero integral ideals n in Op, such that for all but finitely
many arithmetic points P of Ay, if P|y = ¢g., then there exists a Hilbert modular
form fp € My (ngp™™, ew!=*; Ole]) for the order p” of e with the property that

P(cx(0,F)) = cx(0, fp);
P(c(n, F)) = c(n, fp)

for all A and n. This form fp is often denoted by ¢y (F) as well (by slight abuse of
notation), and we call fp the specialization of F at P.

The set of A-adic forms of tame level ng and nebentype ¢ is denoted by M(ng, 1).
One can also define the notion of A-adic cusp forms by asserting each fp to lie in
Sr(nop" ™1, ew!=*; O[e]) in place of My (ngp" 1, vew!=*; Ole]). The resulting set will
be denoted by S(ng, ). In contrast to A-adic forms, elements in My (m, w;@p) will
often be referred to as classical forms.

The sets M(ng, 1) and S(ng, 1) admit the structure of Az-modules by multiplying
an element of Ay simultaneously to the defining data {c,(0, ]-")}/\601; U {c(n, F)},.
Furthermore, these spaces are equipped with Hecke operators T'(l), U(q) and S(I)
for each prime ideal [{ ngp and q | ngp of F' that are compatible with specializations,
as we now explain. For each prime ideal [ prime to ngp, xa and w are unramified at
[. Let Frob; be an arithmetic Frobenius at [. For a A-adic form F € M(ng, ), let
us define

FIS(1) = xa(Frob) (NN (1)~ F.

For each prime ideal [ | ngp, we put S([) = 0. Then for every classical specialization
Yk (F), we have

e (FIS(0) = N2 ppe (F) | Sngpra (1).

Secondly, we define T'(m) for a non-zero ideal m in Op. For each A\ € Cl}., we put

ex(0, FIT(m)) = D N(e)erpzu-1(0, F|S(c))

c|m
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where p € Clf (resp. pu € Cl}) is the narrow ideal class of ¢ (resp. m) and we
understand that S(Op) is the identity map. The non-constant term c(n, F|T'(m))
for each non-zero ideal n in O is defined to be

c(n, FIT(m)) = ) N(a)e(a *mn, F|S(a)).

n+mCa

Then it is a standard matter to check that for every classical specialization ¢y o (F),

Pre(FIT(m)) = ope(F)| T e (m).

Therefore S(I) and 7'(m) act on the space M(ng, 1) of A-adic forms, and the subspace
S(ng, ) is preserved by these operators as the subspace of classical cusp forms is
stable under the corresponding Hecke operators.

3.4 The space of ordinary A-adic forms

Definition 3.4.1. A A-adic form F € M(ng,v) is said to be ordinary if fp is
ordinary in the sense of Definition 3.2.1 for all but finitely many arithmetic points
P of AL-

The A-submodule of M(ng, ) consisting of ordinary A-adic forms of tame level
ng and character ¥ is denoted by M°(ng, ). Likewise S°(ng, 1) for the space of
ordinary A-adic cusp forms. An ordinary A-adic form is often referred to as a Hida
family. The following proposition is due to Hida when F' = Q (Proposition 7.3.1;
p. 212 of [15]) and Wiles for general F' (Proposition 1.2.1; p. 538 of [46]).

Proposition 3.4.2. There exists an endomorphism of Ap-modules e on M(ng, 1)
such that e* = e and

Pre(Fle) = one(F)le

for any classical specialization i (F) of F. Here, e on the right-hand side is the
ordinary idempotent which was defined in Section 3.2. Furthermore, for the Hecke
operator U, = T(p) acting on M(ng,v), we have

Fle = lim F|U"
n—oo
with respect to the topology induced by the mazimal ideal of Aj,.

We call this e the ordinary idempotent as in the classical case. This proposition
implies that M°(ng, 1)) = M(ng, ¥)|e and likewise for the space of A-adic cusp forms.
Indeed, an inclusion M(ng,1)le € M°(ng, ) follows by Proposition 3.4.2 which
asserts that e is defined in a way compatible with specializations. In order to verify
the other inclusion, we take F € M°(ng, ). There exist infinitely many arithmetic
points P such that fp is ordinary, namely, fp = fple. Then we see that ¢y (Fle) =
vre(Fle = frle = fp = @r(F). Since A is of Krull dimension two and the
intersection of ker(P) for infinitely many such P is zero, we have Fle = F, that is,
F € M(ng,v)|e. One of the main results concerning the space of ordinary A-adic
forms is the following
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Theorem 3.4.3 (Theorem 1.2.2; p.539 of [46])). M°(ng, %) and S°(ng, 1) are finitely
generated Aj-modules.

3.5 The control theorem

The key observation in the proof of Theorem 3.4.3 in the previous section is that the
rank of M?(nop, Yvw'%; 0) as an O-module is bounded independently of the weight
k > 2 (Lemma,; p. 539 in [46]). The control theorem, which we now state, asserts
that we can actually say more: for each k > 2, the space of classical ordinary forms
of weight k is realized exactly as the image of the specialization of M°(ng, ) at the
corresponding arithmetic point.

Theorem 3.5.1 (Theorem 3.4; p. 316 of [13]). For each arithmetic point P of
AL with P|yn = @k, the specialization at P induces isomorphisms of A /ker(P)-
modules:

M°(ng, 1) ®a, Ap/ker(P) = MR (ngp™™, Yew ™ P(AL));
S°(ng, ¥) ®a, Ar/ker(P) = S2(ngp"™ Yew™: P(AL)).

Remark 3.5.2. In a sequence of his papers including [13] in the late 1980s, Hida
extensively investigated the properties of the ordinary part of the universal Hecke
algebra over the Iwasawa algebra, and the original statement of Theorem 3.5.1 is
given in terms of Hecke algebras. It was not Hida but Wiles who first invented
the notion of A-adic forms, namely, a p-adic interpolation of Fourier coefficients of
classical Hilbert modular forms (of parallel weight) in [46]. Since there is the duality
between the aforementioned Hecke algebra and the space of ordinary A-adic cusp
forms (cf. Theorem 5.6; p. 336 of [13]), the original Theorem 3.4 in [13] can be
translated into the statement as in Theorem 3.5.1.

We now explain an important implication of Theorem 3.5.1.

Definition 3.5.3. An ordinary A-adic cusp form F € S°(ng, 1) is said to be a
primitive ordinary A-adic cusp form of (tame) level ng if it is normalized (i.e.,
¢(Op, F) = 1) eigenform for all the Hecke operators T'([), U(q) and S(I) for prime
ideals [ ngp and q | ngp, and for almost all arithmetic points P of Aj the special-
ization fp is an ordinary, p-stabilized newform of level divisible by n.

More detailed exposition on the notion of primitive ordinary A-adic cusp forms
can be found in p. 552 of [46]. As seen in Corollary 3.5 (p. 316) and Theorem 5.6
(p. 336) of [13], Theorem 3.5.1 has the following consequence:

Corollary 3.5.4. For a p-stabilized newform f in S§(ngp™+', ew=*;Q,) of weight
k > 2, there exists a unique primitive ordinary A-adic cusp form F of tame level ng
so that f = fp for some arithmetic point P of Ap.
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3.6 Weight one specializations of a A-adic form

In the previous section, we have observed that the spaces of classical ordinary Hilbert
modular forms of weight k& and level ngp"*! are very nicely controlled as weights
k > 2 and exponents r > 0 vary. However, in weight one this may fail. More
precisely, a weight one specialization (by this we mean a specialization at an O-
algebra homomorphism P : A; — @p that restricts to ¢ . on A for some finite order

character ¢ : G — @; ) of an ordinary A-adic form F is in general an overconvergent
Hilbert modular form of weight one, and may not be classical.

Remark 3.6.1. Relating to Corollary 3.5.4, Wiles showed that for any p-stabilized
newform f in Sp(ngp"t!, ew!*;Q,) of weight k > 1, there exists a primitive ordi-
nary A-adic cusp form F of tame level ngy specializing to f (Theorem 3; p. 532 of
[46]). However, by his method which is slightly different from that of Hida used in
[13], the uniqueness of F is not guaranteed.

The main purpose of this thesis is to know about classical weight one specializa-
tions of an ordinary A-adic cusp form. We will deal with this topic in Chapters 5
through 7.
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Chapter 4

Galois representations attached to
classical Hilbert modular forms

In this chapter, we give a brief account of the (systems of) Galois representations at-
tached to classical modular forms. It will be revealed that the Galois representation
attached to a classical cusp form of weight one possesses quite different properties
from that in the case of weight at least two. Therefore we will distinguish the
descriptions for each case.

Throughout this chapter, any Hilbert cusp form is assumed to be a normalized
Hecke eigenform for the Hecke operators 77(l) and S([) for all prime ideals [ of F'. Let
m be a non-zero integral ideal in F', ¢ : Clp(m) — C* a narrow ray class character
modulo m and f € Si(m,) a Hilbert cusp form. Since f is a normalized Hecke
eigenform, one has ¢(Op, f) = 1 and thus f|T'(l) = (I, f)f for each prime ideal
[ (cf. Remark 2.4.6). The field Q({c(n, f)},) obtained by adjoining all the Hecke
eigenvalues of f is known to be an algebraic number field, and the coefficients c(n, f)
are algebraic integers (Proposition 2.2; p. 650 of [40]). This field is called the Hecke
field of f and denoted by Q(f). Shimura also showed that Q(f) is either totally real
or a totally imaginary quadratic extension of a totally real field (Proposition 2.8;
p. 654 of [40]).

4.1 The case of parallel weight at least two

We will first deal with the case where the weight £ is at least two. We introduce
a theorem that associates to f the system of Galois representations {py,}, P Q)
parametrized by the set Pr(Q(f)) of finite places of the Hecke field Q(f). Let O(f)
be the ring of integers of Q(f), O(f), the completion of O(f) at v € P:(Q(f)) and
p the residue characteristic of v. In the case where F' = Q, the following theorem
is due to Eichler-Shimura when k = 2 ([41] Chapter 7) and to Deligne when k > 2

([3)-

Theorem 4.1.1 (Rogawski-Tunnell [33], Ohta [25], Wiles [46] and Taylor [45]). Let
f € Sk(m, ) be a normalized eigenform of weight k > 2. For each finite place
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v e P(Q(f)), there exists a continuous irreducible Galois representation

prv: Gr = GLy(O(f)o)

which is unramified outside mp and

Tr(ps.)(Froby) = c(1, ), det(ps.)(Froby) = ¢(HN(N)F! (4.4.1)

for every prime ideal L1 mp. Here Froby is an arithmetic Frobenius at 1.

The system {psu},c PQ(f) 18 compatible in the sense that the trace of the repre-
sentations py, are independent of the finite places v. Furthermore, Chebotarév den-
sity theorem implies that det(pys,) = x5 ", where x,, : Gp = Gal(F(pp~)/F) =2 7
is the p-adic cyclotomic character of G.

Remark 4.1.2. The way of constructing Galois representations as in Theorem 4.1.1
is quite geometric. In the case of elliptic cusp forms with weight two, Eichler and
Shimura constructed an abelian variety Ay of dimension [Q(f) : Q] out of f and the
v-adic Galois representation py, : Gp — GL2(O(f),) in Theorem 4.1.1 is obtained
as the extension of scalar to Q(f), of the p-adic Tate module attached to A; over
@Qp. In the higher weight case, Deligne considered (k — 2)-times self fiber product
EF=2 of the generalized universal elliptic curve £ and showed that the v-adic Galois
representation in question appears as a subquotient of the p-adic étale cohomology
group of the desingularization of £572 (so-called Kuga-Sato variety).

Contrary to Deligne’s method, in his unpublished paper [42] Shimura showed
congruences modulo a power of p between cusp forms of weights £ > 2 and those
of weight two, and reduced the construction of Galois representations in Theorem
4.1.1 to the case of weight two. However, Shimura’s method does not prove Ra-
manujan’s conjecture which is a consequence of Deligne’s geometric construction of
ps» combined with Weil conjecture (more precisely, Riemann hypothesis).

Here is a historical remark concerning Theorem 4.1.1 in the case where F' is a
general totally real field.

Remark 4.1.3. In the case of Hilbert modular forms, Rogawski-Tunnell and Ohta
proved Theorem 4.1.1 when either

(i) the degree [F': Q] is odd, or

(ii) for some finite place v € P(F) of F, the local component , at v of the
automorphic representation 7y = ® Pi(F) o of GLy(Apy) corresponding to f
is special or supercuspidal.

