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Abstract

Let (X, Z) denote a commutative association scheme on s classes. For each integer
n = 2, we construct a bigger commutative association scheme having ("Jsrs) -1
classes on the vertex set X”. This new scheme is called the extension of (X, %)
with length n. The extension schemes from one-class initial schemes are in fact the
Hamming association schemes, which are metric and cometric. This thesis serves as
one of the systematic studies on extensions schemes obtained from initial schemes

with at least two classes. Such commutative association schemes are neither metric

nor cometric.



Chapter 1

Introduction

An s-class (commutative) association scheme on a finite set X of vertices is a par-
tition {Ry,..., Rs} of the edges of the complete graph for which the adjacency
matrices A; of the subgraphs (X, R;) satisfy certain axioms. First studied by statis-
ticians in the context of partially balanced designs, association schemes remain to
be objects of interest to this very day and are regarded as the most important uni-
fying concept in algebraic combinatorics. A special family of association schemes
known as metric and cometric schemes possesses many interesting regularity and

duality properties.

Examples of association schemes that are both metric and cometric are Ham-
ming schemes and Johnson schemes. Delsarte [18] used these examples as basis in
studying codes and designs from the point of view of association schemes. He in-
dicated how an association scheme with s classes on a finite set X can be extended
(by a natural process called extension) to produce another scheme with (”js) —1
classes on the set X". In particular, the special case at s = 1 yields the Hamming

scheme of length n over the alphabet X. The codewords of length n over X are then

viewed as vertices of the extension scheme. With this approach, Delsarte was able



to cover various topics such as: finding an upper bound on the number of words
in codes of given length and minimum distance (the famous linear programming
bound), extending the concept of duality of linear codes to duality of additive codes
(generalized MacWilliams identity), and finding designs from codes (an analog of

Assmus—Mattson theorem on cometric schemes).

A fundamental tool in studying association schemes is the Bose—Mesner al-
gebra. In fact, the famous linear programming bound by Delsarte is based on
the representation theory of the Bose-Mesner algebra. In the 1990s, Terwilliger
[63, 64, 65] introduced a larger, non-commutative, semisimple matrix C-algebra
attached to each vertex of an association scheme. This contains the Bose—Mesner
algebra, and is now known as Terwilliger algebra. Recent advances show that the
representation theory of Terwilliger algebras proved to be invaluable in the study
of codes (and other areas). Schrijver [31], for one, used the Terwilliger algebra of
binary Hamming schemes along with semidefinite programming to improve upper
bounds on the number of words in codes with given length and minimum distance.
With the same approach, Gijswijt, Schrijver and Tanaka [22]] used the Terwilliger

algebra of Hamming schemes to improve upper bounds for the non-binary case.

In studying codes and their Hamming weight enumerators (see Section 4.4.1),
we consider the Hamming association schemes. The theory of the Terwilliger al-
gebra has been most successful when the association scheme is both metric and
cometric, and Hamming schemes possess these two properties. A famous theorem

of Leonard [5, p. 263], [41], states that the class of metric and cometric associ-



ation schemes characterizes the univariate Askey—Wilson orthogonal polynomials
and some of its limiting cases. In particular, Hamming association schemes cor-
respond to univariate Krawtchouk polynomials. Go [23]] described the irreducible
modules of the Terwilliger algebras of the binary Hamming association schemes.
She showed (implicitly) that the Terwilliger algebras are in this case homomorphic
images of the universal enveloping algebra U (sly(C)) of the rank one Lie algebra
sl(C). This relationship between univariate Krawtchouk polynomials and sl;(C)
are discussed further by Nomura and Terwilliger [49] at a more abstract linear al-
gebraic level. On the other hand, we consider an extension scheme called Lee
association schemes over Z, when dealing with Z,-codes and their symmetrized
weight enumerators (see Section [4.4.2). Lee association schemes over Z, are ex-
tensions of a 2-class commutative association scheme, and are neither metric nor
cometric. The structure of the Bose—Mesner algebra of Lee association schemes
is known as discussed in [24] or [44]. From the result of Mizukawa and Tanaka
[44]], it follows that Lee schemes over Z, correspond to bivariate Krawtchouk poly-
nomials, also known as Rahman polynomials. Recently, Iliev and Terwilliger [37]
studied Rahman polynomials from the point of view of the rank two Lie algebra
sl3(C) (see also [36]). The first objective of this paper is to describe in detail the

irreducible modules of the Terwilliger algebras of Lee association schemes over Z,.

In situations where we focus on a more complicated type of weight enumerator
of a block code (just like in [31]], [57], [S9]), we think of the code (say, of length n)
in question as lying in a structure much finer than a Hamming association scheme;

that is to say, codewords are vertices of an extension of an s-class commutative as-



sociation scheme with s > 2. The resulting extension scheme is neither metric nor
cometric in this case. It turns out that the representation theory of Terwilliger alge-
bras of some extension schemes (together with available tools from multivariable
polynomial interpolation) is quite handy in proving an Assmus—Mattson-type the-
orem that works for more complicated weight enumerators (see Theorem for

the original Assmus—Mattson theorem). This is our second objective in this paper.

Recently, there is a growing interest in studying spectra of graphs from the point
of view of quantum probability theory. In this perspective, the adjacency algebra
of a k-regular graph GG with vertex set X and adjacency matrix A is viewed as an
algebraic probability space with respect to the tracial state o, = | X |~ 'tr. Hence,
the matrix A is treated as a real random variable (with mean 0 and variance k), and

a unique probability measure v on R exists (see (5.1))) such that

Dir ({%T) :/ijug(d:c) (j=0,1,2,...).

This v is called the (normalized) spectral distribution of G, and is given by

)

where

mg Mqp -+ Mg



We consider the limit of v; when G “grows”, as an analogue of the classi-
cal central limit theorem. Hora [33]] described various limit distributions for sev-
eral growing families of distance-regular graphs (cf. [17]) including the Hamming
graphs H(n,q). In the case of H(n,q), he obtained a Poisson distribution when
qg/n — ¢ (n — o0) where 0 < ¢’ < oo, and the standard Gaussian distribution
when ¢/n — 0 (n — o0). Hora worked with the spectra directly in [33], but then
Hora, Obata, and others revisited, simplified, and generalized these results based on

the quantum decomposition

A=AT+ A+ A

where AT, A°, A~ are non-commuting matrices in a larger *-algebra. Particularly,
the matrices A, A°, and A~ are in the Terwilliger algebra of G (see [17, §16.6]).
Besides the Poisson and Gaussian distributions, many important univariate distri-
butions arise in this way, such as the exponential, geometric, gamma, and the two-

sided Rayleigh distributions (see [34] for more details).

We give a concrete bivariate example of this sort, as an attempt towards a mul-
tivariate extension of the theory. In our context, we take another regular graph H
(say, with valency ¢) having the same vertex set as (¢, and assume that the adjacency
matrix B of H commutes with A. This situation occurs for instance when H is the
complement of graph GG. Thus, the algebra generated by A and B is viewed as an
algebraic probability space with respect to o,. The pair (A, B) is treated as a pair

of real random variables, and a unique probability measure v ;r on R? exists (see



(5.2)) such that

Dt ({%T [%] h) = /Rz wy" ve p(dedy)  (5,h =0,1,2,...).

This v¢ g is called the (normalized) joint spectral distribution of G and H, and is

given by
VGH({(Q_J’E>}) _ Mjn (j=0,1,...,d, h=0,1,...¢).
Vi Vi | X
where 79 > --- > 7, are the distinct eigenvalues of H, and m;, is the dimension

of the common eigenspace of (A, B) with respective eigenvalues (6, 7,). Note that
the covariance o, (AB) for A and B equals 0 if and only if G and H have no edge
in common. We are interested in the limit of v y when G and H both grow, as an

analogue of the bivariate central limit theorem.

Our third objective is to prove a bivariate version of the result of Hora [33]
for the Hamming graphs mentioned above. H (n, q) is defined as the n'" Cartesian
power K E” of the complete graph K, on ¢ vertices. We will instead consider the
pair (G, G"") of the n'" Cartesian powers of a strongly regular graph G and its
complement (, and obtain as limits a bivariate Poisson distribution and the stan-
dard bivariate Gaussian distribution, together with an intermediate distribution. The
method of quantum decomposition is yet to be developed for the multivariate case,
and hence we will deal with the spectra of these graphs directly, as was done by
Hora in [33]], though the discussions here become much more involved. We note

that the complete graphs are the connected regular graphs with precisely two dis-



tinct eigenvalues, whereas the connected strongly regular graphs are those with
precisely three distinct eigenvalues. This comparison can be made clearer when
viewed in the framework of association schemes, and our choice of considering the
pair (G5", G5 above was in fact guided naturally by the work of Mizukawa and
Tanaka [44] on a construction of multivariate Krawtchouk polynomials from arbi-

trary association schemes.

The paper is organized as follows: In Chapter [2] we review basic concepts on
commutative association schemes (see Section [2.1)); we recall Terwilliger algebras
and the notion of the inner distribution of a code (see Section 2.2)); we discuss trans-
lation association schemes and recall the notion of duality among additive codes
(see Section [2.3)); and we review some important properties of extensions of com-
mutative association schemes (including Hamming association schemes) and recall

a generalized MacWilliams identity (see Section |2.4)).

In Chapter |3} we provide a resolution to the first objective which requires rep-
resentation theory of symmetric groups and special linear Lie algebras. We give a
brief introduction to the representation theory of symmetric groups in Section |3.1
We discuss irreducible modules of the special linear Lie algebra (from two points of
view), and recall the Schur—Weyl duality (on symmetric groups and special linear

Lie algebra) in Section

In Chapter [ we prove a general Assmus—Mattson-type theorem that works for

more complicated kinds of weight enumerator. The proofs (provided in Section4.3))



requires some techniques from multivariate polynomial interpolation (reviewed in

Section4.1)). Some examples are given in Section |4.4

In Chapter [5 we provide a resolution to the third objective. We review ba-
sic definitions about graphs and state the main theorem in Section We recall
important properties of strongly regular graphs in Section[5.2] We prove the main
theorem in Section In Section we demonstrate the main theorem with some

specific families of strongly regular graphs.

The entireties of Chapters and [5] are based on [45], [47], and [46], respec-

tively.



Chapter 2

Preliminary Concepts

In this chapter, we review some basic concepts concerning commutative associ-
ation schemes and related algebras. We also review extensions of commutative
association schemes and discuss some examples. We advise the reader to refer to
[S, 13} [18, 19, 42] for a more thorough discussion of the topic. Throughout the

thesis, N denotes the set of all nonnegative integers.

Let X denote a nonempty finite set. Let V' denote the vector space over C of
column vectors with coordinates indexed by X. We endow 1/ with a standard basis
{Z : € X} and a Hermitian inner product (Z,y) = 6, (x,y € X). For every
subset C' C X, let C = erc Z denote its characteristic vector. We will naturally
identify End (V') with the C-algebra of complex matrices with rows and columns
indexed by X. The adjoint (or conjugate-transpose) of A € End (V") will be denoted
by AT. Let Z = {Ry, Ry, ..., R,} denote a set of nonempty binary relations on X.

For each integer 0 < i < s, let A; € End(V') denote the matrix such that

1 if (m,y) € R;,
(Aj)zy = (r,y € X).

0  otherwise,



In other words, A; is the adjacency matrix of the (directed) graph (X, R;). We use

the above notations throughout the chapter.

2.1 Commutative association schemes

The pair (X, Z) is called a commutative association scheme with s classes if each

of the following conditions is satisfied:

(AS1) Ay = I, the identity matrix;

(AS2) >°7 , A, = J, the all-ones matrix;

(AS3) AZ € {Ap, Ay,..., A} for0 < i < s;

(AS4) AjA; = AjA e M=%, (CA,for0<1i,j <s.

Unless otherwise stated, we assume that (X, %) is a commutative association
scheme with s classes. It follows from (ASI), (AS2), and (AS4) that M is an
(s + 1)-dimensional linear subspace of End (V') which is a commutative C-algebra.
We call M the Bose-Mesner algebra of (X, %). By (ASJ3), M is closed under f,
and so it is semisimple. Consequently, M has a basis {£;};_, consisting of the

primitive idempotents, that is, &;E; = 0;; E;, Zf:o E; = I. We will always set

Ey = |X|'J.

We note that the F; are Hermitian positive semidefinite matrices. By (AS2)), M is
also closed under entrywise (or Hadamard or Schur) multiplication, denoted o. The

A; are the primitive idempotents of M with respect to this multiplication, that is,

10



Ai 9} A] = 52]Aza Z::O Al =J.

The intersection numbers pi-“j and the Krein parameters qu (0 <i,j,k <s)of

(X, %) are defined by the equations

AA; = phAn,  EioE;= XY 5B
k=0 k=0

Clearly, the pfj are non-negative integers. On the other hand, since E; o E; (being
a principal submatrix of F; ® Ej;) is positive semidefinite, it follows that the qu are

real and non-negative.