Such restrictions are forced because their method of proof rely on Jacquet-Langlands
correspondence ([18] Chapter III and [39]) which relates Hilbert modular forms de-
fined over F' with automorphic forms on certain quaternion algebra over F. Wiles
constructed missing v-adic representations when [F' : Q] is even under the assump-
tion that f is ordinary at v in the sense of Definition 4.1.4 below. Finally, Taylor
removed the constraint of f being ordinary at v in the case where [F': Q] is even.
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For later use, we also mention a known result on the local behavior of py, at the
prime ideals dividing the residue characteristic of v.

Definition 4.1.4. We say that a form f of weight £ > 1 is ordinary at v if for each
prime q | p the polynomial

® —c(q, f)z + (@)N(g)* " (4.4.2)

has at least one root which is a unit in O(f),.

Theorem 4.1.5 (Theorem 2.1.4; p. 561 of [46]). Let f be a newform of weight k > 2,
level m, character ¢ and v € Pi(Q(f)) with residue characteristic p. Suppose that f
is ordinary at v. Then the v-adic Galois representation ps, : Ggp — GLo(O(f),) as
in Theorem 4.1.1 restricted to the decomposition group Dy at q is, up to equivalence,
of the shape

~ | €1 k¥
prolpg =1 .

where €5 : Dy — O(f)X is an unramified character and eo(Froby) = a(q, f). Here

(%

a(q, f) is a v-adic unit root of (4.4.2).

Remark 4.1.6. We note that in fact Theorem 4.1.5 is valid for £k = 1 as well. When
the weight k is at least two, the polynomial (4.4.2) has at least one v-adic unit root
if and only if the Fourier coefficient ¢(q, f) is a v-adic unit. In this case exactly one
root of (4.4.2) is a v-adic unit and the other is not, as N(q)¥~! is divisible by v.
Hence there is exactly one choice for a(q, f) in Theorem 4.1.5.

4.2 The case of parallel weight one

In the case of weight one, we will see that one can also associate a system of Galois
representation {pf,v}ve PHQUS) to f as in the previous section. However, in this case

we can further say that for each v € Pr(Q(f)) the image of py, is finite, and py,,, lifts
to the same complex representation for any v. More precisely, we have the following
theorem:

Theorem 4.2.1 (Deligne-Serre [4], Rogawski-Tunnell [33], Ohta [26] and Wiles
[46]). Let f € S1(m, ) be a normalized eigenform for all the Hecke operators. There
ezists a totally odd irreducible continuous representation py : Gp — GLo(C) that is
unramified outside m and

Tr(ps)(Froby) = ¢(1, f), det(ps)(Froby) = ¢(I) (4.4.3)

for each prime ideal 11 m.

Remark 4.2.2. Note that the image of py is finite since py is continuous. In general,
a continuous representation p : Gp — GL,(C) is called an Artin representation.
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In the case where F' = Q, this theorem is due to Deligne-Serre. Later Rogawski-
Tunnell and Ohta generalized the result of Deligne-Serre to the case of Hilbert
modular forms under the assumptions (i) and (ii) explained in Remark 4.1.3. In
contrast to the higher weight case, Wiles showed the existence of ps, without the
assumption that f is ordinary at v (Theorem 2.4.1; p. 571 of [46]).

Roughly speaking, the construction of p; consists of two steps. To explain this
first suppose that F' = Q. For each v € P(Q(f)), let F, denote the residue field at
v. The first step is to construct py, : Gp — GLy(F,) with the property that

Tr(py.)(Froby) = ¢(l, f) mod p,, det(py,)(Froby) = ¢(I) mod p, (4.4.4)

for each prime ideal [{ mp. This can be done by using the Eisenstein series

Emzl—b;l-me: Z d™ ) "

n=1 \0<d|n

of weight m with respect to SLs(Z), where m > 4 is an even integer and b,, is
the m-th Bernoulli number. By von Staudt-Clausen’s theorem, FE,, has p-integral
coefficients and is congruent to 1 modulo p when m = 0 mod (p — 1). Therefore
f - E,, is of weight m+1>2and f- F,, = f mod p,. We use Deligne-Serre lemma
(Lemme 6.11; p. 522 of [4]) to find a normalized eigenform g € S,,41(m, ) with
p-integral coefficients such that g = f - E,, mod p’ for some prime ideal p’ dividing
p,. Then we obtain the p’-adic Galois representation p, , by applying Theorem 4.1.1
to g, and the residual representation py . = p,» mod p’ satisfies (4.4.4). It turns
out that p,, is realizable as a representation over IF,. Hence pgy, is the desired
representation py ,.

The second step is to show that the image of py, is bounded independently of v.
If one could show this, then the order of Im(py,) would be prime to p for sufficiently
large p and one could find an integral representation p of G, defined over a finite
extension of the Hecke field Q(f) of f which reduces to ps, for infinitely many
v. This step strongly relies on a result of Rankin which asserts that for a system
{c(l, f )}”m of Hecke eigenvalues of the Hecke operators in Si(m, ), one has

D lel, NP < log(1/(s — k) + O(1)

llm

as s — k (see Section 5 of [4] for details).

Now we deal with a general totally real field F'. We first need to replace the
Eisenstein series E,, by “Hasse invariant” studied by Katz in [20] (this is the re-
placement adopted by Rogawski-Tunnell and Ohta) or the form 6 whose existence
was proved by Wiles (Lemma 1.4.2; p. 547 of [46]). The application of Rankin’s
method in the second step is justified by a theorem of Jacquet-Shalika [19] (and also
Proposition 4.13; p. 669 of [40]).
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4.3 Projective image of GGalois representations at-
tached to modular forms

Throughout this section, we fix an odd prime p and an algebraic closure @p of Q,.
We also fix embeddings ¢, : Q<= @p, L @p — C and put too =101y Q< C.

Let f € Sk(m,?) be a normalized eigenform for all the Hecke operators and
Q(f) the Hecke field of f. We regard Q(f) as a subfield of @p via the embedding
tp, and let p be the prime ideal of Q(f) lying over p determined by this ¢,. When
k> 2, let prp : Gp — GL2(O(f),) be the p-adic representation attached to f as
in Theorem 4.1.1. When the weight £ is one, according to the construction of the
Artin representation ps : Gp — GLo(C) attached to f in Theorem 4.2.1, we see
that the mod-p representation ps, : Gp — GLy(IF,) in the previous section lifts to
a characteristic zero representation pf, : Gp — GL2(O’), where O’ is the ring of
integers of some finite extension of Q, with residue field IF,. We have py = ¢ 0 py,.
From now on, we write O = O(f), if k > 2 and O = O’ if k = 1, F, for the residue
field of O, and py, for py, mod p.

The main purpose of this section is to classify the image of the mod-p represen-
tation pr, : Gp — GLy(Fy) in PGLy(F,). When the weight £ = 1, we will further
specify the image of p, : Gp — GL2(0) in PGL2(O) according to that of py.
To carry out this, we first recall Dickson’s classification of subgroups of PG Ly(F),
where F is a finite field of characteristic p and p is an odd prime.

Theorem 4.3.1 (Dickson). Let p be an odd prime and F a finite field of character-
istic p. Let G be a subgroup of GLy(F) and H the image of G in PGLy(F). Then
either of the following holds:

o if the order of G is divisible by p, then H 1is either

(1) contained in a Borel subgroup of PGLo(F'") where F'/F is quadratic, or
(2) congugate to PSLy(F") or PGLy(F') for a subfield F" of F.

e if the order of G is prime to p, then H is either

(3) a cyclic group of PGLy(F) and G is contained in a Cartan subgroup of
GLy(F), or

(4) a dihedral group Da,, of order 2m where m > 2 is an integer prime to p,
and G is contained in the normalizer of a Cartan subgroup C' of G Ly(F)
but not contained in C' itself, or

(5) isomorphic to one of Sy, Ay or As where S, is the symmetric group of
order n! and A, is the alternative group in S,.

For a modern and clear proof of this theorem, we refer the reader to Section 3.6
of [43]. One can also find a detailed proof in Lemma 2 of [44] (p. 12) in the case
where F = F,. We take G to be the image of py, in Theorem 4.3.1. Then py, is
irreducible if and only if one of (2), (4) or (5) happens.
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Definition 4.3.2. Let f € Si(m,1) be a normalized Hecke eigenform of weight
k > 2. Then p is said to be an exceptional prime for f if (2) in Theorem 4.3.1 does
not occur for G = Im(py,).

The following theorem, which was shown by Serre-Swinnerton-Dyer, Ribet and
Momose in the case of F' = QQ and by Dimitrov for general F, tells us why prime
ideals as in Definition 4.3.2 are said to be “exceptional”.

Theorem 4.3.3 (Serre-Swinnerton-Dyer [44], Ribet [29], [31], [32], Momose [24],
Dimitrov [5]). Let f € Sg(m, ) be a non-CM normalized Hecke eigenform of weight
k > 2. There exist only finitely many prime ideals of the Hecke field Q(f) which are
exceptional for f. In particular, for all but finitely many prime ideals p of Q(f), the
image of ps, contains SLa(Fy).

In contrast to higher weight case, it will be revealed that for a weight one form
f € Si(m, %), the image of py, satisfies either (4) or (5) in Theorem 4.3.1. To
observe this, we recall possible finite subgroups of PG Ly(C).

Proposition 4.3.4 (cf. Section 3.3 of [37] or Section 2.5 of [35]). A finite subgroup
of PGLy(C) is isomorphic to either of the following:

(i) a cyclic group C,, of order n, where n > 1 is an integer, or
(ii) a dihedral group Da, of order 2n, where n > 2 is an integer, or
(iii) one of Sy, Ay or As.

Since the Artin representation py : Gp — GLo(C) attached to a weight one form
f is irreducible, the image of p; in PG Lo(C) satisfies either (ii) or (iii) in Proposition
4.3.4. We now prove the following:

Proposition 4.3.5. Let f € Si(m,v) be a normalized Hecke eigenform of weight
one and py the Artin representation attached to f.

o If the image of py in PG Ly(C) is isomorphic to a dihedral group Do, then the
image of prp in PGLy(FFy) is isomorphic to the dihedral group Ds,y,, where m
15 the prime-to-p part of n.

o If the image of py in PGLy(C) is isomorphic to Sy (resp. A4, As), then the
image of pry in PGLy(F,) is isomorphic to Sy (resp. A4, As).

Proof. This proposition can be shown in the same way as Lemma 4.2; p. 674 of [6].
Let pgy : G — GL2(O) be the aforementioned p-adic representation which reduces
to prp modulo p and satisfies py = ¢ o ps,. We note that the kernel of the reduc-
tion map PGLo(O) — PGLy(F,) is a pro-p group. Therefore the image of pys, in
PGLy(0) injects into PG Lo (F,) if it does not contain a non-trivial normal subgroup
of p-power order. Since neither Sy, A4 nor A5 contains such a normal subgroup, the
image of py, in PG Ly(0O) is isomorphic to the image of py, in PGLy(FF,) in the case
of (iii). On the other hand, the dihedral group D,, contains a normal subgroup of
order n/m, namely, a cyclic subgroup C,mm, C C,. Therefore the image of Ds, in
PGLy(Fy) is isomorphic to Ds,, in the case of (ii). O
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Definition 4.3.6. Let f be as in Proposition 4.3.5. We say that f is of dihedral
type (resp. of exceptional type) if the image of py in PGL4(C) satisfies (ii) (resp.
(iii)) of Proposition 4.3.4.
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Chapter 5

Galois representations attached to
A-adic forms

In this chapter, we observe that to each primitive ordinary A-adic cusp form F whose
notion was introduced in Section 3.5, one can associate a Galois representation pr :
Gr — GLy(L) so that it p-adically interpolates the p-adic Galois representations
attached to any arithmetic specialization of F in a well-defined sense.

We fix an odd prime number p and an algebraic closure @p of Q, in the rest of this
thesis. We also fix embeddings ¢, : Q— @p, L @p — C and put oo = 101, : Q—C.
We keep the notation introduced in Section 3.3. We fix a finite extension L of the
field of fractions of A, a non-zero integral ideal ng C O prime to p and a narrow
ray class character ¢ : Clg(ngp) — O which is totally odd and tamely ramified at
all prime ideals of F' lying over p.

5.1 Construction of A-adic Galois representations

As we explained in Section 3.5, each arithmetic point P of A gives rise to the space
of ordinary cusp forms S?(ngp™ ™1, vew!=*; Ole]) where P|y = ¢p.. The ordinary
Hecke algebra hQ(ngp™ ™, vew!™"; O[e]) associated to this space is defined to be the
O|e]-subalgebra of Endep(Sg(nop™™, ew'*; Oe])) generated by Hecke operators
T 1 (D) and Syopre1 (1) for all prime ideals [ of F. Theorem 4.1.1 asserts that any
normalized Hecke eigenform in S¢(ngp" !, vew!=*; O[e]) produces the p-adic Galois
representation from Gg to GLy(Ole]). In terms of the ordinary Hecke algebra, this

can be rephrased as follows: There exists a continuous Galois representation
Pk, nop+1 ppewl—F - GF — GL2<hz(n0pT+l7¢€wl_k; O[E]))
that is unramified outside ngp and

det(1 — X pg poprtt gpewt—# (Froby)) = 1 =T 1 (00X 4 Spoprrr (NN(D)F1X?

nop

for each prime ideal [ not dividing ngp.
In a sequence of his papers beginning from [11], Hida showed that py, n pr+1 gewi-+'s
can be p-adically interpolated. To be more precise, let h°(ng, 1) be the A-subalgebra
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of Endy, (S°(ng,v)) generated by Hecke operators T'(I) and S([) acting on S°(ng, 1)
for all prime ideals [ of F. We let h*"*¥(ng, ) be the quotient of h°(ng, ) by its
nilradical. We have the following theorem:

Theorem 5.1.1 (Theorem II; p. 546 of [11]: see also [14]). There exists a Galois
representation

Proy - G = GLa(h™" % (ng, ) @, L)
that is unramified outside ngp and
det(1 — X pyy(Froby)) = 1 — T(0)X + S(ON() X

for each prime ideal | of F' prime to nop. Furthermore, pn, . is ordinary in the
sense that for each prime ideal q of F' sitting above p, the restriction of pu,. to the
decomposition group Dy at q is of the shape

~ | €1 *
pnOvd)'Dq: 0 €9

where €5 is an unramified character and eo(Froby) = U(q).

This was the path followed by Hida. On the other hand, Wiles invented the
notion of A-adic forms in [46], and constructed the Galois representation attached
to a primitive ordinary A-adic cusp form by glueing together infinitely many pseudo-
representations arising from the Galois representations attached to p-stabilized new-
forms. We refer the reader to Section 2.2 of [46] for details of his argument, partic-
ularly his use of the pseudo-representations.

Theorem 5.1.2 (Theorems 2.2.1 and 2.2.2; p. 562 of [46]). Let F be a primitive
ordinary A-adic cusp form of tame level ng in S°(ng, ). There exists an irreducible
Galois representation

PF : GF — GLZ(L)

that is continuous in the following sense: pr preserves a Ap-lattice £ in L?, and the
resulting representation Grp — Endy, (L) is continuous with respect to the topology
induced by the maximal ideal of A;,. Furthermore,

e pr is unramified outside ngp and
Tr(pr)(Froby) = ¢(I, F), det(pr)(Froby) = ¢¥(l)xa(Frob)  (5.5.1)
for each prime ideal | of F' not dividing ngp, and

e pr is ordinary, that is, for each prime ideal q of F lying over p, pF restricted
to the decomposition group Dy at q is, up to equivalence, of the shape

~Y gq *
p}—|Dq = O Dq
where &, Dy : Dy — N[ are characters with the property that Dy is unramified
and Dq(Frob,) = c(q, F).
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Remark 5.1.3. We have two remarks concerning the definition of the continuity of pr
in Theorem 5.1.2. Firstly, the definition of continuity does not depend on the choice
of a lattice £, due to Artin-Rees theorem. Secondly, we do not know in general
whether a G p-stable lattice £ can be taken so that £ 2 A7 or not (see p. 533 and
p. 562 of [46]). In spite of this fact, the notion of the reduction of pr modulo each
prime ideal of A, makes sense, as we will see in the next section.

We mention the relation between Theorems 5.1.1 and 5.1.2. By duality theorem
(Theorem 5.3; p. 336 of [13]), a primitive ordinary A-adic cusp form F of tame level
ng in S°(ng, 1) corresponds to a Ap-algebra homomorphism Az : ho"%(ng, ) — AL
such that Az(T'(1)) = c(I, F) and Ax(S(I)) = (I)N()~"txa(Froby) for each prime I
prime to ngp, and Ax(U(q)) = ¢(q,F) for each prime q of F' dividing ngp. These
equalities imply that pr = Az o py,_ 4.

Remark 5.1.4. In his paper [14], Hida obtained results similar to Theorem 5.1.1 in
the case of nearly ordinary (namely, ordinary but not necessarily parallel weights)
Hecke algebras as well. Since we will content ourselves in the case of Hilbert modular
forms with parallel weights, we do not pursue this.

5.2 Reductions and the residual representation

In this section, as we declared in Remark 5.1.3, we will associate the residual repre-
sentation of pr modulo P to each prime ideal P of Ay. Recall that the coefficient
ring Ay is local and of Krull dimension two. Let m = m,, be the maximal ideal of
the local ring Ay and F = Ay /m which is a finite field of characteristic p.

Proposition 5.2.1. For each prime ideal P of Ay, there exists a unique continuous
semi-simple representation pr mod P of Gg which takes values in GLy(Q(AL/P)),
where Q(A/P) is the quotient field of A/ P, characterized as follows: pr mod P
s unramified outside ngp with

det(1 — X (pr mod P)(Froby)) = det(1 — X px(Frob;)) mod P

for each prime ideal | of F' not dividing ngp.

Proof. One can find the following argument in the proof of Corollary 7.5.1; p. 229 of
[15]. When P = {0}, this is nothing but Theorem 5.1.2. Therefore we may assume
P # {0}. We proceed our argument by induction on the height of the non-zero
prime ideal P. Suppose first that P is of height one. Let £ be a Ap-lattice in L?
that is preserved by the action of G via pr. We regard pr as pr : Gr — Endy, (£).
The localization Az p of Ay, at P is a valuation ring. Let Lp = £ ®x, A p. Since
L is a Agp-lattice, we have Lp ®p, , L = L?. Thus Lp is free of rank two over
A p and we obtain pr : Gp — GLy(Ap p). Reducing pr modulo P, we have a
continuous representation pr mod P : Gp — GLy(Ap p/PALp) = GL2(Q(AL/P)).
The semi-simplification of pr mod P satisfies the desired properties.

Secondly, let A} be the integral closure of A/(P N A) in Ay p/PAL p (here, P
is an arbitrary height one prime ideal). Then Ay /P is contained in A, which is a
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valuation ring and Az p/PAy p is the fraction field of A}. The inverse image of the
maximal ideal of A’ under the map A, — Ap/P C A is m = my,. By inductive
hypothesis on the height of P, we have a representation pr : Gp — GLo(F). Since
the trace of pr is characterized by (5.5.1), its semi-simplification p% : Gp — G Ly(F)
does not depend on the choice of £. This completes the proof. m

We note that a semi-simple representation is characterized by the values of trace
and hence the residual representations in Proposition 5.2.1 is independent of the
choice of a lattice £. Furthermore, we see that if P is an arithmetic point of A,
then pr mod P is the p-adic representation attached to fp in the sense of Section
4.3.

Definition 5.2.2. We call g% : Gp — GL(F) the residual representation of F.

With the proof of Proposition 5.2.1 in mind, the p-adic Galois representation
prp : Gr — GLy(O) attached to any classical specialization of F gives rise to the
same mod-p representation, namely, the residual representation p% : Gp — G Lo(F).

5.3 Classical weight one specializations and the
image of the residual representation

As we have observed in Section 4.3, the Artin representation attached to a classical
weight one form has several properties different from that of higher weight case.
In this section, we investigate the image of the residual representation p% when F
admits a classical weight one specialization. Let f be a classical weight one form
that is obtained as a specialization of F and p;, the p-adic representation attached
to f as in Section 4.3 so that py = ¢ o ps,. Since the mod-p representation py, is
irreducible and isomorphic to p%, we deduce from Proposition 4.3.5 the following:

Proposition 5.3.1. Let F and f as above. Then f is of dihedral type if and only
if the image of p% in PGLy(F) is a dihedral group. Similarly, the image of ps in
PGLy(C) is isomorphic to Sy (resp. A4, As) if and only if the image of p% in
PGLy(F) is isomorphic to Sy (resp. Ay, As).

In particular, the type of the classical weight one specializations in F is deter-
mined by F itself, namely, if one of the classical weight one specializations of F is of
dihedral type, then any classical weight one specialization of F is of dihedral type,
and likewise for Sy, A4 and As types.

Another consequence of this proposition is that if F admits a classical weight
one specialization, then p% is irreducible, and hence it is isomorphic to pr in the
proof of Proposition 5.2.1. Therefore pr itself is unique up to isomorphism.

Definition 5.3.2. A primitive ordinary A-adic cusp form F is said to be residually
of dihedral (resp. exceptional) type if the image of g% in PG Ly(F) is isomorphic to
a dihedral group (resp. one of Sy, Ay or Aj).
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5.4 Representations of dihedral type and induced
representations

In this section, we observe that if F is residually of dihedral type, the residual
representation pr is induced by a character ¢ of the Galois group of a quadratic
extension of F. Further, the Artin representation attached to any classical weight
one specialization of F (if exists) is induced by a character ¢ which is a lift of @.
To observe this, we make use of the following two lemmas.

Lemma 5.4.1. Let E = F or C, and p : Gr — GLs(E) be a continuous rep-
resentation such that its image in PGLy(E) is a dihedral group D. Then there
exists a quadratic extension K of F' so that p is isomorphic to p ® ek p, where
ex/p : Gp — {£1} is the quadratic character corresponding to the extension K/F,
that is, ker(ex/r) = Gk.

Proof. Let C be a cyclic subgroup of index two in the dihedral group D. Let
7 : GLy(E) — PGLy(E) be the natural surjection. Then the inverse image 7~ *(C)
is a Cartan subgroup in GLy(E), and the image Im(p) = 7~ !(D) is the normalizer
of 7 1(C) in GLy(E). Therefore, by replacing E with a quadratic extension of E if
necessary, the realization of p with respect to the basis corresponding to the Cartan
subgroup 7~ !(C) is diagonal on 771(C) and is anti-diagonal on 7=} (N)\7~}(C). Let
K be the quadratic extension of F' corresponding to the kernel of the homomorphism

Gr - YD) —~— D D/C = {#1}.

Then we see that the trace of p(g) is zero if ¢ € G is not contained in Gg. This
implies that the trace of p and p ® ex/r are the same. Since both of p and p® ek
are irreducible, we conclude that p = p ® ex/r. [

Remark 5.4.2. In Lemma 5.4.1, if D = D,, for an integer n > 3, then the cyclic
group C' is unique and hence the quadratic extension K is uniquely determined by
p. When D = D, (Klein’s group), there are three distinct cyclic subgroups C' of
order two in D, and hence there are exactly three possibilities for K.

We shall show that any representation as in Lemma 5.4.1 is induced by a char-

acter of Gal(F/K).

Lemma 5.4.3. Let O be either a finite field of characteristic p, the ring of integers
of a finite extension of Q, or a finite extension L of the field of fractions of A.
Let p : Gp — GLy(O) be a continuous irreducible representation, K a quadratic
extension of F, ex/p : Gp — {£1} the quadratic character corresponding to K/F
and G = Gal(F/K). When O = L, we understand that p is continuous in the
sense of Theorem 5.1.2. Then we have p = p @ ek /r if and only if there exists a
character ¢ : G — O that takes values in a finite integral extension O’ of O such
that p is isomorphic to the induced representation Indf () over O'.

Remark 5.4.4. Lemma 5.4.3 is a special case of Lemma 3.2 (p. 570 of [7]), but for
reader’s convenience, we give a proof of this lemma.
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Proof. If p is induced by a character ¢ : G — O of K, then it follows by

vlg) 0O } for g € Gk and

definition of an induced representation that p(g) = [ 0 w(ogo—1)

p(g) = [90(9271) @(gg)] for g € G not contained in Gi. Here, 0 € G is any element
which does not lie in Gk and the values of p is independent of the choice of such
o. In particular, the trace of Ind%(¢)(g) is zero if ¢ € Gp is not contained in
Gk. Therefore p and p ® ek r have the same trace. Since both representations are
irreducible by our assumption, we conclude that p = p ® ex/p.