Since both the A; and the E; are bases for M, we find change-of-basis matrices

P = [Pj] and Q = [Qj;] such that
A=) PuE;,  Ei=|XT')QuA; 2.1)
Jj=0 §=0

This leads to
PQ =QP=|X|I. (2.2)

We refer to P and () as the first and the second eigenmatrix of (X, %), respectively.
Note that Py, is the degree (both in and out) of the regular graph (X, R;), and that

Qo; is equal to the rank of F;. Moreover, we have

Pop=Qpn=1 (0<i<s). (2.3)

11



2.2 Terwilliger algebras

We recall the Terwilliger algebra. Fix a base vertex xy € X, and define the diagonal

matrices Ef = Ef(xg), Af = Af(z0) (0 < < s)in End(V) by
(B )2z = (A)zozs  (AD)zz = [X|(Ei)zpe (7 € X).

Note that £ E; = 0;; E7, > i_o Ef = I, and moreover

A =3"gkAn A= Qi
k=0 j=0

The E} and the A7 are called the dual idempotents and the dual adjacency matrices
of (X, %) with respect to xy, respectively. They form two bases of the dual Bose—
Mesner algebra M* = M*(xq) of (X, %) with respect to xy. The Terwilliger
algebra T' = T'(zy) (also known as subconstituent algebra) of (X, %) with respect
to x is the C-subalgebra of End (V') generated by M and M* [63, 164, 65]. The

following are relations in 7" (cf. [63, Lemma 3.2]):
EfAE; =0 < pl = 0; EAE, =0 < ¢ =0. (2.4)

Since T is closed under f, it is semisimple and any two non-isomorphic irreducible

T-modules in the standard module V' are orthogonal. Define a partition

X=X, UX U-UX, (2.5)



13

where

Xi={r e X :(xvg,z) € R;} (0<i<s).

Observe that Xi = AZ:%O = E;“X for every 0 < 7 < s, and so it is immediate to see

that the (s + 1)-dimensional subspace

Y CX; = Miy=MX

i=0
is an irreducible 7-module, called the primary T-module. It has a basis consisting
of the vectors v; = A;rig € £V for 0 < ¢ < s and another basis consisting of the

vectors v} = A;TX € E;Vfor0<j<s.

For every irreducible 7-module W C V/, define the sets
Wy={0<i<s: EEW#0}and W) ={0<i<s : E;W #0}.

We call Wy and W the support and the dual support of W, respectively. We say
W is thin (resp. dual thin) if dim E7W < 1 for all ¢ (resp. dim E;WW < 1 for all j).
Since the one-dimensional subspaces £,V and EjV are contained in the primary
T'-module, it follows that the primary 7'-module is the unique irreducible 7'-module

that has support and dual support both equal to {0, 1,. .., s}.

We end this section with concepts from coding theory. We shall be using this
information in the succeeding sections of the chapter. Let C' denote a subset of X.
For convenience, we call C' a code if 1 < |C| < | X|. For the moment, assume that

C is a code. The inner distribution of C is the vector a = (ag, ay, ..., a;) € R



defined by
a; = |C]"HC, AC) = |17 [Rin (Cx O)] (0<i< s).

Observe that (cf. (2.2), 2.3))

aw=1 Y a=[Cl, (@Q)=I[Cl, Y (aQ):i=|X|.
1=0

1=0

Clearly, the a; are non-negative. On the other hand, from (2.1)) it follows that

(C,EC) = [X|7Cl(aQ);  (0<i<s). (2.6)

Since the E; are positive semidefinite, it follows that the (a()); are also non-negative.

Delsarte’s famous linear programming bound [18]] on the sizes of codes is based
on this simple observation. The vector aQQ € R*™! is often referred to as the

MacWilliams transform of a. We remark the following:

A

2.3 Translation association schemes

Suppose X is endowed with the structure of a finite abelian group (written addi-
tively) with identity element 0. We call (X, %) a translation association scheme

(13 §2.10] if forall 0 < ¢ < sand z € X, (z,y) € R, implies (z + 2,y + 2) € R;.

For the rest of this section, assume that (X, %) is a translation association

14



scheme. For convenience, we will always choose 0 as the base vertex. (Note that

the automorphism group of (X, %) is transitive on X.) Observe that
Ri={(z,y) e X xX:y—ze€X;} (0<i<s).

Let X* denote the character group of X with identity element (. To each ¢ € X*

we associate the vector
=Xy ez eV,
reX
so that

(2,8) = |X|Ve(z) (ze€X,e€X"). (2.7)

Note that the ¢ form an orthonormal basis of V' by the orthogonality relations for

the characters. Moreover, it follows that

A = (Z?g[;))e (0<i<s, € X%

reX;

This shows that each of the € is an eigenvector for M, and hence belongs to one of

the E;V. Thus, we have a partition
X' =XjuXju---uX;,

given by
X/ ={eeX":écEV} (0<i<s).

15



Note that X} = {¢}, and that

E; = gt (0 <i < s). (2.8)

m

m

b
el

Define the set Z* = { R, R}, ..., R} of nonempty binary relations on X* by
R ={(e,;n)e X* x X*:npe ' € X/} (0<i<s).
Then it follows from the orthogonality relations and (2.8) that

Ar= > ent (0<i<s).
(emER]
In other words, the matrix representing A’ with respect to the orthonormal basis
{é e € X*} of V is precisely the adjacency matrix of the graph (X*, R}). It turns
out that the pair (X*, %*) is again a translation association scheme, called the dual
of (X, Z). In particular, the ¢}; are the intersection numbers of (X*, %*), so that
these are again non-negative integers in this case. We also note that (X*, Z*) has

eigenmatrices P* = () and Q* = P, and that

Pi=> el@) (c€X;), Qu=)Y c) (zeX;)

eeX’
We will view V' together with the basis {¢ : ¢ € X*} as the standard module for

(X*,Z%*), and choose ¢ as the base vertex.

A code C'in X is called an additive code if it is a subgroup of X. Assume

for the moment that C' is an additive code, and let a = (ag, a1, . . ., as) be its inner



distribution. Observe that

N

s),

and hence a is also called the weight distribution of C in this case. The dual code

of C is the subgroup C* in X* defined by
Ct={cc X*:e(zx)=1forallz € C}.
From (2.7) it follows that

C=|X["?e ) e (2.9)

eeCt

In other words, (' is a scalar multiple of the characteristic vector of C* with respect

to the basis {¢ : € € X*}. We now observe that
(C,EC) = X' CP-1X;nCH (0<i<s). (2.10)
In particular, combining this with (2.6)), we have
[XrnCH =017 (aQ); (0<i<s),

so that |C]71(aQ) gives the weight distribution of C*.

The group operation on X* is multiplicative. In many cases (cf. Section {.4)),

17



we fix a (non-canonical) isomorphism X — X* (z — ¢, ) such that

ex(y) = ey(x) (z,y € X). (2.11)

Then the dual code of an additive code in X becomes again an additive code in X .

For more information about translation association schemes, the reader may

refer to 13, §2.10], [[18, Chapter 6], and [42] §6].

2.4 Extensions of commutative association schemes
and Hamming association schemes

For the rest of this chapter, we fix an integer n > 2. Delsarte [18 §2.5] gave a

construction of a new commutative association scheme from (X, %) with vertex

set X™ as follows. For a sequence o = (v, vg, ..., c05) € N, let o] = ;| i

For any two vertices € = (x1,xs,...,2,), Yy = (Y1,Y2,---,Yn) € X", define the

composition of x, y to be the vector ¢(x,y) = (c1,¢o, ..., ¢s) € N°, where
¢ ={0: (ze,y0) € R} (1<i<s).

It is clear that |c(x, y)| < n. For every a € N° with |a| < n, define the binary

relation R, on X" by

R, ={(x,y) € X" x X" : ¢c(z,y) = a}.

18



Let

Sym"(#Z) = {R, : a € N° |a| < n}.

Then it follows that the pair (X", Sym"(Z)) is a commutative association scheme,
called the extension of (X, %) of length n. We identify its standard module with
vector space V®" sothat £ := 11 @ 1o ® - -+ @ &, for & = (1, T, ..., 2,) € X"
For every a = (ajq,a9,...,a5) € N° with |a| < n, the 0-1 adjacency matrix

A, € End(V®") of the graph (X™, R,,) is then given by

As= > A, 04,8 ® A, (2.12)

11,0250 0in,

where the sum is over i1, 29, ..., 4, € N such that
- - . n—|a @ @ o
iy, dg, ... in} = {On7lol g gez - gas)

as multisets. In particular, the Bose-Mesner algebra M of (X", Sym" (%)) co-
incides with the n'" symmetric tensor space of M. Similar expressions hold for
the primitive idempotents, dual idempotents and the dual adjacency matrices of
(X", Sym"(Z)), denoted henceforth by the E,, the E’ and the A}, respectively.
For simplicity, we will always choose @ := (¢, Zo, - .., Zg) € X™ as the base ver-
tex. We denote the corresponding dual Bose—Mesner algebra and the Terwilliger

algebra by M * and T, respectively. We also consider the partition

X" =] |(X")a
aeN?®
|a|<n

19



corresponding to (2.5)), i.e.,
(X"a={x e X" (xy,z) € R,}.

Let {e; : 1 < < s} be the standard basis of R®. Then in view of (2.3)), we have

A, =) (Z oéjpﬁ> E,, A, =) ( a]-@ﬂ) E:, (2.13)
0

aeNs \ j=0 aeNs \ j=
la|<n la|<n
where oy := n — |a|. More generally, Mizukawa and Tanaka [44] described the

eigenmatrices of (X", Sym"(Z)) in terms of certain s-variable hypergeometric
orthogonal polynomials which generalize the Krawtchouk polynomials (see also
(36, 37]). Let p,. 8 (resp. qgﬂ) denote the intersection numbers (resp. Krein param-
eters) of (X", Sym"(Z)). Then, forall 1 < i < sand 5,v € N° with ||, |7| < n,

we have

PLs#0 <= ve{B—ei+e: ) #0}, (2.14)

where we set ey := 0. A similar result holds for the qzl_ 5

Let £ = (&0,&1, - -+, &s) denote a sequence of s + 1 mutually commuting inde-

terminates. For every a € N* with || < n, we let

e =g e g (2.15)

Then it follows from (2.12)) that

s Qn
(Z@Ai) =) A,
=0

a€eN?
la|<n

20



and similarly for the E,. Observe that
D GE = |X[T) (€QT)iAs
i=0 i=0
Combining these comments, we have (cf. [24} 62]])
Y B, =[X]T") (€QT)Au.

aeN? a€EN?®
lal<n |a|<n

(Here, we extend the notation (2.13) to the sequence £QT as well.)

21

(2.16)

Now, let C' denote a code in X™ with inner distribution a = (aa)aens, a|<n-

Consider the polynomial wq(§) in R[¢] = R[&y, &1, - - - , &) defined by

wC(g) = Z aa€a~

a€eN?
lal<n

Note that we(€) is homogeneous of degree n. From (2.16)) it follows that

C171Y (G ELC) = [ X[ we(€QT).

aEeN?
la|<n

2.17)

Hence we can read which of the E,C vanish from the expansion of w¢ (€QT).

Suppose for the moment that (X, %) is a translation association scheme, and

that C'is an additive code in X ™. In this case, w¢(€) is called the weight enumerator

of C. Tt should be remarked that (X", Sym" (%)) and (X*", Sym"(%*)) are dual



to each other. By (2.10) and (2.17) we have (cf. [24]])

wer(€) = |C] M we(EQT).

This generalizes the well-known MacWilliams identity.

In proving our results, we need to consider extensions of length n of one-class
association scheme (X, { Ry, (X x X))\ Ro}). This special fusion of (X", Sym" (%))
is called the Hamming association scheme H (n,|X|). Observe that H(n,|X|) has
n classes, and that the associated matrices as well as the partition of the vertex set
X™ are parametrized by the integers 0, 1, ..., n,i.e., A;, E;, Ef, A, and also (X");
(0 <7 < n). We denote the corresponding Bose—Mesner algebra, the dual Bose—
Mesner algebra, and the Terwilliger algebra by My, M7;, and T}y, respectively.

Note that

A =) 6,E, Aj=> 0E; (2.18)
=0 =0
where

0, =0 =n(X| —1)—|X][i (0<i<n).

Below we collect important facts about the irreducible T’y-modules, most of
which can be found in Terwilliger’s lecture notes [67]]. See also [61} §5.1]. (Some

of the results hold in the wider class of metric and cometric association schemes.)
Lemma 2.4.1. Let W be an irreducible Ty -module.
(i) A\E;W C EX \WH+EW4+ES W (0<i<n),where E*, = E | =0.

n—+

(ii) AAEW Cc E, W+ EW + E, /W (0<i<n),where E_ | =E,,; =0.

22
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(iii) There are non-negative integers r and d such that

n—2r<d<n-—r, (2.19)

and

1 ifr<i<r+d,
dim EfW = dim E;W = (0

0 otherwise,

N
N
E

(iv) BEAEW £0ifli—jl =1 (r <i,j <7 +d).
(v) BEATE;W #0ifli—jl =1 (r <i,j <r+d).