Conversely, we assume that p = p ® eg/p. By definition there exists a matrix

M € GLy(0) such that

Mp(g)M ™" = exr(9)p(9)

for all g € Gr. We enlarge O to O, change the basis of p if necessary and assume
that M is upper-triangular over O’ (replace M by its Jordan canonical form). Since
5%{/F =1, we have M?p(g)M~* = eg,;r(9)*p(g) = p(g). Irreducibility of p implies
that M? is a scalar matrix. Since ex /F is non-trivial, M itself is not a scalar matrix,
and thus the trace of M has to be zero. Therefore we have M = [g _’6;} In
particular, M has two distinct eigenvalues a and —a. Again we change the basis
of p and assume that M = [§ % ]. Let V denote the representation space of p.
Then M acts semi-simply on V. Let V(a) (resp. V(—a)) be the a-eigenspace (resp.
(—a)-eigenspace) of M. If v € V(+a), then Mp(g)v = faek/r(g)p(g)v. Therefore
if g € Gk, then p(g) preserves each of V(+a), and if g ¢ Gk, then p(g) permutes
V(a) and V(—a). Now let ¢ : G — O'” be the character defined by p(g)v = ¢(g)v
for all v € V(). Then a direct calculation shows that p is induced by . O

Now, suppose that F is of residually of dihedral type and f is a classical weight
one specialization of F. We apply Lemmas 5.4.1 and 5.4.3 to pr to find a quadratic
extension K of F' and a character @ : Gx — F* such that pr = Indk(p). As the
p-adic representation py, attached to f reduces to pr modulo p, if the image of py,
in PGLy(0) is Dy,, we can choose a cyclic subgroup C,, of order n inside Dy, so
that the image of C), in PGLy(F) is pr(Gg). With this choice of C,,, we see that
pyp is isomorphic to pr, ® ex/p and pyp is induced by a character ¢ : Gg — O
that lifts ¢. This observation is summarized as follows:

Lemma 5.4.5. Let F be a primitive ordinary A-adic cusp form which is residually
of dihedral type and pr = Indk (@) for some quadratic extension K of F and a
character ¢ : Gxg — F*. Then for each classical weight one specialization f of F,
the associated p-adic representation py, in the sense of Section 4.3 is induced by a
character ¢ : Gxg — O that lifts @.

5.5 Conductor of a representation

In the next section, we will study the local behavior of induced representations. To
carry out it, we introduce the notion of the (local and global) conductors associated
to a representation in this section.
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We begin with one-dimensional representations, namely, characters. Let K be a
quadratic extension of F', O either a finite field of characteristic p, the ring of integers
of a finite extension of @, or Ay, for a finite extension L of the field of fractions of A
and ¢ : G — O* a continuous character. In view of class field theory, it gives rise
to a continuous character ¢ : Ay /K> — O™ of the idele class group of K. For each
finite place v € P;(K) prime to p, the restriction of ¢ to O is of finite order. Let

Uk, (p’;(i)(w)) be the kernel of this restriction, where n,(p) is a non-negative integer.

Definition 5.5.1. Let K, O and ¢ as above and v a finite place of K not dividing
p. The v-conductor cond, () of the character ¢ is the ideal p?(”v(‘p) in Og.

Now suppose that there exists a non-zero ideal € in O so that ¢ factors through
Aﬁ/KXUI(f)((’I), where U[(f)((’l) = [Toepi(x), vpp Ur, (€). Then ¢ is unramified outside
Cp, namely, for any v € P;(K) prime to €p we have n,(¢) = 0. Hence the product
[Tocp (k) ufp cOndu () is a well-defined integral ideal in Og.

Definition 5.5.2. Let K, O and ¢ as above and in addition suppose that ¢ factors
through Ay /K*U [(f)(@ for some non-zero ideal € in Og. We call the product
cond® (p) = [Tocp, (k) 0fp cOndu () the prime-to-p conductor of ¢.

If the character ¢ : G — O™ itself is of finite order (this is the case when O
is a finite field or Ind% () is the Artin representation attached to a classical weight
one form, for instance), we can define the v-conductor of ¢ for each place v € P;(K)
lying over p as well, and the product cond(¢) = [, cp,x) conds(p) is well-defined.

Definition 5.5.3. Let K, O and ¢ as above and suppose that ¢ is of finite order.
We call cond(y) the (Artin) conductor of a finite order character .

Secondly we wish to do the same thing as above for two-dimensional represen-
tations. Let O be either a finite field of characteristic p, the ring of integers of
a finite extension of @, or a finite extension L of the field of fractions of A and
p : Grp — GL3(0O) a continuous representation with the representation space V.
When O = L, we understand that p is continuous in the sense of Theorem 5.1.2.
For each finite place v € P;(F') prime to p, let us choose a decomposition group
Dp, at v in Gp. This choice amounts to fixing an embedding F, < Q; via which
we identify Dy, with the absolute Galois group Gal(F,/F,), where [ is the residue
characteristic of v. For any real number v > —1, we let D} denote the u-th ram-
ification group in the upper numbering in Dp,. We refer the reader to Chapter IV
Section 3 of [38] for the definition of the ramification groups, particularly to p. 74
and to Remarks in p. 75. Note that this defines a decreasing filtration in Dg, , and
we have Dy! = Dy, and DY, = Ip, the inertia group at v.

Definition 5.5.4. Let O and p : Gp — GLy(O) be as above. For each finite place
v € P(F) not dividing p, we define the v-conductor exponent n,(p) of p as follows:

ny(p) :/ codim (VP du.

-1

Here V?(Pi) is the subspace of V on which Dy, acts trivially via p.
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It is proved essentially due to a theorem of Hasse-Arf (Theorem in p. 76 of [38])

that the exponent n,(p) is a non-negative integer. Therefore we can define the v-
v (p)

v

conductor cond,(p) as pr'”’ and it is an integral ideal in Op. If p is unramified at

v, then we have V/Pi) = V for any u > —1 and thus n,(p) = 0. One can easily
see that the converse is also true. This leads us to pose the following

Definition 5.5.5. Let O and p : Gr — GL2(O) as above and suppose that p is
unramified outside a finite set of primes in P;(F). The (Artin) prime-to-p conductor
cond® (p) of p is the product [Tocp,(r) utp cOndu(p).-

When the representation p : Ggp — G L2(O) has finite image, one can also define
the v-conductor exponent n,(p) at each finite place v € P(F') lying over p as in
Definition 5.5.4, and it is a non-negative integer. The resulting v-conductor p?{(p )

will be denoted by cond,(p) as well.

Definition 5.5.6. Let O and p as above that suppose that p : Gp — GLy(O) has
finite image. The Artin conductor cond(p) associated with p is defined to be the

product [, ¢ p, () condy(p).

Note that since the image of p is finite, we have n,(p) = 0 for all but finitely
many v € P¢(F) and the product in Definition 5.5.6 is in fact an integral ideal in
Op. In the rest of the thesis, we will extensively investigate the conductor of the
Artin representation attached to each classical weight one form.

5.6 More on induced representations

In this section, we summarize several facts on induced representations which will be
used afterwards. As in Lemma 5.4.3, let O be either a finite field of characteristic
p, the ring of integers of a finite extension of @@, or a finite extension L of the field
of fractions of A. We begin with a simple lemma concerning the irreducibility of an
induced representation.

Lemma 5.6.1 (Mackey’s irreducibility criterion). Let K be a quadratic extension
of F and ¢ : G — O* a character. Then the induced representation Indf.(¢) is
irreducible if and only if p # ¢?. Here 0 € G is an element which does not lie in
Gk and ¢° : G — O* is the character defined by ¢°(g) = @(ogo™t). We note that
the character ¢ does not depend on the choice of 0 € Gp \ Gk.

As indicated above, this lemma is a very special case of Mackey’s irreducibility
criterion (Proposition 23 in [36]). For details of Mackey’s theory as well as the proof
of Lemma 5.6.1, we refer the reader to Section 7.2 of [36].

Secondly we compute the determinant of an induced representation as in Lemma
5.6.1.

Definition 5.6.2. Let K be a quadratic extension of F, G = Gal(F/K) and G3
(resp. G%°) the maximal abelian quotient of G (resp. Gg). The transfer map
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verg r : G5 — G52 associated to the extension K/F is defined as follows:

-1 .
[ gogo if g € G;
verg/r(g) = { g if g€ G\ Gk.

It should be mentioned that the definition of the transfer map can actually be
given purely group-theoretically, and is applicable to more general setting. See
Chapter VI §8 of [38] for the details. Now we are ready to compute the determinant
of p = Indj:(¢). By definition one has det(p)(g) = p(gogo™) = (p o verg,r)(g) for
g € Gk and det(p)(9) = —p(g?) = —(poverg/r)(g) for g € G\ G (see the proof
of Lemma 5.4.3). Hence we have

det(Indf((gp)) = gK/F . (QO o verK/F). (552)
We now move on to a study of the local behavior of induced representations.

Lemma 5.6.3. Let p: Gg — GLy(O) be a continuous representation (in the sense
of Theorem 5.1.2 if O = L) that is induced by a continuous character ¢ : G — O*
for a quadratic extension K of F'. Let [ be a prime ideal in F'. We have the following:

(1) Suppose that | splits or is inert in K. Then ¢ is unramified at every prime
ideal of K lying over U if and only if p is unramified at [.

(2) If [ ramifies in K, then p is ramified at [.

Proof. For each prime ideal [ in F', let us fix a decomposition group Dy, at [ and the
inertia group [, inside Dp. We note the following consequence of the local class
field theory:

e [splits in K if and only if Dp, is contained in G,
e [isinert in K if and only if I, is contained in Gg but Dp, is not,
e [ramifies in K if and only if I, is not contained in Gk.

Now suppose that [ is unramified in K and choose a prime ideal £ of K sitting above
[ so that I, = I, as subgroups of Gx. Then the induced representation Indf:(¢)
restricted to Ip, is of the shape

©lr 0
Ind% = Ke .
e [ 5 i }

Therefore, if p is unramified at [, then we see that ¢ is unramified both at £ and at
£7 (note that £ = £7 if [ is inert in K), and the reverse implication is also true.

On the other hand, if [ ramifies in K, then there exists an element g € I, which
does not lie in Gk. For such g we have

Indf}(gp)(g) = { 90(9(;1) QO((O)'Q) 1

and this can not be the identity matrix. Therefore the induced representation is not
trivial on Ir, namely, p is ramified at [. O
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The following proposition gives us more precise information on the local behavior
of an induced representation at ramified primes. For a finite extension K/F of
fields, we denote by dg/r (resp. by Ng/p) the relative ideal norm (resp. the relative
discriminant) of K/F. Let dx/p be the different ideal of K/F so that we have

Ni/r(Qx/r) = di/p.

Proposition 5.6.4. Let p: Gp — GLy(0), K and ¢ : Gxg — O* be as in Lemma
5.6.3. For every finite place w of K prime to p, we have

ordw(DK/F)

cond,(p) = pp, Ng/p(cond,(¢)), (5.5.3)

where v is the finite place of F' lying below w. Moreover, if p has finite image, that
is, if @ is of finite order, then the equality (5.5.3) holds for every w € P;(K) dividing
p as well.

We refer the reader to [23] for a rigorous proof and confine ourselves to making
some comments. In order to verify Proposition 5.6.4, it suffices to prove

no(p) = ordy(0k/r) + f(Kw/Fy)nw(p)

for every finite place w of K prime to p (and for w dividing p as well when p
has finite image), where f(K,/F,) is the relative degree of the extension K, /F,
of local fields. This equality can be shown basically by using Mackey’s formula on
induced representations which can be found in Proposition 22 of [36]. It should be
noticed that Proposition 5.6.4 holds true in a more general context: for instance,
the extension K/F can be replaced by an extension of arbitrary finite degree and
¢ : Gg — O™ can be a representation of any finite dimension.
The following is a consequence of Proposition 5.6.4 in a global point of view.

Corollary 5.6.5. Let p : Gp — GL3(0), K and ¢ : Gg — O* be as in Lemma
5.6.3. Suppose that p is ramified at only finitely many prime ideals in F'. Then we
have the following formula on the prime-to-p conductors

cond®) (p) = NK/F(cond(p)(go))d%F. (5.5.4)

Here, dg}F is the prime-to-p part of dx/p. Furthermore, if p has finite image, that
18, if @ is of finite order, then the equality

cond(p) = Ng/p(cond(p))dx/r (5.5.5)
of Artin conductors holds as well as (5.5.4).

One can now easily see that Lemma 5.6.3 is obtained as a consequence of Corol-
lary 5.6.5 (and hence of Proposition 5.6.4). In the following chapters, the equality
(5.5.5) will be referred to as the conductor-discriminant formula and frequently used.
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Chapter 6

Local indecomposability of
modular Galois representations

In this chapter, we will give a characterization of primitive ordinary A-adic cusp
forms F such that the associated Galois representations pr split at each prime
ideal lying over p. It will be revealed that such A-adic forms should have complex
multiplication (CM for short).

6.1 Construction of CM families

In this section, we will first give the definition of a primitive ordinary A-adic cusp
form with CM, and then explain how to construct such a A-adic form in an explicit
manner. We keep the notation in Chapter 5.

Definition 6.1.1. A primitive ordinary A-adic cusp form F of tame level ny in
S°(n,v) is said to be a CM family if there exists a totally imaginary quadratic
extension K of F'such that pr is isomorphic to pr ®@ek,p, where eg/p : Gp — {£1}
is the quadratic character corresponding to K/F. We also say that such a A-adic
form has CM by K.