The integers r and d in (iii) above are called the endpoint and the diameter of W,
respectively. The integer 2r + d — n is called the displacement of W (see [66]).
From (2.19) it follows that

0<2r+d—n<n.

For every 0 < ¢ < n, let U, be the span of the irreducible T;-modules in V" with

displacement c. Then we have

and this decomposition is called the displacement decomposition of V™. In [67],
Terwilliger showed that

Uy = (Cig 4+ CX)®™. (2.20)



Chapter 3

On Lee association schemes over Z, and

their Terwilliger algebra

Codes over Z, are an active area of research. Hammons, Kumar, Calderbank,
Sloane, and Solé [28]] studied Z4-linear codes to understand via the Gray map the
‘duality’ of several families of nonlinear binary codes such as the Kerdock codes
and the Preparata codes. Certain Z,-codes are also relevant to the study of vertex
operator algebras (see [30] for example). The aim in this chapter is to explore the

algebraic structure of the space Z} underlying the Z4-codes of length n.

When dealing with Z,-codes of length n and their symmetrized weight enumer-
ators (see Section [4.4.2), we consider the so-called Lee association scheme L(n)
with vertex set Zj. The structure of the Bose—Mesner algebra of L(n) is known
as discussed in [24] or [44]. In this chapter, we focus on the Terwilliger algebra
of L(n), and determine all of its irreducible modules. We show that there is a ho-
momorphism from the universal enveloping algebra U(sl3(C)) to the Terwilliger
algebra of L(n), and that the latter is generated by this image together with the cen-

ter. It follows that in this case every irreducible module of the Terwilliger algebra



has the structure of an irreducible s(3(C)-module. Our main results in this chapter

are Theorems [3.3.12] [3.3.13] and [3.3.14] The situation here turns out to be much

more complicated than in the case of the binary Hamming schemes (see Go [23]),
and in proving our theorems we invoke several facts from the representation theory
of the symmetric groups and the Lie algebras s[,,(C). We plan to discuss applica-

tions of the Terwilliger algebra to Z,-codes in a future paper.

This chapter is organized as follows: In Section[3.1], we give a brief background
on the representation theory of the symmetric groups and recall some known prop-
erties of the Specht modules. In Section we recall some important results in
representation theory particularly on the connection between Specht modules and
irreducible sl,,(C)-modules. Also, we describe the irreducible sl,,(C)-modules
from the points of view of highest weight theory and of Weyl modules. Finally, we

prove our main results in Section [3.3] The entire chapter is based on [45].

3.1 Specht modules

In this section, we discuss irreducible modules of the symmetric groups which are
called Specht modules. There are a lot of available references for this topic, for

instance see [20, 25} 50, [56]]

Throughout this section, let & denote a positive integer. A partition \ of k is a
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sequence A = (Ao, A1, ..., \,_1) of nonnegative integers satisfying the conditions
n—1
A=A == Agand Y A=k
=0

In symbols, we write A F k. Naturally, we identify A with (Ao, ..., A,_1,0,...,0)
so that length is immaterial. We say A has [ parts and we write part(\) = [if [ is

the largest integer such that \; # 0. For each positive integer [, we define
P(k,l) ={\F k : part(\) <}

and we set P(0,1) := {(0,...,0)} for convenience. Let A and ¢ be partitions of k.

We say that A\ dominates € and we write A > ¢ whenever
N+ F+N=egt++¢g (VZEN)

Observe that > is a partial order on the set of all partitions of k.

To each partition A - k£ we associate a Ferrers diagram, an array of k boxes ar-
ranged in rows and columns such that the ith row has \; boxes for every : € N. On
the other hand, a A-tableau (also known as a Young tableau of shape )) is an array
t obtained by filling the boxes of the Ferrers diagram associated to A with integers
from 1 to k without repetitions. A \-tableau t is said to be standard if its entries are
strictly increasing from left to right along each row and from top to bottom along

each column. We denote by STab(\) the set of all standard A-tableaux.



Two A-tableaux t,t’ are said to be row equivalent (resp. column equivalent) if
the entries in the corresponding rows (resp. columns) of t and t’ are the same up
to permutation. Let &, denote the symmetric group on k objects. We observe that
Gy, acts transitively on the set of all A-tableaux by applying o € & to the entries
in the boxes. The result of the action of o on the A-tableau t will be denoted by
ot. If t and ot are row equivalent (resp. column equivalent), we say o is a row
stabilizer (resp. column stabilizer) of t. Observe that the set of all row stabilizers

(resp. column stabilizers) of t forms a subgroup of &;.

Let A - k and let t € STab(\). Denote by R, and C; the subgroups of &
consisting of row and column stabilizers of t, respectively. Define an element s; in

the group algebra C[S] such that

Sy = Z sgn(o)o Z 0

O'ECt ’LZJERt

where sgn denotes the sign character of G;. We mention that s is proportional to
an idempotent g, (see [20, Lemma 5.13.3] or [25, Lemma 9.3.8]). We call g, the

normalized Young symmetrizer associated to t.

Theorem 3.1.1. Let \ - k and let t € STab(\). Then the subspace Vy, = C[G|gs
of C[&y] is an irreducible module of C[Sy] under left multiplication and is inde-
pendent of t up to isomorphism. Moreover, every irreducible module of C|Gy] is

isomorphic to V) for a unique \.
Proof. See Theorem 5.12.2 and Section 5.13 of [20]. O

The spaces V), are called the Specht modules and the collection {V) | A - k}
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forms a complete set of mutually non-isomorphic irreducible modules for C[&y].

Remark 3.1.2. In other references such as [50] and [56], the Specht modules are
defined in terms of polytabloids. In this setup, Theorem |3.1.1|is proven using the
so-called submodule theorem (see [S0, Theorem 2.4.4] or [56, Theorem 10.2.13]).
In addition, the set of all polytabloids associated to a standard A-tableau forms a
basis for the Specht module V), (see [50, Theorem 2.5.2]). Thus dim(V)) is equal
to the number of standard A-tableaux. This quantity can be computed using known
formulas which are as follows:

Consider the Ferrers diagram of A - k with part(\) = [. To every box, we
associate an ordered pair (7, j) of nonnegative integers such that 0 < ¢ <! —1is
its row position and 1 < j < \; is its column position. By the hook-length h, (i, j)
we mean the number of boxes (a, b) such that either « = i and b > j or a > i and

b = j. Then the dimension of V) is given by

: k!
dim(V)) = TTG7)

where the product ranges to all boxes (7, j) of the Ferrers diagram of . This for-
mula is called the hook-length formula and is proven by Frame, Robinson and Thrall
in 1954 (see [50, Section 3.10]). The second one is due to Frobenius and Young,
and is called the determinantal formula. To state the formula, we set 1/c! = 0

whenever ¢ < 0. Then the dimension of V), is given by

-1

) |:<)‘i_z+j)!:|i,j:0

This formula is much older than the hook-length formula (see [50, Section 3.11]).
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3.2 sl(V)-modules

Throughout this section, let V' denote an n-dimensional vector space over C. The
Lie algebra sl(V') is the vector space over C of traceless linear operators on V' to-
gether with the Lie bracket [z, y| = zy — ya for all x,y € s[(V). Fixing an ordered
basis for V' means we may identify the linear operators on V' with n X n matrices
and write s[(V) = s[,(C). In this section we discuss the irreducible modules for
s[(V) from two points of view. The first is described as follows: For every o € S,
and for vectors vy, ..., v, € V, define o(vy @ - @ vg) = Vp1(1) @ - - @ Vp1(k) SO
that VV** becomes a module for C[&}]. Then for every A € P(k,n) and for every
t € STab()), the space g, (V®*) is an irreducible module for sI(V') and is called a
Weyl module. The other one is by means of a theorem of the highest weight. This
states that every irreducible s[(1)-module has a unique highest weight and two ir-
reducible modules with the same highest weight are isomorphic. We establish the
connection between these two points of view in the latter part of the section. The

reader may refer to [20, 25,27, 135] for more background information.

Let gl(V') be the Lie algebra of linear operators on V' with the usual Lie bracket.
Similarly, we write gl(V') = gl,,(C) if an ordered basis for V is fixed. Let I denote
the identity operator in gl(V'). For o € &, and for operators M, ..., M € gl(V),
define o(M; @ -+ @ My) = My—1(1) @ - - - @ M1 so that gl(V) acts on V* by

1

F(Ul®®vk):m

Y oFeIe--aDme--ou) Gl

ceSy,

for every I € gl(V). We see that the space V®* supports a module structure for
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both the group algebra C[&,,| and the universal enveloping algebra U (gl(V)).

Theorem 3.2.1. (Schur-Weyl duality) Let A and B denote the homomorphic images
of C[&;] and U(gl(V)) in End(V®*), respectively. Then each of the following

statements holds:
i) A and B are the centralizers of each other.
ii) A and B are semisimple and in particular V' is a semisimple gl(V')-module.

iii) VO = P \ex VA® Ly is a direct sum decomposition into A® B-modules where
{Vi\} are Specht modules and { L} are some non-isomorphic irreducible mod-

ules for gl(V') or zero.

Proof. This is found in [20, Theorem 5.18.4] which is in fact a consequence of the

double centralizer theorem [20, Theorem 5.18.1]. ]

According to the Weyl character formula [20, Theorem 5.22.1], dim(L,) is zero

if and only if part(\) > n. Thus V®* decomposes into irreducible gl(V')-modules

Veh = P WeLyx P dim(la) L. (3.2)
XeP(k,n) XeP(k,n)
In other words, a complete set of mutually non-isomorphic irreducible gl(V')-modules

on V®* is in bijection with the set P(k,n).

Lemma 3.2.2. On the space V=¥, a complete set of mutually non-isomorphic ir-
reducible modules for gl(V') is also a complete set of mutually non-isomorphic

irreducible modules for sI{(V').
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Proof. Let W denote a subspace of V®*. Note that every operator F' € gl(V/) can
be written as F' = S + ¢I where S € s[(V) and ¢ € C. From this and (3.1)), we find
W is an irreducible s[(V')-module if and only if IV is an irreducible gl(1")-module.
Suppose W is a gl(V)-module. Let W’ denote a gl(V')-module on V** and let

f W — W’ be a vector space isomorphism. Then for all w € W we have

F(Mw) — Mf(w) = F((S + eIw) — (S +I) f(w)
— F(Sw+ ckw) — (SF(w) + ckf(w))

= [(Sw) = Sf(w).

Hence f is an isomorphism of gl(V')-modules if and only if f is an isomorphism of

s[(V')-modules. O

Lemma 3.2.3. Let A € P(k,n). Then for every standard \-tableau t, the Weyl

module g,(V®%) is an irreducible module for s\(V') isomorphic to L.

Proof. Recall that g, is an idempotent in C[Sg] and V), is isomorphic to C[Sy]gs.
Then Homgg, (Vi VEF) = g,(V®*) by [20, Lemma 5.13.4]. On the other hand,

we obtain L) = Homgs,)(Vh, V") by the double centralizer theorem. O

Remark 3.2.4. Fix an ordered basis {vg,v1,...,v,—1} for V and identify sl(V)
and gl(V') with s[,,(C) and g[,,(C), respectively. Let b denote the set of all complex
diagonal matrices of the form H = diag(ao, a1, . .., a,_1) such that Z;:& a; = 0.
Recall that b is a Cartan subalgebra of sl,,(C). For H = diag(ao, . ..,a,—1) and

H' = diag(bo, . . ., b,_1), define an inner product on h such that



For integers 0 < 7,5 < n — 1, let E,; denote the matrix in gl,,(C) that has a 1 on
the (r, s)-entry and O on all other entries. Define the linear functional c,.s : h — C
that sends H +— (a, — a;) for all H € h. Then for integers 0 < r,s < n — 1 such

that r # s we find E,; € sl,(C) and
[H,E,s] = (a, —as)E,s = a.s(H)E,s VH €.

We call . a root of sl,,(C) relative to the Cartan subalgebra b with corresponding
root vector E,. Clearly, a,.s(H) = (E,.. — Eq, H) for all H € b and thus we can
transfer the roots to b via the map «,.s — (E,. — E;). Let R denote the set of all
roots and let E denote the R-linear span of R. Then R forms a root system that is
conventionally called A, _;. We abbreviate H; = F;; — E;; ;11 for each integer
0 <j<n-—2sothat {Hy,...,H, o} is a base for E. We comment about finite-
dimensional modules for s[,,(C). If IV is a finite-dimensional s[,,(C)-module, then
W has a basis consisting of simultaneous eigenvectors for fj. In fact, for each basis

vector v there exists p4 € b such that
Hv = {u,H)v VH € b.

We call ;o a weight in W with corresponding weight vector v. Recall that (p, H;)
is an integer for every 0 < j < n — 2. There exist elements wg, w1, ..., w,—2 € b
called fundamental weights where (w;, H;) = ¢;; for all integers 0 < i,j < n — 2.
Consequently, the weight p is written as y = Z?;g (p, Hj)w;. We say that a weight
p is dominant if (pu, H;) is nonnegative for all 0 < j < n — 2. Suppose i, i’ are

weights in W. We say that p is higher than 1 if there exists nonnegative real
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numbers ¢, 1, . . . , C,_o such that
n—2
/
p— = E c;H,;
Jj=0

A weight A occuring in W is said to be the highest weight if X is higher than any
other weight in W. The highest weight theory of irreducible sl,,(C)-modules states
that every irreducible module has a unique highest weight and that two irreducible
modules are isomorphic if and only if they have the same highest weight. Suppose
W is an irreducible s, (C)-module with highest weight A\. The multiplicity of the
weight p in W is the dimension of the p-weight space in W and this quantity is
determined using two known formulas: Freudenthal’s (see [35, Section 22]) and

Kostant’s formulas (see [35, Section 24]).

We resume our discussion on Weyl modules. Recall that {vg, vq,...,v, 1} isa

fixed ordered basis for V. For convenience, every vector of the form

B:Uj1®vj2®"'®vjk (jl,jg,...,jkE{O,l,...,n—l})

will be called a simple tensor. We shall identify the set of all simple tensors with
the set of all ordered k-tuples on {0,1,...,n — 1}. Let 8 = (j1, jo, . - ., jx) denote

a simple tensor and define the ordered tuple ¢ = (g, €1, . .., €,_1) such that

er=NH1<s<k|js=r} 0<r<n-1).

We call ¢ the content of 3 and write cont(3) = . Let span(e) denote the subspace

of V® spanned by simple tensors 3 with cont(/3).
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Let A € P(k,n)andlett € STab()\). To each simple tensor 5 = (j1, j2, - - - , Jk)
we associate a substitution 3, such that for every integer 1 < s < k we write j
in the box labeled s in t. We say [ is a (A, t)-semistandard simple tensor if the

corresponding 3, satisfies each of the following conditions:
(SST1) the numbers are weakly increasing from left to right along each row, and
(SST2) the numbers are strictly increasing from top to bottom along each column.

Lemma 3.2.5. Let A € P(k,n) and let t € STab(\). Then the set of all vectors
g+(B) where 3 is a (\,t)-semistandard simple tensor forms a basis for g.(VF).

Furthermore, we have

dim(g. (V") N'span(e)) = K.

where the scalar K . (called the Kostka number) is equal to the number of distinct

(A, t)-semistandard simple tensors with content €.

Proof. See [8, Theorem 8.11]. OJ

In view of Lemmas3.2.3|and [3.2.5] the space g.(V ®¥) is an irreducible module

for sl,,(C) with basis consisting of vectors g, () such that § is a (), t)-semistandard
simple tensor. Pick an arbitrary basis vector g,() and suppose cont(/3) = € where
e=(g0y...,En-1). Let Hy, Hy, ..., H, 5 and wy, wy, . . . ,w,_o denote elements of

b as described in Remark Observe that

H;g.(B) = (¢ —€j41)9:(8) foreachj € {0,1,...,n—2}
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and thus, ¢ is viewed as a weight via the map w that sends ¢ — Z?:_(?(é‘i — €it1)W;

Theorem 3.2.6. Let A\ € P(k,n) and let t € STab(\). Then the Weyl module

g:(V®*) is an irreducible module for sl,,(C) with highest weight w(\).

Proof. The Weyl module g, (V) is a highest weight cyclic representation of sl,,(C)
with weight w(\) in view of [27, Definition 7.16]. The theorem then follows im-

mediately from [27, Proposition 7.17]. O

Corollary 3.2.7. The set of all dominant weights occuring in the Weyl module

gs(VE*) is {w(e) | e € P(k,n) and X > €}.

Proof. See [8, Lemma 4.5]. O

Remark 3.2.8. The set of all weights occurring in the Weyl module g (V®*) to-
gether with their corresponding multiplicities can be described as follows: Let
e € P(k,n) such that A > ¢. Thus, € is a content occurring in g,(V®*) and in
particular w(e) is a dominant weight. Suppose ¢’ is an n-tuple obtained by permut-
ing the entries of €. By applying the Bender-Knuth involution (see [7]) repeatedly,
we see that there exists a bijection between the set of all (), t)-semistandard simple
tensors with content ¢ and that of content £’. Hence, w(e’) is a weight occurring in

g+(V®*) and the multiplicity of w(e’) is equal to K ..
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3.3 Terwilliger algebras of Lee association schemes

over Z, and irreducible modules

Throughout the section, (X, %) denotes the commutative association scheme with

vertex set X = {0, 1,2, 3} and associate classes Z = { Ry, R1, R2} such that
Ri={(z,y) e X xX : z—y=+i(mod4)} (0<i<2).

Note that X is an abelian group with respect to addition reduced modulo 4. Hence,
(X, Z) is a translation association scheme. Let Ag, A1, Ay and Ey, E1, E5 denote
the associate matrices and the primitive idempotents, respectively. Write the dual
matrices as AY = Af(0) and Ef = E7(0) for each integer 0 < 7 < 2. Let V denote
the standard module for (X, %) and let 7' = T'(0) denote the Terwilliger algebra
of (X, %) with respect to vertex 0. Let W, denote the primary 7-module with
bases {uvo, v1, v} and {v, v}, v5} (as described in Section and let 1V, denote
the orthogonal completement of W, in V. Finally, let 77, denote the Lie algebra

over C obtained by endowing 7" with the usual Lie bracket.

From here on, we fix an integer n > 2 and let L(n) denote the commutative
association scheme (X™, Sym"(Z)). Observe that L(n) is a translation association
scheme and the identity element is the zero codeword. We refer to L(n) as the Lee

association scheme over Z,. We recall the Bose—-Mesner algebra M of L(n). For
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every a = (a1, ap) € N? with |a| < n, we have

_ 1 ®(n—lal) , A®a Ba
Aa = (n — |a|)la;lag! Z ’ (AO oA O 2) ’
UGGn

1

E =
(= o)) lagag!

> o (B @ B @ BF?).

O’GGn

Then the A, are the adjacency matrices and the F,, are the primitive idempotents.
Now consider the dual Bose-Mesner algebra M* of L(n) with respect to the zero
codeword. Then similar expressions hold for the dual primitive idempotents E,

and the dual adjacency matrices A.

Let T" denote the Terwilliger algebra of L(n) with respect to the zero codeword
of length n. Recall that T is the subalgebra of End(1V®") generated by the associate
and the dual associate matrices. In this section, we determine and describe the
irreducible modules for the Terwilliger algebra T'. Our methods and techniques are

inspired by [67]].

Lemma 3.3.1. With above notation, each of the following relations holds:

AF, = 24— 2A,,
4F, = Ag— A+ Ay,
AT = 2E; —2FE3,
Ay = E}—E}+E;.

Proof. Label the coordinates of the vectors in V', and the rows and columns of the
matrices in End (V") with the natural ordering of the vertices in X. Let V; (resp.

V3) denote the eigenspace of A; corresponding to the eigenvalue 7, = 0 (resp.
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Ty = —2). Then V] has an orthonormal basis {z1, x5} and V, has an orthonormal

basis {3} where

1 0 1
1 0 1 1 q 1| -1
Tl = —= , Tg = ——= , and rs = —
V2 V2| g 21 1
0 —1 -1
Consequently,
1 0 -1 0
1 0 1 0 -1
E1 = l’lfi + l’zfé = = s
2121 0 1 0
0 -1 0 1

B ot _1 -1 1 -1 1
2 — 343 - 4
1 -1 1 -1
—1 1 -1 1

These prove the first two equations of the lemma. The remaining equations follow

immediately from the first two and the definition of dual matrices. [

Lemma 3.3.2. With above notation, for F' € {Ay, As, Ej, EY, E3} the matrix rep-

resenting F |y, with respect to the ordered basis {vy, vi,v,} and the matrix repre-



senting F|w, are given by
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F A A, E; E; E;
020 |oo1] [too| |[0oo0oo0 |oo0o0
Flwo | {1 0 1| |o 10| (000 [010] 000
020 |[1too| {000 |000 |00°1
Flw, [0] [—1] [0] [1] [0]

Proof. Routine.

]

Lemma 3.3.3. With above notation, for F' € { A}, A3, Ey, E>} the matrix represent-

ing F|w, with respect to the ordered basis {vy, v1,v2} and the matrix representing

F|w, are given by

r Aj A3 Ey FEs
20 0 1 00 % 0 —% % — % %1
Flwe| |0 0 0 0 -1 0 00 0 e
00 -2 0 01 — % 0 % % _ % zl;
Flw, [0] [—1] 1] 0]
Proof. Follows immediately from Lemma[3.3.1)and Lemma O

Lemma 3.3.4. With above notation, the matrices

E:, E\E}, B}, EfAs, EAy, AE;, EtAy, A\E:, EIAE], E}AE}

form a basis for T.

Proof. Use Lemmas[3.3.2]and [3.3.3]
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Lemma 3.3.5. With above notation, each of the following relations holds:

EiAy = Ay + 3 A5 — A (A Af)L
EjAy = §As— 3 A5+ 5[A], Ao] + 5[ A, [Ar, A7),
EjAr = A — g[ALAY] = [AL A5] + 55[Aq, [Ar, AT,
EAE; = 3A — gl AT+ g[An, A5] = 15[As, [Ar, Afl,
By — E\Ef = JA5+ 1A + 1 A7 — 55 [An [Ar, A7),
E; —E\Ef = 345+ 1A, — 1 A7 — 5[4, [Ay, 4]

Proof. Use Lemmas[3.3.2]and[3.3.3] [

Let I denote the identity matrix in 7" and let g denote the Lie subalgebra of 77,
consisting of matrices with trace 0. We define the unique element ® € g for which

®|yy, acts as identity on W, and ®|yy, acts as the scalar —3 on .
Lemma 3.3.6. With above notation, each of the following statements holds:

i) The Terwilliger algebra T is a direct sum of g and CI.

ii) The matrices

Ei—E\Ef, Ei—E\Ef, Ef Ay, EiAy, Ay, EfAy, A\ES, ETAES, ESALE}

form a basis for g.

iii) The Lie algebra g is precisely the Lie subalgebra of T} that is generated by
A17 A27 AT and A;

Proof. If F' € g, then F|y, acts as — trace(F|w,) on W;. Thus, dim(g) = 9 and

(i) holds since I ¢ g. Statement (ii) holds since each matrix has trace 0 and are



linearly independent by Lemma [3.3.4] Statement (iii) follows immediately from

(ii) and Lemma[3.3.5] O
Proposition 3.3.7. With above notation, each of the following statements holds:

i) The map g — gl(W,) that sends every matrix F' € g to the restriction F |y, is

an isomorphism of Lie algebras.
ii) The Lie algebra (g, g] is isomorphic to s{(Wj).

Proof. Let 7 denote the map in (i). Note that 7 is a Lie algebra homomorphism
and the spaces g and gl(1V}) are of equal dimension. Thus, it suffices to show that
Ker 7 = {0}. Suppose F' € Ker 7. Then both F' and F'|yy, must have trace 0 and so
must F'|y,. Since dim(1¥;) = 1, the matrix F acts as 0 on W;. This implies that F’

is the zero matrix. Statement (ii) follows immediately from (i). ]
Lemma 3.3.8. With above notation, each of the following statements holds:
i) The Lie algebra g is a direct sum of |g, g| and CP.

ii) The Lie algebra |g, g] is precisely the Lie subalgebra of T, consisting of matri-

ces F such that both F|w, and F|w, have trace 0.

Proof. Let I’ and G denote matrices in g and observe that both [F,G]|w, and
[F, G]|w, have trace 0. Hence, ® ¢ [g, g] and (i) holds by Proposition State-

ment (ii) follows immediately from (i). ]

Lemma 3.3.9. With above notation, the Terwilliger algebra T is a direct sum of

g, 9] and the center Z(T') of T. In particular, Z(T') is spanned by ® and I.
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Proof. Observe that span{®,/} C Z(T). By Lemmas [3.3.6/(i) and [3.3.8(i), we

obtain the direct sum 7" = [g, g] @ span{®, I'}. Suppose F is a matrix contained in
Z(T) N [g,g]. Then F|y, has trace 0 and is a scalar multiple of the identity map
in gl(W,). Hence, F|y, is the zero map in gl(1¥,). Consequently, F is the zero

matrix by the isomorphism in Proposition (). [

Lemma 3.3.10. Let {e;, ez} denote the standard basis for R%. With above notation,

the Terwilliger algebra T has four generators namely Ae,, Ae,, A, and A},

Proof. Let M’ be the subalgebra of the Bose—Mesner algebra M generated by A,
and A,,. Foreach a = (o, ) € N? with |a| < n, observe that the matrix A, isin

the expansion of [A,, ]!