According to Lemma 5.4.3, if F is a CM family, then pr is induced by a character
Uz of G which takes values in (a finite integral extension of) A;. We will explain
how to construct such a character Wx explicitly. As a consequence of it, we will
see at the end of this section that a CM family admits infinitely many classical
weight one specializations, and hence the residual representation of a CM family is
irreducible. In particular, any CM family is residually of dihedral type.

If Fis a CM family, then for each arithmetic point P of Ay, the p-adic represen-
tation py, , in the sense of Section 4.3 associated to the specialization fp satisfies
Prop = Prpp @ egyp. In view of Lemma 5.4.3, for each arithmetic point P, there
exists a character ¢p : Gx — Of for the ring of integers Op of a suitable finite
extension of Q, so that pg,, is induced by ¢p. We combine Theorem 4.1.1 and
Lemma 5.6.3 to see that for each prime ideal [ of F' prime to ngp, we have

(1 1) — | @r(Frobe) + @p(Frober) if Usplits in K, say (O = £27,
aLJjp) = 0 if [is inert in K.
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Therefore, the newform associated with the p-stabilized newform fp of level ng has
CM in the classical sense (namely, it is constructed out of a Hecke character of the
totally imaginary quadratic extension K of F'). For later use, we prove the following
lemma:

Lemma 6.1.2. If a p-stabilized newform f in Sp(m, ) of weight k > 2 has CM by
a totally imaginary quadratic extension K of F', then any prime ideal q of F' lying
over p splits in K, say qOx = Q. Furthermore, if the p-adic representation py,
attached to f is induced by a character ¢ of Gk, then ¢ is ramified at exactly one
of the prime ideals Q or Q°.

Proof. Let pg, be the p-adic Galois representation attached to f and q a prime ideal
of F sitting above p. Since f is ordinary, by Theorem 4.1.5, py, restricted to the
decomposition group D, at q is, up to equivalence, of the shape

~ | €1 ¥

where 5 : Dy = O(f )pX is an unramified character. Since f has CM by K, we have

Prp = prp @ ex/p and hence

€1 *
5]
This implies that € = ex/pe; or €1 = €g/pe2 on Dy. In the first case, the quadratic
character e/ is trivial on Dy, namely, q splits in K. In the second case, as €3 is
unramified, we have €; = ex/r on the inertia group I; at q. On the other hand, by
taking determinant we see that ¢X’Z§*1 = ¢; on I;. Since k > 2, X’;” is of infinite
order and thus so is ;. This contradicts 6%( P = 1.

As for the second assertion, we note that since q splits in K, the decomposition
group Dy is contained in G and
p, L0 ¥

~ | EK/FE1 *
0 EK/FE2

Dy Dy

&1 *

0 9
where o is any element of G not contained in G and ¢ is the character of G
defined by ¢7(g) = ¢(cgo~"). This implies that one has either (¢, ¢?) = (£1,e2) or
(p,97) = (€2,€1). As ey restricted to I is equal to ¢X’;_1 which is ramified at q and

g9 is unramified at q, we see that ¢ is ramified at exactly one of Q and Q7. This
completes the proof. n

Y

Dyq

Remark 6.1.3. We note that this proof may not work when f is of weight one, as
the determinant wxlg_l of pyp is of finite order if and only if £ = 1. In Lemma 7.1.2,
we will show the same result in the case of weight one under the assumption that
psp(lg) has order at least three.
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In what follows, we will explicitly construct a primitive ordinary A-adic cusp
form which has CM by a totally imaginary quadratic extension K of F. To be
specific, we will construct a character U : Gx — A7 for a suitable L that p-adically
interpolates the characters pp above. The exposition below is based on §4 of [12],
Section 3 of [16] and Section 4 of [1].

By Lemma 6.1.2, we may and do assume that every prime ideal q of F' lying over p
splits in K. For each such prime ideal ¢, we choose a prime ideal  of K lying over q
and put @ = Hq|p Q. Let € be an integral ideal of K prime to p and Wi (&) the group

A[X{/KXUI(?)(C)AIX{,OO, where we denote by UI(?)(Q) the product [, ¢ p, (5 v10 Ur. (€)-
From now on we fix a continuous idele character ¢q : Wg(€) — @: with the
property that ¢o(a) = a for any a € [],, Uk, (Q). Then the Galois representation
Ind% (o) is attached to an ordinary cusp form f in So(dr/FNK/P(€Q), néK/F;@p)
that has CM by K. Here, 1 is the ray class character of Clp(Ng,(€Q)) obtained by
restricting the finite order character A /K> Uk (€Q)Ak . — Q" that maps = € A%
to @o() [1,, zg', to AR/ F*Up(Ng/r(€Q))AL . Note that the latter quotient is
isomorphic to Clp(Ng,r(€Q)). We will construct a CM family passing through fp.

Without loss of generality, we may assume that the values of ¢, is contained in O,
where A = O[[G]].

Lemma 6.1.4. Let Wy be a mazimal p-profinite torsion-free subgroup of Wi (<)
that contains (1, Ur,(q))/Ur(p), where Ur(p) is the subgroup of Of. consisting of

units congruent to 1 modulo q for any prime ideal q lying over p and Ugp(p) is the
closure of the image of Ur(p) in ([, Ur,(a))/Ur(p). Then Wi is isomorphic to

Z}f‘s, where 0 is the defect in Leopoldt’s conjecture for F' and p.

Proof. We note that Wy (€) is isomorphic to the projective limit Jim ;>0Clg (€Q7)
of ray class groups of Clg(€Q’) of K modulo €Q7. In view of class field theory,
Wi (€) sits in the following exact sequence:

1 — Ox —— [J0ox, x (0Ox/€)
alp
— Wg(€) — Clg — 1 (6.6.1)

where O is the closure of the image of Oy in [, Of,. Let g denote the degree of

F over Q. Then it follows that the Z,-rank of || alp OIX<Q is g, since K is identical to
F, for each prime ideal q of F' lying over p. We also note that the global unit group
Ojp is a subgroup of finite index in Oy, as K/F is a totally imaginary quadratic

extension and thus they have the same Z-rank g — 1. In conclusion, the Z,-rank of
Wi is equal to that of (], O, )/OF, as desired. O

qlp

A byproduct of this lemma is that Wi is independent of an ideal € prime to
p and we have a (non-canonical) decomposition Wi (&) = Wx X A¢ where A¢ is
a finite group. Let G’ be the torsion-free part of the Galois group of the maximal
abelian pro-p extension of F' unramified outside p. By an exact sequence analogous

to (6.6.1) with K replaced by F', one sees that G’ is contained in (][, , Ur,(9))/Ur(p)
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and is a subgroup of Wi of finite index. In particular, the completed group algebra
O[[Wk]] is a finite integral extension of O[[G']].

Let L be the field of fractions of O[[Wk]] ®ojar,» A, where the O-algebra ho-
momorphism 7 : O[[G’]] — A is induced by a canonical surjection G’ — G of
Galois groups. It follows that the integral closure Ay of A in L is a finite integral
extension of A. Take a primitive character x : Ag — O* (by a primitive character
we mean that y does not factor through Ay for any proper divisor € of €). Let

U : Gk — O[[Wk]]* be the character obtained by composing a canonical surjection
Gg — Wgk(€) and

Wg(€) = Wi x A¢ = O[[Wk]]™; w = (wo, wy) — x(wy)[wo],

where [wo] is the image of wy € Wi in O[[Wk]]*. We denote by ¥ the composite
of U and the O-algebra homomorphism O[[Wk]] — Ay induced by .

Proposition 6.1.5. Let p be the induced representation Ind% (V). Then p is isomor-
phic to the Galois representation associated with a primitive ordinary A-adic cusp
form Fy of tame level dx/pNg/p(€) and the central character g p - (Verg/p © X).
In particular, Fy has CM by K.

Proof. We first show that Fy is a primitive A-adic cusp form of the prescribed tame
level and the central character. For each non-zero integral ideal m in Op, let

c(m, Fy) = > T*(9).

M C O : ideal, NK/F(‘JZR):m,
M is prime to €Q

Here U* is the ideal character associated to ¥ : A% /K* — Wk(€) — A}, namely,
one has () = [[,cpx)wieo U, (9" ™) for each fractional ideal A in K prime
to €0.

For each integer £ > 1 and a finite order character € : Wx — @; , we denote by

Py:: O[Wg]] = Q, the O-algebra homomorphism induced by épg" : Wi — @; .
Then we have (P 0 W)(w) = x(w)&(wo)gk  (w), and we see that for each finite
order character € : G’ — @;, there is € : Wi — @; so that Pk,go\Tf : O[[Wk]] — Q,
factors through Az by some O-algebra homomorphism P : Ay — Q, that lifts ¢ ..
For such P and every prime ideal [ of /' not dividing dx/rNg;, r(€), we now compute

the Fourier coefficients P(c(l, Fy)). For a idele character x of Ay /K>, let x* denote
the corresponding ideal character. Then we have

P(e(l, Fu)) = (xépi)"(L) + (xépi ) (£7)
if [ splits in K, say [Ox = ££7, and
P(c(L, Fy)) = 0
if [ is inert in K. Notice that when [ = q lies over p we have

P(c(a, Fu)) = (xégp )" (Q7)
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where qOx = Q. Therefore, the specialization fp of Fy at P is a classical Hilbert
cusp form of weight k& and level dK/FNK/F(Q:)p’”+1 that has CM by K, and the level
of the newform associated to fp differs from that of fp only by prime ideals lying
over p. Also, it follows by definition that Fy is a normalized eigenform. Therefore
Fy is a primitive A-adic cusp form of tame level dx/rNg, p(€).

Since VU is ramified at Q and unramified at Q7 for each q | p by construction,
we have ¥ # U7, Therefore the induced representation Indk () is irreducible,
according to Mackey’s criterion (Lemma 5.6.1). This also implies that Indf. (V) is
ordinary in the sense of Theorem 5.1.2. We know that the Galois representation pz,
attached to Fy is irreducible, as seen in Theorem 5.1.2. It is clear that the trace of
pr, and Indf (W) at Froby are the same for any prime ideal [ outside dg/rN g/ (€)p.
In conclusion, we see that pgr, is isomorphic to Ind% (¥), and hence Fy has CM by
K, as desired. O

We emphasize two important consequences of this construction:

Corollary 6.1.6. A CM family admits infinitely many classical specialization in-
cluding in weight one, and all of them have CM in the classical sense.

Corollary 6.1.7. The residual representation p% of a CM family F is irreducible,
and its projective image is isomorphic to a dihedral group. In other words, a CM
famaly is residually of dihedral type in the sense of Definition 5.3.2.

Remark 6.1.8. Any arithmetic specialization of a non-CM family does not have CM
in the classical sense. Indeed, if f is a p-stabilized newform of weight k£ > 2, then
Hida’s control theorem (Corollary 3.5.4) tells us that there exists a unique primitive
ordinary A-adic cusp form F that specializes to f. On the other hand, we have just
observed that if in addition f has CM in the classical sense, then one can explicitly
construct a CM family passing through f. By the uniqueness, this CM family is
nothing but F.

6.2 Ordinary Galois representations and local in-
decomposability

Lemma 6.1.2 implies that, if a p-stabilized newform f of weight at least two has
CM by a totally imaginary quadratic extension K of F, then the p-adic Galois
representation py, attached to f is isomorphic to a direct sum of two 1-dimensional
characters of Gg on the decomposition group D, for each prime ideal q of I lying
over p. Then how about the converse? In the case of F' = Q, Greenberg proposed
the following question:

Question 6.2.1 (Question 1; p. 2144 of [9]). Let f be a primitive ordinary elliptic
cusp form of weight at least two. When is the representation py,|p, splits?

To address this question, Ghate and Vatsal posed a similar question for A-adic
forms, and obtained the following result (Theorem 6.2.3) in the case of elliptic
modular forms. Recall that the Galois representation pr attached to a primitive
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ordinary A-adic cusp form F is ordinary in the sense of Theorem 5.1.2. For each
prime ideal g lying over p, let

~ 5CI *
prlp, = { 0 D, } : (6.6.2)

where &; and D, are as in the theorem.

Definition 6.2.2. F is said to be p-distinguished if E’q # I_Dq for all prime ideals q
lying over p.

Theorem 6.2.3 (Proposition 14; p. 2152 of [9]). Let p be an odd prime and F be a
primitive ordinary A-adic cusp form such that

(1) F is p-distinguished, and

(2) the residual representation pF of F is absolutely irreducible when restricted to
Gal(Q/M), where M is the quadratic field with discriminant (—1)®~Y/2p,

Then the following statements are equivalent:

(i) prlp, splits.

)

(ii) F admits infinitely many classical weight one specializations.