[Ae,]** and hence, A, € M’ by induction on |«|. Hence
M’ contains all the adjacency matrices and is in fact the Bose—Mesner algebra M.
Similarly, we can prove that the dual Bose—Mesner algebra M* is generated by

Aj and Ay . ]
Define the unique matrix A(P) in End(V®") for every matrix P € T such that
A(P) is given by

1

AlP) = (k— 1)

d o(PRI®--al).

O’GGn

Endow V®" with a T-module structure such that P € T acts as A(P) under left

multiplication. Consequently, V" becomes a module for Lie algebras g and [g, g].

Proposition 3.3.11. With above notation, suppose W is a non-zero subspace of

V& such that ® acts as a scalar on W. Then the following are equivalent:

i) W is an irreducible T-module,
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ii) W is an irreducible g-module,
iii) W is an irreducible [g, g]-module.
Proof. Immediate from Lemma (ii1), Lemma (i) and Lemma([3.3.10 [

Theorem 3.3.12. With above notation, there exists a unital algebra homomorphism
from the universal enveloping algebra U(sl(Wy)) to T'. Furthermore, T is gener-

ated by the image of U(sl(Wy)) and the center Z (T).
Proof. View T as a Lie algebra with respect to the usual Lie bracket and consider
the map g — T such that P — A(P). Under this mapping, observe that

A A, AT A

ey’

As — A, Ay = AL,

So this map is a well-defined Lie algebra homomorphism (see Lemma3.3.6|(iii) and
Lemma [3.3.10). Thus there exists a unique unital algebra homomorphism p from
the universal enveloping algebra ¢/(g) of g to T" and in fact, p is an epimorphism.

The theorem follows from Proposition (i1) and Lemma(3.3.9 [l

Theorem 3.3.13. With above notation,

v®”~@ & ( >d1m V) Ly ® (W,)®n=0 (3.3)

k=0 \eP(k,3)

is a decomposition into irreducible T-modules where {V\} are the Specht modules,
and { L\ } are irreducible s\(W,)-modules. Moreover, (k,\) = (k', \') if and only if

the summands Ly @ (W))®"=%) and Ly @ (W)= are isomorphic T-modules.

43



Proof. First we prove the isomorphism (3.3). Recall that V' = W, & W; so we

obtain the isomorphism

V®n ~ @ (Z) (WO)®k ® (W1)®(n—k)‘
k=0

We obtain by applying to (Wy)®*. Fix an ordered pair (k, \) where k < n
is a nonnegative integer and A € P(k,3). That the summand Ly ® (W;)®("=*) is an
irreducible [g, g]-module follows from Proposition (ii) and Lemma (ii).
Moreover, ® actson L) ® (W1)®("‘k) as a scalar multiplication by 4k — 3n. Hence,
Ly ® (W;)®* is an irreducible T-module by Proposition The last statement
follows from the action of A(®) and Theorem O

Observe that a complete set of mutually non-isomorphic irreducible T'-modules
on V® is in bijection with the set of all ordered pairs (k, \) where & is a nonneg-
ative integer such that k¥ < n and A € P(k,3). Recall that the support W; (resp.
dual support W) of an irreducible T-module W is the set of all « = (a1, ap) € N?

with |a| < n such that EXW # 0 (resp. E,WW # 0).

Theorem 3.3.14. With above notation, abbreviate W = W, ) 1= L@ (W,)20=F)
for a fixed integer 0 < k < n and a fixed partition A € P(k,3). Let P()\) denote
the set of all partitions in P(k,3) that are dominated by \. Then each of W, and

W is equal to
{(po, p1 + 1 — k, pu2) | (po, 1, po) is a permutation of some e € P(\)}. (3.4)

Moreover if n = (o, t41, o) is a permutation of some ¢ € P(\), then each of EXW

and E,W has dimension K. whenever o;; = |11 +n — k and oy = is.



Proof. Tdentify W with g, (W*) @ (W;)®(™=") for a fixed standard \-tableau t in
view of Lemma[3.2.3] Now we give a basis for W consisting of common eigenvec-
tors for the dual primitive idempotents. Fix the ordered basis {v, vy, vo } for Wy and
the basis {v} for ;. Then by Lemma|[3.2.5] the set of all vectors g;(3) ® v®("~)
forms a basis for W where [ is (), t)-semistandard simple tensor. Pick a (A, t)-
semistandard simple tensor 5 and suppose cont(/3) = (o, i1, pt2). Then for every

a = (a1, az) € N? with |a| < n, we obtain

g (B) @ v =h) ifa; = p1 +n — kand ay = s,

E; (9:(5) w07 ) = §
0 otherwise.

We see that W is equal to the set (3.4) by Corollary and Remark Sim-

ilarly we get W7 by using the ordered basis {v, v}, v} for Wy and the basis {v}

for ;. The last statement follows from Lemma and Remark N

Remark 3.3.15. In [1]], there is a method that describes how the multiplicities of
the weights in the root system A, can be obtained. The set of all weights in an
irreducible module for sl3(C) is then partitioned into layers such that weights lying
on the same layer have the same multiplicities. In particular, the Kostka number
K, . mentioned in Theorem only depends on which layer does ¢ belong.
To further explain this, write A = (g, A1, A2) and let P(\) denote the set of all
partitions in P(k, 3) dominated by . Let r denote the largest nonnegative integer
for which \" := (Ao — 7, A1, Ay + 1) € P(X). Suppose > 0. Then the sequence

AL L \” determines the layers and the Kostka number K, . for each e € P()\)
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is given by

% s if A1 > ¢ and \* # ¢ for some integer 1 < s <,
e —

r+1 if A" > e.
Suppose 7 = 0. In this case, there is exactly one layer and K. = 1 for each
e € P(\). Hence, the corresponding irreducible 7 -module is both thin and dual

thin.

Remark 3.3.16. Observe that the irreducible T-module W y) = Ly ® (W;)®"=%
for a positive integer £ < n and A € P(k,1) is isomorphic as an sl3(C)-module
to the vector space over C of homogeneous polynomials in mutually commuting
indeterminates x, y, z with total degree k. On such an irreducible T'-module, we
can show the relationship among the Lie algebra s(3(C), Rahman polynomials and

rank two extension of Leonard pair as discussed in [37]].
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Chapter 4

An Assmus-Mattson theorem for codes over

commutative association schemes

We begin by recalling the famous Assmus—Mattson theorem which relates linear

codes and combinatorial designs:

Theorem 4.0.1 (Assmus and Mattson [2, Theorem 4.2]). Let C be a linear code
of length n over F, with minimum weight 5. Let C* be the dual code of C, with
minimum weight 0*. Suppose that an integer t (1 < t < n) is such that there are at
most § — t weights of C+in {1,2,...,n — t}, or such that there are at most §* — t
weights of C'in{1,2,...,n—t}. Then the supports of the words of any fixed weight

in C form a t-design (with possibly repeated blocks).

We remark that [2, Theorem 4.2] also includes a criterion for obtaining simple ¢-
designs (see Section [4.1] for definition), but we will not pay much attention in this
chapter to the simplicity of the resulting designs. There are several proofs and
strengthenings of Theorem see, e.g., [3, 115,116, 138,153, 58, 160]. The purpose
of this chapter is to establish a theorem which unifies many of the known general-

izations and extensions of Theorem 4.0.1]



Constructing ¢-designs from codes received renewed interest when Gulliver and
Harada [26] and Harada [29] found new 5-designs by computer from the lifted
Golay code of length 24 over Z, (among others). Their constructions were later
explained and generalized further by Bonnecaze, Rains, and Solé [9]. Motivated by
these results, Tanabe [57] obtained an Assmus—Mattson-type theorem for Z,-linear
codes with respect to the symmetrized weight enumerator. Tanabe’s theorem can in-
deed capture the 5-designs from the lifted Golay code over Z,, but the conditions in
his theorem involve finding the ranks of matrices having quite complicated entries,
so that it is hard to verify the conditions without the help of a computer. Tanabe
[S9] then presented a simpler version of his theorem, and we can easily check its

conditions by hand for the lifted Golay code over Zj.

To be somewhat concrete, by an Assmus—Mattson-type theorem, we mean in
this chapter a theorem which enables us to find ¢-designs by just looking at some
kind of weight enumerator of a code (plus a bit of extra information in some cases,
e.g., linearity). Such a theorem is not always the best way to estimate the parameter
t of the resulting designs as it does not take into account the structure of the code
at all (cf. Remark [4.4.5)), but instead it has a great advantage in its wide range of

applicability.

As stated in the introduction, we consider the Hamming association schemes
when we are dealing with codes and their Hamming weight enumerator (see Sec-
tion for definition) as in Theorem Hamming association schemes are

examples of metric and cometric association schemes, and Theorem #.0.1] can be
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interpreted and generalized from this point of view; cf. [[60]. On the other hand, in
situations where we focus on a more complicated type of weight enumerator of a
block code, we think of the code in question (say, of length n) as lying in a struc-
ture much finer than a Hamming association scheme; that is to say, the alphabet
itself naturally becomes the vertex set of a commutative association scheme with s
classes where s > 2, and we consider its extension of length n. Hamming associ-
ation schemes are the same thing as extensions of 1-class (i.e., trivial) association

schemes, but if s > 2 then its extensions are no longer metric nor cometric.

In this chapter, we prove a general Assmus—Mattson-type theorem for codes
in extensions of arbitrary commutative association schemes. Our main results are
Theorem and Supplements In general, the weights of a code take
the form o = (aq, s, ..., as), where the «; are non-negative integers such that
Y oi_,a; < n. We count the number of weights in a given interval when s = 1
as in Theorem but if s > 2 then instead we speak of the minimal degree of
subspaces of the polynomial ring R[{;, &, . . ., £] which allow unique Lagrange in-
terpolation with respect to those weights (which are lattice points in R*) contained
in a given region. When specialized to the case of Z,-linear codes with the sym-
metrized weight enumerator as in [S7, 159]], the association scheme on the alphabet

Z,4 has two classes R, and R, together with the identity class Ry, defined by

(x,y) € Ry <= y—a = =+i(mod4) (z,y € Zy)

fori € {0, 1,2}, and our results give a slight extension of Tanabe’s theorem in [59].

The Assmus—Mattson-type theorem for Z,-linear codes with the Hamming weight
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enumerator due to Shin, Kumar, and Helleseth [52]] can also be recovered. To prove
our results, we make heavy use of the representation theory of the Terwilliger alge-
bra (63,164} 165]], which is a non-commutative semisimple matrix C-algebra attached
to each vertex of an association scheme. See, e.g., [S1} 122,160, 4] for more applica-

tions of the Terwilliger algebra to coding theory and design theory.

The layout of this chapter is as follows. In Section 4.1, we recall important
concepts from polynomial interpolation and state our main results. Section 4.2]is
devoted to their proofs. Finally, we discuss a number of examples in Section 4.4

The entire chapter is based on [47].

4.1 Statement of main results

We recall some concepts from polynomial interpolation (see [21]). Throughout the
section, let S denote a finite set of points in R®. A linear subspace .Z of the polyno-
mial ring R[&;, &, . . ., &] is called an interpolation space with respect to S if, for
every [ € R[{, &, ..., &), there is a unique g € .Z such that f(z) = g(z) for all
z2=(z1,...,25) € S. We call £ aminimal degree interpolation space with respect

to S if, moreover, the interpolant g always satisfies deg f > deg g.

Let .7 (S) be a minimal degree interpolation space with respect to .S and define

wu(S) =max{deg f: f e .#(5)}.
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We note that . (S) exists; see Theorem below. Observe also that the scalar

w1(S) is well-defined, that is, independent of the choice of .Z (.S).

From here on, we assume that (X, &) is a commutative association scheme with
fixed base vertex x( and we shall adopt the notation in Chapter 2] For each vertex

x = (r1,%9,...,2,) € X", define

supp(x) = {l : z; # xo} C {1,2,...,n}.

We call supp(x) the support of x (with respect to x,). Recall that a t-(n, k, \)
design (or simply a t-design) is an incidence structure of points and blocks such

that the following conditions hold:

(TD1) there are exactly n points,
(TD2) each block contains exactly % points,

(TD3) for any ¢ points, there are exactly A blocks containing these points.

In this section, we state our main results and we discuss proofs of our main results

in the next section.

Theorem 4.1.1. Let C be a code in X™. Let
S,={aeN:r<|a|<n—r EXC#0} (1<r<|n/2)),

and let 0* = min{i # 0 : E;C # 0}. Suppose there exists an integer t (1 < t < n)



such that

u(Sy) <6 —r (1<r<t). 4.1)

Then the multiset
{supp(x) : x € (X"),NC} 4.2)
is a t-design (with block size |a|) for every a € N* with |a| < n.
We use Theorem [4.1.T| together with the following “’supplements”.

Supplement 4.1.2. Let C be a code in X". Assume that we are given in advance

a set K C N* such that the multiset (4.2) is a t-design for every a € K. Then the

condition @.1)) in Theorem{d.1.1\may be replaced by
p(SAK) < o™ —r (1<r<t).

We call a subset C of X" a weakly t-balanced arrayf|over (X, %) (with respect

to @) if, forany A C {1,2,...,n} and v € N® such that |y| < |A| < ¢, the number

{z € C: (2)ien € (XM}

depends only on |A| and 7.

Recall that, when considering translation association scheme, we always choose

the identity as the base vertex.

Supplement 4.1.3. Suppose that (X, %) is a translation association scheme, and

that C' is an additive code in X". Assume that we are given in advance a set

I'This term is meant as only provisional (see [[53]).
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L C N® such that, for every o € L, (X*"),NC" is a weakly t-balanced array over

(X, Z*). Then the scalar §* in Theorem may be replaced by

min{|a| : 0 # a € N°\L, E,C # 0}. (4.3)

Remark 4.1.4. We discuss a special case of weakly ¢-balanced array over (X*, %2*).
Recall that {e; };_, is the standard basis for R®. Let &« = he; for some 0 < i < sand
for some h > 0. Observe that the condition (X*"), N C* is a weakly-t-balanced

array over (X*, %*) is equivalent to saying that the multiset

{supp(x) : x € (X*™), N C*}

is a t-design.

Supplement {.1.5| below was inspired by [59, Theorem 2] and allows us to es-
timate p(S), and hence ¢, by geometrical considerations; see Section Itis a
general result about minimal degree interpolation spaces, so that we give a proof

right after the statement.

Supplement 4.1.5. Let S be a finite set of points in R®. Suppose that there are real
scalars zy (1 < 1 < s, £ € N), a positive integer m, and a linear automorphism

o € GL(R?) such that z;, # z; whenever k # (, and that

0(S) C {(21a1: 22051 - - -, Zsa,) ER* 1 € N°, |af <m}. (4.4)

Then p(S) < m.

Proof. We abbreviate z, := (214, 2204, - - - , Zsa )- Let 2 denote the RHS in (4.4).
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It suffices to show that ;(¥) < m. To this end, we construct an interpolation space
with respect to > with maximum degree at most m as follows. Let o € N® be given

with |a| < m, and assume that we have constructed polynomials

fs €R[E1, &, 8] (BN, Jof <[B] <m)

such that deg f3 < m and

fﬁ(zv) = 657 (7 € N°, |’Y| < m)

Define Jo € R[§17§27 s 758] by

s a;—1 6—2'
ga:HHl—M>

o1 p—o “iea T Al

and let

fa = Ga — Z ga(zﬁ)fﬁ'
BENS®
laf<|Bl<m

Then deg f, < m, and it is easy to see that

falzy) =00y (v €N, |y < m). 4.5)

Thus, by induction we obtain polynomials f, with deg f,, < m satisfying (4.5) for

all « € N* with |a| < m. Itis clear that the subspace

Y Rfa CR[, &, E

aeN?
lor|<m
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is an interpolation space with respect to ¥ and hence p (%) < m. [

We end this section by recalling a construction of a minimal degree interpolation
space due to de Boor and Ron (see [10, [11]). See also [21} §3]. For every non-zero
element f = )" f; in the ring of formal power series R[[&1, &, . . ., &]] where f;

is homogeneous of degree 7, let
fi = fiou
where ig = min{i : f; # 0}. We conventionally set 0, := 0.

Theorem 4.1.6 ([10,11]]). Let S be a finite set of points in R®. Let & be the subspace

of R[[&1, &, - . ., &s]] spanned by the exponential functions

exp (Zzlgl) ((Z17227"'7Zs> € S)
1=1

Then the subspace

Y R C R, &, &

fe&

is a minimal degree interpolation space with respect to S.

Theorem immediately leads to the following formula for y(.S) which is well

suited for computer calculations:

Supplement 4.1.7. For every finite set S of points in R®, the scalar 11(S) equals the

smallest m € N for which the polynomials

are linearly independent.
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(Note that we just discarded the irrelevant factors 1/(k!) in the Taylor polynomials

of these exponential functions.)

4.2 Preliminary lemmas

We being by proving a few preliminary lemmas that are necessary in verifying our
main results. Recall the space U, spanned by the irreducible T -modules in V®™

with displacement 0 (see latter part of Section [2.4)). Let
U, - yen Uy

denote the orthogonal projection onto Uj. Note that 7y, is a T-homomorphism.

Lemma 4.2.1. The primary T-module M x is orthogonal to every non-primary

irreducible T'y-module in U.

Proof. Let ug = zo and uy = X — &o. Forevery 7 = (11, 72,...,7,) € {0,1}", let
U = U/Tl ® uTQ ® T ® uTn € Erjl'|U07

where |7| = >",_, 7¢ denotes the weight of 7. The w, form an orthogonal basis of

Up by (2.20), and we have

[l = (1X] = D). (4.6)
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For every a € N° with |a| < n, we have

<Aai0a ’U,7-> = (5|T\,|a\ Z <g7 u7'>

(mo,y)GRa

|l - o
- 5|T"|a‘ <C¥1 g, ..., H(POZ) ’

i=1
where we recall that Py, is the degree of graph (X, R;). Since
TrU()AOéiO = Z ||uT||_2<Aa£ﬁ07uT>u77
7€{0,1}"
it follows from and (4.7) that 7y, A, &, is a scalar multiple of

Z U, = A|a‘:i?0 € Myx,.

7€{0,1}"

I71=la|

It follows that 7y, My = My, as desired.
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]

Lemma 4.2.2. Let C' be a non-empty subset of (X™), for some 0 < k < n. Then

the following are equivalent:
(i) The multiset {supp(x) : € C'} is a t-design.

(ii) Eﬂoné is a scalar multiple of E;x for every 0 < 1 < t.

(iii) C'is orthogonal to every non-primary irreducible Ty-module in Uy with end-

point at most t.

Proof. First, we show the equivalence of (i) and (ii). To this end, we introduce



another orthogonal basis of Uy as follows. Define vy, v; € V' by

Vo = E()JAZ'O = ‘X’ilX, v = ([ — Eo)io =

=

Note that

ool |* = [XI7%, lwl]* =1 = [X]7%, {vo,v1) =0.

For every 7 = (7‘1’7'2, .. ;Tn> € {0, 1}", let

Vr = VUpy ®U72 Q- ®U7n € E|T|UO7

o — | XX,
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(4.8)

where |7| = >, 7. The v, form an orthogonal basis of U, by (2.20), and we

have
|v, || = [ X7 (IX] = 1)

Moreover, observe that

E v = Ezio

T€{0,1}"
|IT|=i

By these comments and since

Eiﬂ'UoC’ = Z HUTH72<C\Y7UT> Ur,

Te{0,1}"
IT|=i

it follows that (ii) holds if and only if (C', v, ) depends only on |7| whenever |7| < t.



Assume that (i) holds. Let 7 € {0, 1}™ with |7| < ¢. From (@4.8)) it follows that

7]

(o) = X Y= (1X] -

1=0

X |{zc € C : |supp(7) Nsupp(x)| = ZH’

which is indeed a constant depending only on |7|, and hence (ii) holds.

Conversely, assume that (ii) holds. Let 7 € {0, 1}" with |7| = ¢, and let
Wr = Wry ®w7'2 ®"’®w7'na
where wy = X = | X |vg and wy = &g = vg + v1. On the one hand, we have

(C,w,) = |{x € C : supp(7) Nsupp(x) = 0}]. 4.9)

On the other hand, observe that

w, = | X" Z v,
p

where the sum is over p € {0,1}" with supp(p) C supp(7). It follows that the
common value in (4.9) is independent of the choice of 7, and hence (i) holds. We

have now shown the equivalence of (i) and (i1).
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Finally, we show the equivalence of (ii) and (iii). Observe that
EUy=CEi# LY EW (0<i<t), (4.10)
W

where the sum is over the non-primary irreducible Ty -modules W in U, with end-
point at most 7. If (iii) holds, then the vectors EZCY (0 < i < t) are also orthogonal
to every non-primary irreducible T;-module in U, with endpoint at most ¢, and
hence the vector 7y, El-CAY € E,;U, vanishes on the second term of the RHS in (#.10)

for every 0 < ¢ < ¢. In other words, (ii) holds.

Conversely, let W' be a non-primary irreducible T -module in U, with endpoint
r < t, and assume that C is not orthogonal to W. Let my : V®" — W be the

orthogonal projection onto W. Then we have mwC # 0. Let
¢ = min{i : E;myC # 0}.

By Lemma (iii), Eymy C spans E,W. In view of Lemma (ii), (v), we

have

E.(A}) "mwC = E.(A})" Y EjmwC = E,(A}) " EmyC #0.

=0

Since my is a Ty-homomorphism and since ol= EZV®", it follows from (2.18)
that

04 Emy (A)C = (00) " E,mwC,

and hence we have ¢ = r. It follows that Eﬂon(:“ does not vanish on the second
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term of the RHS in (4.10) when ¢ = r, and hence (ii) fails to hold. We have now

shown that (i1) and (iii) are equivalent. This completes the proof of the lemma. [

Lemma 4.2.3. Let C be a non-empty subset of (X™),, for some o € N* satisfying

|a| < n. Suppose that C' is a weakly t-balanced array over (X, %). Then

Proof. Fix an element € N*® with |3| < n, and consider the vector Agé c MC.
We use the notation in the proof of Lemma Let 7 € {0,1}" with |7| < t.
We will use ' and ” to denote objects associated with the extensions of (X, %) of
lengths |7| and n — | 7|, respectively; e.g., Al (v e N, v < |7, AL (0 < i < 7)),
x|, € X/l for the former. We understand that the coordinates of X7l and X"l
are indexed by supp(7) and {1, 2, ..., n}\ supp(7), respectively. With this notation

established, we have

A=) A,0A;

where the sum is over v € N® suchthat 5 —v € N*, |v| < |7|,and |3 —v| < n—|7|.

Observe also that
~ /!

o /AN
Ur = ATy @ T

Hence we have

<Aﬂé7 ’u,7-> = Zgllp ) <C’7 (A/p)Tzié] ® (Agﬂ/)Ti’g

v,p

:Zgl/p ) |{:B SO (xi)iésupp("r) € (XM)P}

v,p

: .11
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where the sums are over v, p € N° such that |v|, |p| < |7], f —v = a —p € N?,

and |3 — v| < n —|7|, and where we write

I Al Al r /
ALAL = ALAL = ) g,A)
peEN?®
lp|<|7|

By the assumption, the RHS in (4.11)) depends only on |7| < ¢, and hence it follows
that Emy, AgC’ is a scalar multiple of A;x( for every 0 < ¢ < t as in the proof
of Lemma m We have now shown that E; 7y, M Cisa subspace of CA;x for

0 < ¢ < t. That it is non-zero and hence agrees with CA;x follows from
E:ny, Jo"C = |C|Efmy, X" = |C| Aydo.

This completes the proof. [

4.3 Proofs of main results

In this section, we provide proofs of the main results mentioned in Section 4.1} For

convenience, we break down the proofs into subsections.

4.3.1 Proof of Theorem 4.1.1

Define D}, D3, ..., D: € M* by

D; =) «oE, (1
a€eN?®
la|<n

N
N
NG
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Observe that the D} generate M*. By (2.2), (2.3), and 2.13), for 1 < j < s we

have

S rA - Y, (z athi>E;
=1 |O:1€|<N:L =1 h=0

-y (Z o ; @W%) E;

aceN® \h=0
la|<n

aeN® \h=0
la|<n

= Z (Z Oéh(|X‘(5hj — Qh0p0j>) E;
= |X|Dj — nPy; I°", (4.12)

where we have used gy = n — |a/. In particular, the A} also generate M*.

Now, fix @ € N° with || < n. We invoke Lemma to show that the
multiset (4.2) is a ¢-design. Let W be a non-primary irreducible Ty-module in Uy
with endpoint » < ¢. Recall that W has diameter n — 2r. It suffices to show that

E;é’ is orthogonal to W. Let my : V®* — W denote the orthogonal projection

onto W. First, we show that

wEi,C € Y EW, (4.13)

1=0*"—py

where p, := u(S,). To this end, let f € .Z(.S,) be such that

f(ﬁ) :501»3 (/BGST)
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Observe that

f(D},D;,....D;)— E, €Y RE}

BESr
Since
Wy Ever
by Lemma [2.4.1|(iii), we have
mwE;C =0 unless § € S, (4.14)
from which it follows that
mwE:C = my f(D*,D},...,D)C. (4.15)

Let U denote the orthogonal complement of the primary T-module M & in V",
and let 7y : V®* — U denote the orthogonal projection onto U. We note that

7TUEO = E()’]TU = () since EOV®n C M.’.ﬁo, so that
mwC e EVE (4.16)
1=06*

Moreover, since 7y is a T-homomorphism and since W C U by Lemma[4.2.1] we
have

mwB*C = myryB*C = my B*ny,C (B*e M¥). (4.17)

By the definition of y, and (.12)), f(D5, D3, ..., D?) is written as a polynomial

in the A} with degree at most p,. For any 3,7 € N°* with |3], |y| < n, we also
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have

BsALE, =0 if ||8] - ]l > 1

by virtue of (2.4) and (the dual of) (2.14)). Hence it follows from (.15), (4.16), and
(A.17) that

WwE;é € Ty Z E1V®n

1=0*—py

o

1=0%—pur

This proves (4.13)).