(iii) F admits infinitely many classical weight one specializations that have CM.
)

(iv) F is a CM family.

According to this theorem, the number of classical weight one specializations
inside a non-CM family is finite. In their paper [6], Dimitrov and Ghate gave an
explicit upper bound on the number of such forms.

The result of Ghate-Vatsal is generalized to the case of totally real fields by
Balasubramanyam, Ghate and Vatsal in [1], which contains an outline of a proof even
for nearly ordinary Hida families of not necessarily parallel weight. The convention
of Hida families adopted by them is different from that of our A-adic forms. Most
importantly, the Iwasawa algebra O[[G]] in their paper is the complete group algebra
which corresponds to the torsion-free part G’ of the Galois group of the maximal
abelian extension of F' unramified outside p. As seen in the proof of Lemma 6.1.4,
O[[G’]] is isomorphic to a power series ring of (14 §)-variables, where ¢ is the defect
in Leopoldt’s conjecture for F' and p. We refer the reader to Section 2 of [1] for
details of their setting. Their main result is the following:

Theorem 6.2.4 (Theorem 3; p. 517 of [1]). Let p be an odd prime that splits
completely in F' and let F be a primitive ordinary Hida family such that

(1) F is p-distinguished, and

(2) the residual representation py of F is absolutely irreducible when restricted to
Gal(F'/F((p)), where ¢, is a primitive p-th root of unity in F.
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Then pr|p, splits for each prime ideal q of F lying over p if and only if F is a CM
family.

Note that in their convention, we do not know in general whether a primitive
ordinary Hida family that admits infinitely many classical weight one specializations
is a CM family or not. This is due to the difference of Iwasawa algebras. More
precisely, their Iwasawa algebra O[[G’]] may be of Krull dimension greater than
two, and an intersection of infinitely many height one prime ideals of A may not be
zero. See Lemma 1 (p. 518 of [1]) for more details.

Remark 6.2.5. Tt should be mentioned that Zhao in [48] and Hida in [17] also have
results on the local indecomposability of a p-adic Galois representation attached to
a p-ordinary non-CM Hilbert cusp form of parallel weight two (or the p-adic Tate
module of an abelian variety with real multiplication) restricted to the decomposition
group at each prime lying over p. By applying their results, one can show that pr|p,
being split implies that F being a CM family, without the assumptions in Theorem
6.2.4, at least when the degree of F' over QQ is odd (when the degree is even, one
needs to put some technical condition on the Hilbert cusp form: see p. 1522 of [48]).

6.3 Finiteness result for non-CM families

In this section, we show the following result which is an analogue to Theorem 6.2.3
in our convention of A-adic forms.

Theorem 6.3.1. A primitive ordinary A-adic cusp form F admits infinitely many
classical weight one specializations if and only if F is has CM.

Proof. The argument proceeds in a way little different from that of Proposition 3.1;
p. 673 of [6]. It follows from the construction in Section 6.1 that a CM family
admits infinitely many classical weight one specializations. We prove the converse.
As explained in Section 4.3, the Galois representation attached to a classical weight
one form is either of dihedral type or of exceptional type. By the same reasoning as
in [9] p. 2155, we see that only finitely many classical weight one specializations of F
are exceptional. Therefore F has infinitely many classical weight one specializations
J such that the associated Galois representation py satisfies p; = e, p @ py for some
quadratic extension K of F.

Since the conductor of py is nop™** for some integer r > 0, we see by the
conductor-discriminant formula (5.5.5) that there is a bound on the discriminant
dr/r. Hence there exists a quadratic extension K of F' so that infinitely many
classical weight one specializations f of F satisfy py = ex,p ® py. It follows that
Trps(Froby) = 0 for all primes [ of F' prime to ngp and inert in K. Since the intersec-
tion of infinitely many height one prime ideals of Ay, is zero, we have Trpz(Frob) = 0
and thus

Trpr(Froby) = ex/r(Froby) Trpr(Froby)

for all such primes [. As for each prime ideal [ that splits in K, this equality is
unconditional. Hence pr and ex/r ® pr have the same trace. Since pr is irreducible
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and thus determined by the trace, this implies that pr = cx/p ® pr. If K/F is not
totally imaginary, this yields a contradiction, since the automorphic representation
associated to any specialization of F at arithmetic points of weight £ > 2 is a
holomorphic discrete series (see §5 of [18] or §4 of [2] for details of discrete series).
Therefore K/F is totally imaginary and the A-adic form F has CM by K. O

Remark 6.3.2. In Theorem 6.3.1, we do not need to assume neither that p splits
completely in F, F is p-distinguished, nor that p% is absolutely irreducible when
restricted to Gal(F/F((,)). Balasubramanyam, Ghate and Vatsal had to impose
these assumptions because they used modularity lifting theorem (Theorem 3; p. 999
of [34]) to observe that any weight one specialization of F is classical if pr|p, splits.
More precisely, p-distinguishability of F is a condition that is assumed in the modu-
larity lifting theorem (see the remark in p. 518 of [1]), and the absolute irreducibility
of p7 enables them to apply modularity lifting theorem to the Galois representation
attached to each weight one specialization of . We do not need modularity lifting
theorem to establish the equivalence in Theorem 6.3.1, and hence we assume neither
of those.

In view of Theorem 6.3.1, a non-CM A-adic cusp form admits only finitely many
classical weight one specializations. The goal of this paper is to give an upper bound
on the number of such forms.
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Chapter 7

The number of classical weight one
specializations of a A-adic form

In this chapter, we give an explicit upper bound on the number of classical weight
one specializations obtained from a primitive ordinary non-CM A-adic form. As
explained in the introduction, the way we give such an upper bound varies according
to the residual type of the A-adic form whose definition was given in Definition 5.3.2.
Therefore, we will distinguish the arguments for each case.

Throughout this chapter, we keep the notation in Section 3.3 and the convention
in Chapter 5. We fix a finite extension L of the field of fractions of A, a non-zero
integral ideal ng C Op prime to p and a narrow ray class character ¢ : Clgp(ngp) —
O* which is totally odd and tamely ramified at all prime ideals of F' lying over p.
Let F be a primitive ordinary A-adic cusp form of tame level ny in S°(ng, ) in the
sense of Definition 3.5.3, with coefficients in Aj,.

7.1 Residually of dihedral case: Main Theorem
1.2.1

In this section, we will deal with the case where F is residually of dihedral type.
In view of Lemmas 5.4.1 and 5.4.3, there exist a quadratic extension K of F' and
a character ¢ : Gx = Gal(F/K) — F* such that pr is equivalent to the induced
representation Ind% (¢). We consider the following condition on F:

(P) F has a classical weight one specialization f such that the associated p-adic
representation py, : Gp — GL3(O) (O is the ring of integers of a suitable
finite extension of Q) has the property that p(1;) has order at least three for
each prime q of F' lying over p.

Remark 7.1.1. Since F is residually of dihedral type, pr is irreducible (cf. Sec-
tion 4.3), and hence one has ¢ # ¢ according to Mackey’s irreducibility criterion
(Lemma 5.6.1). Here 0 € G is an element not contained in Gk and ¢” is the
character of G defined by ¢?(g) = ¢(ocgo™") for each g € G.
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From now on, we fix an element o € G which does not lie in Gx. Also, we denote
simply by ps the p-adic Galois representation py, attached to f by abuse of notation.
According to Lemma 5.4.5, the representation p; in (P) is of the shape Indf () for
a finite order character ¢ : G — O* which is a lift of ¢. In order to state the main
theorem in this case, we need the following lemma:

Lemma 7.1.2. Suppose that (P) is true. Then each prime ideal q of F' lying over p
splits in K, say qOx = Q7. Moreover,  is ramified at exactly one of Q and Q°.

Proof. The way we verify the lemma is very close to that of Lemma 6.3 (1); p. 679
of [6]. Let p; = Indk () as above and Dy, the projective image of p;. Since F is
ordinary, so is f and we have

o5 1] (77.1)

for each prime ideal q of F sitting above p. Here ¢ : G — @; is the character
such that ¢ (F) = f. Therefore ps(I;) is a finite cyclic group and it injects into
PGL,(0). By our assumption that py(/;) has order at least three, we know that
n > 3 and the projective image of py(1;) is contained in the unique cyclic group C,
of order n in Dy, (cf. Remark 5.4.2). Therefore I, is contained in Gk, that is, q is
unramified in K. This implies that

o 0
pilry = { ; o } : (7.7.2)

where 7 is the character of G defined by ¢7(g) = p(ogo™?) for g € Gg. Tt follows
from (7.7.1) and (7.7.2) that either ¢ or ¢ is unramified at Q. In the formula
(5.5.5) of Artin conductors

cond(ps) = dg/rNgr(cond(yp)),

the left-hand side is divisible by q and dg/r is not. Therefore q should divide
Ng/r(cond(p)). This cannot be satisfied if q is inert in K. Hence q splits in K and
© is ramified at exactly one of Q or Q7. O]

Remark 7.1.3. In contrast to the higher weight case treated in Lemma 6.1.2, when
f is of weight one the determinant of p; is a finite order character. Thus we do not
know without the assumption (P) whether or not q is unramified in K.

For the prime ideals qy, ... ,q; of F lying over p, let q;0x = ;7 so that ¢ is
ramified at £; and unramified at 7 for each i = 1,...,t. We put Q = [[I_, Q;
and Ug(Q) = {u € Og |u=1mod Q}. Foreach i = 1,...,t, Uk, (Q;) denotes

the principal unit group of the completion Kq, of K at ;. We denote by Uk (Q)
the closure (taken in []'_, U Ko, (2i)) of the image of Uk (Q) under the diagonal map
Uk(Q) — H§:1 Uk, (Q:).

Let Clg(ngQ") be the narrow ray class group of K of modulus nyQ" for each
integer r > 1. Our main theorem is related to the finiteness of the projective limit
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Clg(ngQ>) = lim,Clk (n9Q"). In view of class field theory, Clk(noQ>) is a finite
group if and only if ([],_, Uk, (2:))/Uk(Q) is a finite group (see Section 7.1.2 for
details). If this is the case, we put

M’:|Cle-|(HUKQi(Di)> /UK(Q)‘~ II @-v- J] @+

lIng IIng
split in K inert in K

and M(F, K, f) = p%»3) the p-part of M’. Here ord, is the p-adic valuation
normalized so that ord,(p) = 1, |Clk]| is the class number of K, and for a prime [ of
F, q is the order of the residue field Og/I.

7.1.1 Statement of the main theorem

In order to state the main theorem, it will be convenient to consider a Hida com-
munity, rather than each primitive ordinary A-adic cusp form.

Definition 7.1.4. A Hida community is the set {F} of primitive ordinary A-adic
cusp forms having the same tame level and the same residual representation.

We note that a Hida community is always a finite set, which is a consequence of
Theorem 3.4.3. By definition, it makes sense to speak of the residual representation
and p-distinguishability (Definition 6.2.2) of a Hida community.

The main result in the dihedral case is the following:

Theorem 7.1.5. Let p be an odd prime and F a primitive ordinary A-adic cusp
form of tame level ny prime to p. Suppose that F has the property (P) above. Then
the following two statements hold true:

(1) Assume further that Leopoldt’s conjecture for F' and p is true. If Clg(ngQ>)
is an infinite group, then there exists a primitive ordinary A-adic cusp form
G that has CM by K and belongs to the same Hida community as F. In
particular, K/F is a totally imaginary extension.

(2) If Clg(ngQ>) is of finite order, then F is not a CM family and the number of
classical weight one specializations of F is bounded by M(F, K, f).

Remark 7.1.6. 1. Recall that ¢ is the degree of F' over Q. When K/F is totally
imaginary, the rank of the torsion-free part of Ux(Q) as a Z-module is g — 1,
and hence the Z,-rank of Ux(Q) is at most g — 1. On the other hand, the

Z,-rank of []_, Uky, (i) is g. Therefore the group <H§:1 Ukaq, (QJ) JUk(Q)
cannot be finite.

2. If K/F is totally imaginary and F is not a CM family, one can also give
an upper bound. This estimate will be discussed at the end of this section
(Proposition 7.1.14), exactly in the same manner as Lemma 6.5; p. 682 of [6].
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The outline of the proof is as follows. Suppose that f’ is another classical weight
one specialization of F (if any) and let py = Indf-(¢'). Our strategy is counting the
number of characters £ = p/¢’. Let verg p : G — G5 be the transfer map as in
Definition 5.6.2. Our analysis on £ is close to the arguments going into the proof of
Theorem 6.4 (p. 680 of [6]), as seen in the following

Lemma 7.1.7. The above ¢ : G — @; satisfies the following properties:

(1) & is a p-power order character,

(2) & is unramified outside ngQ and the infinite places of K, and NK/F(COHd(p) (€))
divides ng, and

(3) Eovergyp : Gp — @; is unramified outside p.