Assume now that E;CY is not orthogonal to W, i.e., WwE;é # 0. Let
¢ =min{i : E;my ELC # 0}.

By Lemma (i11), Eg?TW_E;é spans E,WW. In view of Lemma (i1), (v), we

have

E.(A)" " mwE:C = E.(A)" " EmywE:C #0.

Since myy is a Ty-homomorphism, it follows from (2.18]) that

0+# Emy(A)TEC = (6:,) " ExwE:C.

|al

Therefore, we must have ¢ = r. However, this contradicts (4.13)) since 6* — p, > r

by @1)). It follows that 7y E=C' = 0, and the proof is complete.
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66
4.3.2 Proof of Supplement4.1.2

The most important step in the proof of Theorem was to establish (4.13)),
and the first key observation (4.15)) in this process was based on (4.14). By using
Lemma[4.2.2] (4.14) can now be improved as follows:

WwEEé =0 unless € S, \K.

Hence it suffices to interpolate on S,.\ K, as desired.

4.3.3 Proof of Supplement 4.1.3

At the end of the proof of Theorem[d.1.1] we used (.13)) and assumption 0*—p,. > r
to show that WwE;é = (. Observe that we arrive at the same conclusion if we can

instead prove that

mwE,C € Y EW. (4.18)

1=r+1

Let 67 denote the scalar in (4.3)), and recall that we are assuming that §7 — u, > 7.

Then (4.16]) becomes

T (é -3 Eﬁé> € zn: E, Ve

BeL i=6%

from which it follows in the same manner that

mwF <é - Eﬁé) € nz EW C HZEW (4.19)

BeL i=8%—pur i=r+1



where we abbreviate

F* = (D}, D;,...,DY).

On the other hand, recall that the roles of M and M™ are interchanged when we
work with the basis {€ : € € X*"} of V®", and observe that Eﬁé is a scalar
multiple of the characteristic vector of (X**)s N C with respect to this basis;
cf. (2.9). Hence, for any § € L and 0 < i < ¢, it follows from Lemma §.2.3|

(applied to the dual) that

EnywF:E3C = Emyny, FrEzC
= WwEiﬂ'UOF;Egé
€ Crmy ALi

=0,

where ¢ = (t,¢,...,¢) is the identity of X*", since Afi = |X|"/2E;0 belongs to
the primary Ty-module Mp0. (Recall that , = 0 = (0,0, ..., 0) in this context.)

Hence we have

TwF;EC e EWC Y EW (Bel) (4.20)
i=t+1 i=r+1

Combining @.13), @.19), and (#.20), we obtain (.18)), and this completes the

proof.
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4.4 Examples

In this section, we mainly discuss additive codes over various translation association

schemes (so that xy = 0).

4.4.1 Codes with Hamming weight enumerators

Recall that the Hamming weight of @ = (x1, o, ..., x,) € X™ is defined by

wt(x) = [{{: xy # 0}

The Hamming weight enumerator of an additive code C' in X" is then defined by

hwec(§o,&1) = Z fgim(w)f;m(w)-

xeC

Thus, when working with the Hamming weight enumerator, we are considering
codes over the 1-class association scheme (X, { Ry, (X x X)\Rp}) with eigenma-

trices
1 |X]-1

1 -1

whose extension of length n is the Hamming association scheme H(n,|X]). In

particular, we have T' = T'; in this case. Tanaka [60]] showed the following:
Theorem 4.4.1 ([60, Theorem 5.2, Example 5.5]). Let C be a code in X". Let

§=min{i £0: E:C #0}, ¢ =min{i #0: EC #0}.
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Suppose that an integer t (1 < t < n) is such that, for every 1 < r < t, at least one

of the following holds:
fi:r<i<n-—r EC#0} <6 —r, (4.21)
{i:r<i<n—r EC#0}<d—r (4.22)

Then the multiset

{supp(x) : x € (X"),NC}
is a t-design for every 0 < 1 < n.

Observe that Theorem @4.4.1|strengthens the original Assmus—Mattson theorem
(Theorem @ In particular, it does not require the code C' to be linear nor ad-
ditive. The condition (4.21) agrees with when s = 1. Indeed, the proof of
Theorem [.1.1] reduces to that of Theorem @.4.1] for (4.21). The dual argument

shows the result for the case (4.22). (It seems that the condition dual to (4.1)) does
not necessarily lead to the same conclusion as Theorem4.1.1jwhen s > 1.) On the

other hand, Supplements [4.1.2] and .1.3| refine [60, Remark 7.1], and prove useful

as we will see below.

Example 4.4.2. The Assmus—Mattson-type theorem for additive codes over [,
given by Kim and Pless [38, Theorem 2.7] follows from Theorem @.4.1] except
their comment on the simplicity of the designs obtained from minimum weight
codewords. The additive group of I, is isomorphic to the Kleinian four group
Zo X 7, and additive codes over [, are the same thing as linear Kleinian codes
studied by Hohn [32]. It should be noted that giving an (appropriate) inner product

on F} = (Zy x Zy)™, on which concepts like self-orthogonality and self-duality de-



pend, amounts to choosing a group isomorphism Zs X Zy — (Zs X Z2)* satisfying

the symmetry (2.11)). This last remark applies to all examples that follow.

Example 4.4.3. Recall that a binary Type II code is a self-dual binary code C' which
is doubly even (i.e. wt(u) = 0 (mod 4) Vu € C). It is known that if there exists a

binary Type II code of length n, then we can find ¢ € N and ¢ € {0, 1,2} such that

n = 24u + 8¢.

A binary Type Il code C'is called extremal if its minimum weight is equal to 4,4+ 4.
Suppose C' is an extremal binary Type II code of length n. Then by Theorem [4.0.1]
(or Theorem §.4.1)), we see that the words of any fixed weight in C' yield a ¢-design
with t = 5 — 2¢. Using Bachoc’s results on harmonic weight enumerators [3|], Ban-
nai, Koike, Shinohara, and Tagami [6, Theorem 6, Remark 5] showed that if one
of these (non-trivial) designs is a (¢ + 1)-design then so are the others. This obser-
vation is also immediate from Supplement [4.1.2] We note that similar observations
hold for extremal Type III codes over 3 and extremal Type IV codes over ;. See

also [43]].

Example 4.4.4. Additive codes over Z, are also referred to as Z4-linear codes. For

a Zy-linear code C'in Z}, let

which may also be viewed as a binary linear code (called the torsion code of C')
since 2Z, = Z,. We note that hwec, is derived immediately from either the com-

plete or the symmetrized weight enumerators of C'; cf. Subsectiond.4.2] Shin, Ku-
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mar, and Helleseth [52, Theorem 10] proved an Assmus—Mattson-type theorem for
Z.4-linear codes, and we now claim that Theorem 4.4.1] together with Supplements

4.1.2)and [4.1.3] always gives at least as good estimate on ¢ as their theorem. First,

they assume that C, and (C), both satisfy the conclusion of Theorem If
a (Hamming) weight of C' is not a weight of C'\ C5, then the corresponding words
of C must all belong to C5, and hence by Supplement 4.1.2] we can exclude that
weight from the weights of C. The same comment applies to C. Second, they
assume that the number of non-zero weights of the shortened code of C+\(C*),
at some ¢ coordinates is bounded above by 6 — t. However, the conclusion of their
theorem shows in the end that this number is equal to that of non-zero weights at
most n — ¢ in C+\ (C),. Hence it follows that this second condition is not weaker

than (4.22).

Remark 4.4.5. From the Assmus—Mattson-type theorem by Shin et al. mentioned
above (or Theorem @4.4.1) it follows that the words of any fixed weight in the
Goethals code or its dual (a Delsarte-Goethals code) over Z, of length 2" with m
odd, support a 2-design. However, Shin et al. [52, Corollaries 7 and 8] showed that
it is in fact a 3-design, based on what they call an Assmus—Mattson-type approach.

See also [40]].

4.4.2 Codes with complete/symmetrized weight enumerators

Let C be an additive code over the ring Z;. Besides hwec, it is also important to

consider the complete and the symmetrized weight enumerators defined respectively
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CW€C<€07£17 e 75]6*1) = ngO(w) ?1(1‘) c Zﬁil(w)a

xeC

SWec(SO, 51, N 756) — Z 58’0(15) ?il(iv? . SgiE(w)7

xzeC

where e = |k/2],

ni(@) = |[{€: o =i} (0<i<k—1),

nei(@) = ni(e) + mei(x) (1 <i < [(k=1)/2]),

and we understand that n.(x) = n.(x) if k is even. Thus, for cwec, the initial
association scheme (X, %) is the group association scheme of Zj, which is the

translation association scheme on Z; defined by the partition (cf. (2.5))
Zry ={0}u{1}u---u{k—1},
and has eigenmatrices

p— [ ZJJ] k-1 Q _ [ k_”:| k-1

i,j=0’ 4,j=0’

where ¢, € C is a primitive k" root of unity. For swec, the initial association
scheme (X, %) is the association scheme of the ordinary k-cycle, which is defined

similarly by the partition

Zp ={0}U{£1}U---U{£e},
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and has eigenmatrices

P=Q=[(1+0y2) " (¢+¢&)];

1,j=0’

where 0 2; is evaluated in Zy,. Extensions of the ordinary k-cycle are referred to

as Lee association schemes (see [54, 162]]). We note that

swee (§0, 61y - -5 &e) = ewee (&0, 61,62, 63, -+, 62,61),
hwec(£o,§1) = swee(&o, &1, -+ -, &),

and that

hwec, (€0, &1) = swee(€o,0,&1) when k = 4.

Example 4.4.6. Our main results are in fact modeled after the Assmus—Mattson-
type theorem due to Tanabe [S9, Theorem 2] for Z,-linear codes with respect to the
symmetrized weight enumerator, so that the latter is a special case of the former. In
particular, we can easily find 5-designs from the lifted Golay code over Z, of length
24 as discussed in [39] (see also [9]). On the other hand, it is not clear at present
whether Tanabe’s original version of his theorem [57, Theorem 3] is a consequence
of our results. It would be an interesting problem to understand [57, Theorem 3] in

terms of the irreducible T-modules (see [45]).

See [31] for a survey on ¢-designs constructed from Z4-linear codes.
Below we discuss the extended quadratic residue codes X ()7 of length 12 over
small finite fields. That these codes support 3-designs follows from the fact that

their automorphism groups contain PSL(F?%,) and hence are 3-homogeneous on the
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12 coordinates, but we include these examples in order to demonstrate the use of
our results further. Recall again that we only look at the weight enumerators (and
linearity) of these self-dual codes. We aim at doing the relevant computations by

hand. The first example is a warm-up:

Example 4.4.7. Consider C' = X Q)1; over '3 = Z3, which is the extended ternary

Golay code. We have hwe and cwee as follows:

wt | n1  ng | #words

010 O 1

6 |6 O 22

0 6 22

3 3 220

916 3 220

3 6 220

12 112 0 1

0 12 1

6 6 22

As is well known, the words of fixed (Hamming) weight 6 or 9 support 5-designs
by Theorem (The one with block size 9 is the non-simple trivial design with

constant multiplicity 2.) Set ¢ = 3. We have 6* = 6 and

Sl - SQ - S?) = {(670)7 (0’6)7 (373)7 (67 3)7 (376)}

Observe that the words with (n1,n5) = (6,3) and those with (n1,ny) = (3,6)

come in pairs by the correspondence x — —, so that the words with each of these
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two complete weight types support the (simple!) trivial design. Hence we may
disregard them by Supplement 4.1.2} i.e., we set K = {(6,3),(3,6)}. Then S5\ K
consists of three collinear points in R?, and thus we have ;(S5\K) = 2. Since
2 < 6 — 3, it follows from Theorem that the non-trivial 5-design with block

size 6 1s partitioned into two 3-designs (after discarding repeated blocks).