Proof. Since both ¢ and ¢’ reduce to @ modulo p, they differ by a p-power order
character. As for the second statement, by an argument similar to the proof of
Lemma 7.1.2, we may assume that ¢’ is ramified at Q;’s and unramified at Q¢’s.
Then ¢ is unramified at QY for all i. We note that the conductor of p; is equal to
the level of f which is equal to ngp"*! for some integer r > 0. Then the conductor-
discriminant formula (5.5.4) implies that Ng;, #(cond® () divides ny (the same for
¢'). Therefore Ng,r(cond® (€)) divides ny and ¢ is unramified outside ngQ and the
infinite places. Now we prove the third assertion. As computed in (5.5.2), we have
det(py) = ek/p - (@ overg p) (the same for f’ and ¢'), and from these equalities we
deduce & o verg/p = det(py) /det(py) = e/’ (here € : G — Q@ is the character such
that f = ¢1.(F). The same for f" and ¢’). Therefore {overy p is unramified outside
p and the infinite places. Moreover det(py) and det(py) are both totally odd, since
f and f" are weight one forms. Hence & o verg,p is totally even, as desired. [

Hence £ can be regarded as a p-power order character of Clg(ngQ>). The
restriction of such a character to the product []i_, U, () x (Ox/ng)* factors
through the quotient (7.7.5) below (Section 7.1.2). Hence we obtain the upper
bound in Theorem 7.1.5 (2) if Clg(ny Q™) is finite.

Secondly we assume that Clg(ngQ>) is infinite. We first show that, provided
Leopoldt’s conjecture for F' and p is true, there are infinitely many classical weight
one forms that arise from the Hida community containing F (Section 7.1.3). Since
a Hida community is a finite set, there exists a member G in the community from
which infinitely many such specializations occur. In view of Theorem 6.3.1, K/F
has to be totally imaginary and G has CM by K (Section 7.1.4).

7.1.2 Global class field theory

We begin with some observation on the narrow ray class group Clg(ngQ>). Let
Oy be the closure (taken in []._, Ok, ) of the image of O under the diagonal

embedding O} — [['_, Oy, - By global class field theory, we know that Clg (nogQ>)
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is sitting in the exact sequence:

t
1 — (0} — HOIX% x (Ok [ng)*
i=1

—— Clg(npQ>®) —— Clj; . (173
Here, for a number field E we denote by Clg the ideal class group of E and by Cl}
the narrow ideal class group of E. Notice that the p-part of |Cl}| and |Clg| are
equal, since p is odd. In particular we see that Clg(ngQ>) is a finite group if and
only if the Z,-rank of O_IX( is equal to g = [F : Q. Let & : Clg(ngQ>) — QX be a
p-power order character. Then ¢ restricted to the product []i_, O[X(Qi X (Ok /ng)*
factors through the quotient

((HUKQ )/UK( )) x (Ok /o). (7.7.4)

Suppose further that £ o verg/p : G® — @; is unramified outside p. Note that
§ o verg,p is unramified outside ngp because § is unramified outside nyQ. However
it is not always the case that £ is unramified at primes dividing ny. Therefore this
additional assertion should cause some constraint on the behavior of ¢ at the primes
of K lying over ng. We describe this constraint explicitly in the following lemma:

Lemma 7.1.8. Let & be a character satisfying the properties (1) through (3) in
Lemma 7.1.7. Then & restricted to [['_, Og, * (Ox/ng)* factors through the quo-
tient '

<(HUKQ >/UK ) I] Fex I Fa/Fy
fing llng (775)

split in K inert in K

of (71.7.4). Here for a prime ideal | of F' dividing ng, we denote by F the residue
field Op/l. As for a prime factor U of ng that is inert in K, Fp is the residue field
Ok /1Ok which is the unique quadratic extension of Fy.

Proof. In view of class field theory, the transfer map very,p : G¥ — G52 corresponds
to a canonical map from Ay/F* to Ag/K*. With this in mind, what we have to
do is to characterize the set of p-power order characters & : ng Ok, = @; whose
restriction to O;{ is trivial, for each prime ideal [ of F' dividing ng. Since ng is prime
to p and & is of p-power order, £ is trivial on the principal unit group Uk, (£) in
OIXQ, and it is enough to investigate the quotient group

[[(Ox./8) ] /(Or/D)* (7.7.6)

el

Suppose first that [ splits in K, say [Ox = ££7, for distinct prime ideals £ and
£7 of K. Then o induces an isomorphism o : O, = Ok __ and the group (7.7.6)
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is isomorphic to (Ok,,/£7)* by the map taking (z,y) mod (Og/0)* to y - (x7)~ L.
Secondly if [ is inert in K, the group (7.7.6) is nothing but Fj/F, as desired.
Finally the group (7.7.6) is trivial if [ is ramified in K. O

Now we shall prove Theorem 7.1.5 (2). If Clg(noQ>) is a finite group, so is the
group (7.7.5) and the number of classical weight one specializations of F is bounded
by the order of the p-Sylow group of (7.7.5). This is the desired assertion of Theorem
7.15 (2).

We now move on to Theorem 7.1.5 (1). To prove it, we need to take a closer
look at the narrow ray class groups. Let F.. be the composite of the Z,-extensions
of F and G’ the Galois group Gal(Fa/F). As explained in Section 2 of [1] where
this group is indicated by G instead of G’, G’ is isomorphic to the torsion-free part
of Gal(M/F) where M is the maximal abelian extension of F' unramified outside p,
and we have Gal(M/F) = G’ x Gal(F'/F') so that Gal(F’/F) is a quotient of the
narrow ray class group Clg(p®) of modulus p® for some integer o« > 1. Also, G’ is
isomorphic to the (1+ d)-copies of Z,, where § is the defect in Leopoldt’s conjecture
for F' and p.

Put Clg(Q>) = lim,Clk(Q"). In view of the exact sequence (7.7.3), Clg(Q>)
is infinite if and only if Clx(noQ>) is infinite. To be more precise, this group lies in
the following commutative diagram

Clg(Q™)

t
1 — (HOIX(Qi) [0f —— AYJKUL (Ox)AY,, —— Clx — 1,
=1

Toen Twn Twen .

t
1 — (HO&) jOF —— AYFUPOr)AL, — Cf — 1
=1

Clp(p™)

whose horizontal lines are exact. Here, for £ = F or K and an integral ideal m in
Og, we denote by U ém)(OE) the product [[,c p (g pim Op, - Note that the left vertical
map is surjective, since Ky, is identical to Fy, for each i =1,... ,¢.

We know that the Z,-rank of Cly(p™) and the quotient (]T._, Or, )/O_; is 14+0.

Moreover, the Galois group G’ is known to be a direct summand of ([]'_, O, ) JO%,
and we have Clp(p™®) = G’ x A where A is a finite group. Hence the Z,-rank of
Clg(Q>) and (T]._, Ok, )/ Ok are the same and at most 1+ .

Now assume that Cl;;(QOO) is infinite, and let 1 + s be its Z,-rank where s is
an integer so that 0 < s < d. We choose topological generators 7, ... ,¥s of G’ so

that the kernel of very,/r : ([T, Or,.)/Op — (TT., Ok, )/Of restricted to G’ is

7
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topologically generated by si1,...,%. Let H (resp. H’) be the subgroup of G’
topologically generated by g, ... , s (resp. Ysi1,-..,7) so that G' = H x H'.
It is the following lemma that forces us to assume § = 0 in Theorem 7.1.5 (1).

Lemma 7.1.9. For any p-power order character e : H — @;, there exists a p-power
order character £ : Clg(Q>) — @; so that £ o verg/p = € on H. In particular,
any p-power order character € : G' — @; is of the shape & o verg p on G’ for some

character £ : Clg(Q>) — @; if and only if the Z,-rank of Clkx(Q>) is equal to
1+0.

Proof. Since verg/r : ([, O}X,q)/O_; — ([T, O[X(Q)/O_IX( is surjective, we may

assume that x; = verg/p(y;) for i = 0,...,s topologically generate the torsion-
free part of ([T'_, Ok, )/ O, and hence that of Clx(Q>). We define the p-power

order character ¢ : Clg(Q®) — @; by putting &(x;) = £(%;) for each i = 0,... ,s.
This certainly defines a character of Clg(Q>) because the subgroup topologically
generated by z; for i = 0,...,s is a direct summand of Clg(Q>). Then it is clear
that § o verg,p = € on H. ]

Remark 7.1.10. It should be noticed that 7, may not correspond to the cyclotomic
variable in this choice of topological generators 7;. Therefore, with Lemma 7.1.9 in
mind, we do not know in general whether any p-power order character ¢ : G — @: is

of the shape { overg,p for some character & : Clg(Q>) — @; In other words, there
may not exist infinitely many classical weight one forms f¢ as in Lemma 7.1.12 whose

nebentypus are of the shape e for some fixed ¢ : Clp(ngp®) — Q" and (varying)
e:G— @: .

7.1.3 Characters and classical weight one forms

In this subsection, we attach a classical weight one cuspidal Hecke eigenform to each
character ¢ treated in the previous subsection.

Lemma 7.1.11. Let £ be a character satisfying the properties (1) through (3) in
Lemma 7.1.7 and put pe = Indﬂ(gp&). Then pe is an irreducible, totally odd repre-
sentation and is unramified outside nopdy/p.

Proof. Since F is residually of dihedral type, the reduction p; = pr is irreducible,
and so is pe. We have det(pe) = ex/p - ((¢€) o verg r) as a character of G since
pe is induced by @§. As p is odd and ¢ is a p-power order character, we have
(§ o vergp)(c) = 1 for any complex conjugate c in Gp. Therefore the parity pe
and py are the same and thus p¢ is totally odd. The last assertion follows from the
conductor-discriminant formula (5.5.5). O

Lemma 7.1.12. Let pe be the induced representation in Lemma 7.1.11. Then there
exists a holomorphic Hilbert cusp form fe over F' of parallel weight one so that

Pre = Pe-
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Proof. Let 7¢ be the automorphic form on GL;(Ag) associated to & via class field
theory. Let m = Al%(7¢) be the automorphic induction of 7¢ which is a cuspidal
automorphic representation of GLy(Ap) so that L(s,m) = L(s, pe). Note that the
irreducibility of p implies the cuspidality of m. It follows from Lemma 7.1.11 that
pe is totally odd and then we see that the Weil-Deligne representation W D (pe)
associated to p¢ at oo is described as

WDoo(pg) : WR:(CX A {]-7.]} _>GL2((C)7 CBZHIQ’ ‘]'—> |:(1] —01 :|

(see the argument in Proposition 2.1 of [21] and also [2]). It follows from this that
for each infinite place co of F', one has

Too > (1, 8gn) := Indg(Lﬂg)(R)(l ® sgn)

where B(R) is the Borel sugroup consisting of upper-triangular matrices in G Ly(R),
1 ®sgn : B(R) — R* is the group homomorphism defined by [§ 5] — sgn(d) and

Indg(Lﬂz)(R)(l ® sgn) is the parabolic induction by 1 ® sgn. This implies 7 generated
by a holomorphic Hilbert cusp form of parallel weight one. O]

By Lemmas 7.1.11 and 7.1.12, we know that there exists a classical weight one
cuspidal Hecke eigenform f¢ such that pe is equivalent to the representation py,
associated to fe. We shall observe that the p-stabilization(s) of fe can be obtained
from the Hida community containing F. More precisely, we are going to establish
the following

Proposition 7.1.13. Let f: be as in Lemma 7.1.12. Then there exists a primitive
ordinary A-adic cusp form Fe which specializes to the p-stabilization(s) of fe. More-
over, if & is unramified at the prime ideals of K lying over ng, then the tame level
of Fe is ng and hence F¢ belongs to the same Hida community as F.

Proof. Foreachi =1,... ,t, since ¢ and £ are unramified at Q7, ¢¢ is ramified at Q;
if and only if Ng,/r(cond(p€)) is divisible by g;. The conductor-discriminant formula
(5.5.5) cond(py,) = Ngyr(cond(p))dg/r implies that these equivalent conditions
hold true if and only if cond(py, ) is divisible by g;. As the conductor of py, is equal
to the level of f¢, ¢ is ramified at £, if and only if the level of f¢ is divisible by g;.
If this is the case, we have (p§)(Frobg,) = 0 and (¢€)(Frobges) # 0, and thus the
normalized Fourier coefficient ¢(q;, f¢) = (¢€)(Frobge) is a root of unity. Therefore
fe is stabilized and ordinary at q;. Suppose, on the contrary, that ¢ is unramified
at Q;. Then py, is unramified at q; we have

det(l2 — Xpg (Frobg,)) = (1 — X (&) (Frobg,))(1 — X () (Frobay))

and both (p&)(Frobg,) and (¢§)(Frobgs) are roots of unity. Therefore the two q;-
stabilizations of f¢ are both ordinary at q;. In any case we can conclude that there
is a p-stabilized newform ff such that the associated representation is equivalent
to pe. Then by a theorem of Wiles (Theorem 3; p. 532 of [46]) there exists a
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primitive ordinary A-adic cusp form F¢ specializing to f¢. In particular the residual
representation pz, is equivalent to pz by construction.

The tame level of F¢ is equal to the prime-to-p part of the level of fe. If £ is
unramified at the prime ideals of K sitting above ng, then N K/F(Cond(p)(goﬁ’)) is
equal to N, K/F(cond(p)(ga)). We apply the conductor-discriminant formula (5.5.4)
to see that cond® (pye) and cond® (py) coincide. Thus the prime-to-p part of the
level of fe and that of f are the same. Since F is primitive of tame level ng, the
prime-to-p part of the level of f is ny. Therefore the prime-to-p part of the level of
fe is also ng, which shows the assertion. O

7.1.4 The proof of the main theorem
Now we complete the proof of Theorem 7.1.5 (1).

Proof. Suppose that the ray class group Clg(ngQ>) is an infinite group and § = 0.
Then G’ is identical to G by definition and a A-adic cusp form in Definition 2 of
[1] is nothing but the one introduced by Wiles in [46] and adopted in this paper. It
follows by the argument in Section 7.1.2 that the Z,-rank of Clg(Q>) is equal to
one, and the kernel of the transfer map veryr : ([]._, )/ Op = (1., IX(Q)/O[X(
is a finite group. Then Lemma 7.1.9 tells us that any p-power order character
e: G — @; is of the shape £ o verg, p for some character £ : Clg(Q>) — @;
In particular, there are infinitely many characters ¢ : Gx — @; of p-power order
that are unramified outside Q and the infinite places, and such that the composite
§overg/p: Gp — @; is unramified outside p. Each of such characters & produces a
p-stabilized newform f# of weight one which arises from the Hida community {F}
and such that the Galois representation pg associated to f; satisfies pg = ex/r ® pe.
Namely, the community {F} has infinitely many classical weight one specializations
whose associated Galois representations are induced by characters of K. Since a
Hida community is a finite set, there exists a member G of {F} which admits
infinitely many such specializations. With Theorem 6.3.1 in mind, we conclude that
the family G has CM by K and hence K/F is totally imaginary. This concludes the
proof of Theorem 7.1.5 (1). O

7.1.5 Families residually of CM type

As we have declared in Remark 7.1.6 (2), we end our analysis in the dihedral case
by giving an upper bound when F is residually of CM type.

Let F be a non-CM primitive ordinary A-adic cusp form of tame level ny such
that pr 2= Ind% (@) for some totally imaginary quadratic extension K/F and a
character ¢ : Gx — F*. Since F is not of CM type, there is at least one prime ideal
[in F that is inert in K, prime to ngp and the trace Trpx(Froby) is non-zero (see the
proof of Theorem 6.3.1). Therefore Trpz(Froby) is contained in only finitely many
height one prime ideals of Ay. In particular, there are only finitely many height
one prime ideals of A, that contain Trpz(Frob;) and sit above the kernel of ¢; . for
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some p-power order character € : G — @; . Let Az denote this number and put
Ar =min{Ar; | lis inert in K and prime to ngp}.

Proposition 7.1.14 (cf. Lemma 6.5; p. 682 of [6]). Let F be a non-CM family
that is residually of CM type by K in the above sense. Then the number of classical
weight one specializations of F is bounded by Ar.

7.2 Residually of exceptional case: Main Theo-
rem 1.2.3

In this section, we will give an upper bound on the number of classical weight one
forms in a primitive ordinary A-adic cusp form F which is residually of exceptional
type. Note that F can not be a CM family, since any CM family is residually of
dihedral type (cf. Section 6.1). As the image in PG Lo(C) of the Artin representation
attached to each classical weight one specialization of F has bounded order, say 24,
12 or 60, our analysis in this case is much simpler that the dihedral case.

As in Section 7.1, we denote simply by p; the p-adic Galois representation py,
attached to a classical weight one form f, by abuse of notation.

7.2.1 Statement and the proof of the main theorem

We now state the main theorem in the exceptional case. Let p” be the p-part of the
class number |Clg| of F' and qq, ... ,q; the prime ideals of F' lying over p.

Theorem 7.2.1. If F is residually of exceptional type, then F has at most a - b
classical weight one specializations, where

e a=1, and

e b=7p", except p=3 or 5, in which case b=2"-p".
In particular, F has at most one weight one specialization if p > 7 and the class
number |Clg| is not divisible by p.

Remark 7.2.2. In the original paper [27] on which this thesis is based, the definition
of a in Theorem 7.2.1 is the following:

e a =1, except p =5 and the type of F is As, in which case a = 2.

However, according to the classification of Dickson in Theorem 4.3.1, the image of
pr in PGLs(F) is exceptional only if the order of Im(pr) in GLo(F) is prime to p.
Therefore, as explained in the proof, if p = 5, then F cannot be of As type.

Proof. The proof relies on that of Theorem 5.1; p. 676 of [6]. We note that the
p-adic Galois representation py : Gp — GL2(O) attached to a classical weight one
specialization f of F (if any) is irreducible and hence determined by the trace.
Therefore it is enough to show that there is at most one choice for the projective
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trace (Trpy)?/detps, and there are at most b choices for the determinant of py.
Indeed, since Trps is congruent to Trpr and p is odd, Trps is uniquely determined
by (Trpys)?.

Since F is residually of Ay, Sy or As type, the image of pr(g) in PGLs(TF)
has order at most five. A standard computation shows that the projective trace
Trpr(g)?/detpr(g) of pr(g) varies as in Table 7.1, according to the order of pz(g)
in PGLy(F):

Table 7.1: Order and Projective Trace
order of pr(g) in PGLy(F) | 1|2 |3 |4 5
projective trace of pr(g) | 4|0 | 1|2 |arootof X?—3X+1

Therefore, if F is residually of A4 or Sy type, there is at most one choice for the
projective trace (Trpy)?/detp; of f. As for As case, the two roots of X? —3X + 1
are congruent modulo p if and only if p = 5. Since the image of pr in PG Ly (F) is
of exceptional type, its order should be prime to p (cf. Theorem 4.3.1). Hence if
p = b, then the image of pr in PG Ly(IF) cannot be isomorphic to As.

It remains to be shown that there are at most b choices for the determinant of
det(ps) with a given projective trace. Since F is ordinary, we have

~ ( det(ps) =
pf|fq:< éf) 1)

for each prime q of F' lying over p. This implies that py(/;) injects into PG Ly(O).
Therefore the order of det(py) = e restricted to I, is at most five, wheree : G — @;
is the p-power order character such that ¢y .(F) = f. Recall that the character ¢ of
F is tamely ramified at q and thus ¢|;, has order prime to p. If p > 7, this implies
that €|;, = 1 for each prime ideal q lying over p. Consequently ¢ is unramified
everywhere and hence is a character of the ideal class group of F'. This proves the
assertion when p > 7. Throughout the rest of the proof, we assume p = 3 or 5.
Suppose that f = ¢1.(F) and f' = @1 (F) are two classical weight one forms in
F having the same projective trace. Then there exists a p-power order character
n:Gp — @; so that py = 1 ® pp. This immediately yields the equality & = n?’.
Note that 7 is uniquely determined by f’. Since € and &’ are unramified outside p,
so is n?. Moreover 7 is of p-power order and p is odd. Thus 7 is unramified outside
p. We investigate the behavior of 1 at each prime q lying over p. The relation
pr =1 ® pp restricted to I, implies that at least one of the following occurs:

I.n=1and ¢ =¢ on I;
2.n=e=()and ¢y =1on I,

Let S be the set of prime ideals q lying over p such that £'[;, # €|7,. Then 7 is
unramified outside S and 7|7, = €|, for each g € S. Let ¢ : G — @; be a p-power
order character and suppose that n( satisfies the same ramification condition as that
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of n. Then ( is unramified everywhere so there are p” choices for ¢ (recall that p” is
the p-part of the class number |Clg|). Obviously the set S depends on &” and there
are at most 2¢ choices for S. Hence F has at most 2' - p" weight one specializations,
which proves the theorem. O

7.2.2 Classical weight one specializations of a Hida commu-
nity

Recall that F is said to be p-distinguished if £, # D, for all prime ideals q lying over
p, where & and D, are as in (6.6.2). It makes sense to speak of the residual repre-
sentation and p-distinguishability of a Hida community. The following proposition
is a generalization of Proposition 5.2; p. 678 of [6].

Proposition 7.2.3. Let p > 7 be a prime number that splits completely in F and
{F} is a Hida community of exceptional type which is p-distinguished and the resid-
ual representation pr is absolutely irreducible when restricted to Gal(F/F((,)). As-
sume further that the tame level ng of {F} is the same as the conductor of pr. Then
{F} has at least one classical weight one specialization f. Moreover, any other clas-
sical weight one specialization of {F} can be written as f @n, where n : Gp — Q)
s a p-power order character of conductor dividing ny.

Proof. Since p > 7 the order of the image of pr in GLy(F) is prime to p. Therefore
we can take the Teichmiiller lift p : Gp — GLy(W(F)) of pr, where W(F) is the
ring of Witt vectors of F. The reduction map GLo(W (F)) — GL2(F) induces an
isomorphism of p(Gr) onto pr(Gr). This implies that p is an Artin representation
and p(Gr) is a semi-simple group. As F is ordinary, pr|p, is a direct sum of the
characters Eq and Z_)q for each prime q lying over p. Therefore p|p, is also a direct
sum of two characters. We apply the modularity lifting theorem below to obtain a
classical weight one form f such that p; = p:

Theorem 7.2.4 (Theorem 3; p. 999 of [34]). Let p be an odd prime that splits
completely in . Let E be a finite extension of Q, with the ring of integers O and
the maximal ideal m, and p : Gp — GL2(O) a continuous totally odd representation
satisfying the following conditions:

e p ramifies at only finitely many primes;

e p = (pmod m) is absolutely irreducible when restricted to Gal(F/F((,)), and
has a modular lifting which is potentially ordinary and potentially Barsotti-
Tate at every prime of F' above p;

e For every prime q of F' above p, the restriction p|p, is the direct sum of 1-
dimensional characters xq1 and xq2 of Dy such that the images of the inertia
subgroup at q are finite and (x4, mod m) # (xq,2 mod m).

Then there exist an embedding v : E — @p = C and a classical cuspidal Hilbert
modular eigenform f of weight one such that 1o p: Gp — GLy(C) is isomorphic to
the representation associated to f by Rogawski-Tunnell [33].
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By a theorem of Wiles (Theorem 3; p. 532 of [46]) there exists a Hida family G
specializing to (the p-stabilization(s) of) f. The tame level of G is equal to the prime-
to-p part of the level of f. By our assumption, cond(ps) = cond(p) = cond(pr) is
equal to ny.

As for the second claim, let f and g be classical weight one specializations of the
community {F}, say f = ¢1(F) and g = ¢1(G) for members F,G € {F} and
p-power order characters e,&’ : G — @; As the projective image of py and p, are
equivalent, there exists a p-power order character n : Gp — @; so that p, = n® py.
By determinant considerations, one can show, in a fashion similar to the proof of
Theorem 7.2.1, that 7 is unramified outside ngp. Let q be a prime of F' lying over p.
The relation p, = 7 ® py restricted to I; implies that at least one of the following
holds true:

1. n=1,¢%r =g and ¢’ = € on I;
2.n=ctl=¢and Yr =g =1 on I,

Here, the nebentype of F (resp. of G) is denoted by ¢z (resp. 1g). Recall that
»3|1q = 5’|]q = 1 provided p > 7 (see the proof of Theorem 7.2.1). Thus in both
cases we have 7|7, = 1. Therefore 1 is unramified outside ny, and the conductor of
n divides ng since we have g’ = n*re. H

We end this thesis by making two remarks on Proposition 7.2.3.

Remark 7.2.5. 1. In the proposition, we assumed that p splits completely in F',
{F} is p-distinguished, and the residual representation pr is absolutely irre-
ducible when restricted to Gal(F/F((,)). This is due to our application of
modularity lifting theorem (Theorem 7.2.4) in the course of the proof.

2. Under the assumptions of Proposition 7.2.3, if the order of the narrow ray
class group Clg(ng) of F' of modulus ng is prime to p, then any p-power order
character of Clg(ng) is trivial and so is 7 in the proof of Proposition 7.2.3.
Hence the community {F} has a unique classical weight one specialization.
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