Example 4.4.8. Consider C' = X ()1 over F5 = Z5. We have hwes and swec as

follows:

wt | ne1 n4o | #words

0 0 O 1

6 3 3 440

7 6 1 264

1 6 264

8 4 4 2640

9 7T 2 1320

2 7 1320

10 5 5 0544

11 8 3 1320

3 8 1320

12 11 1 24

1 11 24

6 6 1144

We have 6* = 6. Observe that Theorem[.0.1|nor Theorem#.4.T|cannot find designs

from the supports of the codewords in this case. On the other hand, set ¢ = 3, and



take 0 € GL(R?) such that o (i, j) = (1/5)(2i + 34,7 — j). Then we have

( )

(6,-1),

(5,-1),(5,0), (5, 1),

(4,-1),(4,0), (4, 1),
(3,0),(3,1)

\

J
( )

(5,=1),(5,0),

o(S2) = q (4,-1),(4,0), (4,1), ¢+
(3,0),(3,1)

(5,—1),

a(S3) = { (4, 1), (4,0), (4, 1),

(3,0),(3,1) )

\

From Supplement it follows that 1(S;) < 4 and p(S2) < 3. If we apply
Supplement directly to o(S;) then we would only obtain x(S3) < 3, but

indeed it follows that 14(.S3) = 2. To see this, let

Jo—y = (& =3)(& —4)/2,

oy =—(G+& -6 —&—3)/2
Juy =(E+&-3)(E+ & —4)/2,
feo =& =& +&—4),
feny ==& —4)(& +26—3)/2,

fao)y =1—= fe-1) — fu—1 — fu — fieo0) — fe-

76



Then we have

fa(B) = dap (e, B € 0(53)),

from which it follows that the linear span of the f, (« € ¢(S3)) is an interpolation
space with respect to o(S3). This shows 1i(.S3) = 2, as desired. Thus, the condition
(@.1)) is satisfied for r € {1,2,3}. Theorem now shows that the codewords
of any fixed symmetrized weight type support 3-designs. This example tells us that
looking at swec may sometimes give a better estimate on ¢ than hwee, even when

Supplement[4.1.2]is not applicable.

Finally, we consider C' = X@Qq; over Fy = {0,1,w,w?}. Note that cwec
makes sense by defining n,(x) and n,2(x) in the same manner as above. The

eigenmatrices of the group association scheme of [, are given by

1 1 1 1

1 1 -1 -1
P: Q pum—

1 -1 -1 1

1 -1 1 -1

Example 4.4.9. Consider C' = X ()17 over F,. We have hwee and cwe as follows:
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wt | n1 n, ng2 | #words

6 | 2 2 2 330

715 1 1 132

1 5) 1 132

1 1 ) 132

8 | 4 4 0 165

4 0 4 165

0 4 4 165

913 3 3 1320

1016 2 2 330

2 6 2 330

2 2 6 330

1115 5 1 132

) 1 5) 132

1 5 5 132

12 112 0 0 1
0 12 0 1
0 0 12 1

4 4 4 165

We have 6* = 6. Again, Theorem cannot find designs from the supports of

the codewords. Take o € GL(IR?) such that

o(i, . k) = (1/4) (20 + j + k,i + 25 + k,i + j + 2k).
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Then we have

(5 = | 32D (229,232, (233),
T 3.2.2).(3.2.3),3.3,2),3.3.3) |

o(S2) =0(S3) U{(4,3,3),(3,4,3),(3,3,4)},

o(S1) =0(S2) U{(4,4,3),(4,3,4),(3,4,4)}.

We claim that 1(S7) < 4 and that ;(S2) = p(S3) = 3. First, it is easy to see that

wu(S3) = 3 as o(53) forms a cube. Next, let

fass = (& —2)(&G —3)/2.

Then we have

flazs (@) =0uss.a (o€ o(Ss)).

We similarly define f(343) and f(33.4). Recall that .#(c(S3)) denotes a minimal

degree interpolation space with respect to o(.S3). Then it is immediate to see that

M (0(53)) + Rfazs + Rfsaz) +Rfzsa

is an interpolation space with respect to o(S;). Since p(S5) < u(S2), we have

1(S2) = 3. Finally, let for example

Jaaz = G+ & —4) (G +E&—=5)(& +&—6)(&+ & —T)/24,



so that we have

fraaz (@) =0ua3)a (o €0(Sh)),

and a similar argument establishes 1(.S1) < 4, as desired. Thus, the condition (@.T])
is satisfied for r € {1,2} but fails for » = 3. Theorem now shows that the
codewords of any fixed complete weight type support 2-designs. Though this is not
the best estimate (i.e., ¢ = 3), Theorem @4.1.1] still outperforms Theorem for

this example.
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Chapter 5

Asymptotic Spectral Distributions for
Cartesian Powers of Strongly Regular

Graphs

Let G = (X, R) be a finite simple graph with vertex set X and edge set R. Let A
be the adjacency matrix of GG. By an eigenvalue of G we mean an eigenvalue of A.

Likewise, we speak of the spectrum of G.

Spectra of graphs have been receiving attention from the point of view of quan-
tum probability theory. Recall that an algebraic probability space is a pair (A, @),
where A is a x-algebra over C and ¢ : A — C is a state, i.e., a linear map such that
©(1) = 1 and that p(a*a) > 0 for every a € A. The elements of A are referred to
as (algebraic) random variables. We call a € A real if a* = a. For a real random
variable a € A, we are interested in finding, and discussing the uniqueness of, a

probability measure v on R such that

p(a’) = M;(v) = /R:Uj v(de) (j=0,1,2,...). (5.1)



The adjacency algebra C[A] of the graph G is the commutative subalgebra of
the full matrix algebra generated by A. It is natural to consider the tracial state py,
defined byﬂ

%trm (7 € ClA)),

Sptr<Z ) =
and we view A as a random variable in the algebraic probability space (C[A], vy, ).
Suppose for simplicity that GG is k-regular, so that A has mean 0 and variance k. The
probability measure v = v in (5.1) for a = A/+/k is then the (normalized) spec-
tral distribution of G. It is interesting to find the limit of this normalized spectral

distribution when GG grows, as an analogue of the classical central limit theorem.

Notable works in this area are done by Hora [33]], and by Hora and Obata [34].

The objective of this chapter is to give a concrete bivariate example of this
sort, as an attempt towards a multivariate extension of the theory. Consider again
a general algebraic probability space (A, p). We now pick two commuting real

random variables a, b € A, and discuss a probability measure ~ on R? such that

o(alb") = M;,(v) = / ey v(dedy) (j,h=0,1,2,...). (5.2)
R2

We take another regular graph H with valency ¢ on the vertex set X such that the
adjacency matrix B of H commutes with A. This occurs for instance when H is
the complement of G. We view A and B as real random variables in the algebraic

probability space (C[A, B], ¢,). The probability measure v = vy in (5.2) for

2 Another important example is the vacuum state p,(Z) = Z, , (Z € C[A]) at a fixed origin
x € X. We note that the matrix x-algebras we will discuss in this chapter all have the property that
every element has constant diagonal entries, so that the two states ¢y, and ¢, turn out to be equal
on them.
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a=A/ Vkandb= B / v/ is then the (normalized) joint spectral distribution of G
and H. We are interested in the limit of this joint spectral distribution when G and

H both grow, as an analogue of the bivariate central limit theorem.

Our main result (Theorem [5.1.1) is indeed a bivariate version of the result of
Hora [33]] for the Hamming graphs. We will consider the pair (G™", G™") of the
n' Cartesian powers of a strongly regular graph G and its complement G, and ob-
tain as limits a bivariate Poisson distribution and the standard bivariate Gaussian

distribution, together with an intermediate distribution.

This chapter is organized as follows: We recall basic facts about graphs and state
the main theorem in Section [5.1] We review basic properties of strongly regular
graphs in Section We prove the main theorem in Section In Section
we demonstrate the main theorem with some specific families of strongly regular

graphs. The entire chapter is based on [46].

5.1 Basic definitions and the main result

Let G = (X, R) be a graph with vertex set X and edge set R. All the graphs we
consider in this chapter are finite and simple. Thus, X is a finite set and R is a
subset of ()2( ) , the set of 2-element subsets of X. Two vertices z,y € X are called
adjacent (and written z ~ y) if {z,y} € R. The graph G is called k-regular if
every vertex is adjacent to precisely £ vertices. It is called connected if for any
two vertices = and y, there is a sequence * = xg, 1, ..., %, = y of vertices such

that ;1 ~ x; for j = 1,2,...,m. Recall that a complete graph K, is a graph

83



on |X| = v vertices such that R = ()2( ). We note that if G is k-regular then every

eigenvalue ¢ of G satisfies |0] < k.

From now on, suppose that G is k-regular and has | X| = v vertices. We call G
strongly regular with parameters (v, k, \, i) if G is not complete or edgeless (i.e.,
0 < k < v —1), and if every pair of adjacent (resp. non-adjacent) vertices has
precisely A (resp. ) common adjacent vertices; cf. [14, §9.1]. In matrix terms, this
means that

A=kl + A +u(J—A-1), (5.3)

where [ and J denote the identity and the all-ones matrix, respectively. It is clear
that GG is a disconnected strongly regular graph precisely when it is the disjoint

union pkK, of p complete graphs K, for some integers p, q > 2.

The complement G of G is the graph with the same vertex set X as ¢, where
two distinct vertices are adjacent if and only if they are non-adjacent in G. Thus, G
has adjacency matrix A := J — A — 1. Since AJ = JA = k.J, we have AA = AA.
It is easy to see that if G is strongly regular as above then G is again strongly regular

with parameters (v, k, \, Ti), where
k=v—k—1, A=v—2k+p—2, fm=v-—2k+A\ (5.4)

Thus, strongly regular graphs always exist in pairs. The complement of pK, is the

complete multipartite graph K, .
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Observe that G is complete if and only if the linear span (I, A) equals (7, J),
which is the Bose—Mesner algebra of a one-class association scheme. Likewise,
from (5.3) it follows that G is strongly regular if and only if (I, A, A) = (I, A, J) is
the Bose—Mesner algebra of a two-class association scheme. In particular, if this is
the case then there are precisely three (maximal) common eigenspaces for (A, A),
one of which corresponds to the eigenvalues (k, k) and is spanned by the all-ones
vector 1 in C”. (Note that these eigenspaces diagonalize J as well.) Let (r,5) and
(s,7) be the eigenvalues corresponding to the other two, where s = —r — 1 and

7 = —s — 1. We will assume r > s, or equivalently, 7 > 5. We have 5,5 < 0 as

u(A) = i (A) =0, so tha
—1<r<k —-k<s<0, —-1<7<k, —-k<35<0. (5.5)

We call r and s (resp. 7 and 5) the restricte eigenvalues of G (resp. G).

The Cartesian product G; 0G5 of two graphs G; = (X;, R;) (j = 1,2) is
the graph with vertex set X; x X, where (z1,x2) ~ (y1,y2) if and only if either
x1 ~ yp and xo = yo, Or v1 = y; and xo ~ yo; cf. [14] §1.4.6]. For a positive
integer n, the Cartesian power GG (- - -G (n times) will be denoted by G=".
For example, we already mentioned that H(n,q) = K an_ We note that G7™ is

nk-regular. The adjacency matrix A of G=" is given by

A:ZI®---®I®§®I®---®I. (5.6)
j=1 ‘

J

3In fact, it follows that 7,7 > 0 and 5,5 < —1; cf. Lemma
“More generally, an eigenvalue of a (not necessarily regular) graph is called restricted if it has
an eigenvector which is not a scalar multiple of 1.
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Let A denote the adjacency matrix of G™". Note that G™" and G™" are relations in
the extension of length n of the two-class association scheme induced by G and G,
and that A and A together generate its Bose—Mesner algebra; see the first paragraph
of Section and also Lemma Also, observe that AA = AA and the

covariance ¢, (AA) = 0.

Notation & Assumption. We consider an infinite family of pairs of Cartesian pow-
ers of graphs (GE", GP"), where n ranges over an infinite set of positive integers,
and G is strongly regular and may depend on n. To simplify notation, we think of

G, v, k, k,r,s, etc., as functions in n. We will assume that

k
— =K,
n

e !

— 7, !

— S

S|

r S
n n

asn — oo, where k', k', 1', and s' are finite. We note that
v -
— = =K+ K.
n
The following is our main result which describes the possible limits of the joint
spectral distribution vgon Gon.

Theorem 5.1.1. With the above notation and assumption, we have r' = 0 or s’ = 0,

and one of the following holds:

i k' >0k =—s>01 =0, and Vgon, gon converges weakly to an affine

transformation v of a bivariate Poisson distribution given by

V({(k'j—m E’j+E’h—1)})_€_1/k,(l)j( K )hi
N N o )\ vk ) jh
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for non-negative integers j and h. In this case, G is a complete multipartite

graph for all but finitely many values of n.

i. K =1 >0k >0, 8 =0, and Vgon gon converges weakly to an affine

transformation v of a bivariate Poisson distribution given by

((FitRh =1 K=K\ _ e YA
NN B v' ) \v'k" ) jh!

for non-negative integers j and h. In this case, G is a disjoint union of com-

plete graphs for all but finitely many values of n.

iii. ¥ >0o0rk' >0, andr = s = 0, and Vaon gon converges weakly to an
affine transformation v of the product measure of a Poisson distribution and

a Gaussian distribution given by

v —1/v' > 1 h 1 > —U't2/2
R2f(x) v(dz) =4/ %e hzzo (;) H/_Oo f(zne)e dt

for every Borel function f : R? — R, where

/
v/ v’

T = <\/Ph+\/?t—‘/—y,\/?h—\/?t— \/E_)

v. k=K =7r =5 =0, and Vgon Gon converges weakly to the standard

bivariate Gaussian distribution.



5.2 Preliminaries on strongly regular graphs

In this section, we collect necessary facts about strongly regular graphs. See [14,
Chapter 9] for more details. Throughout this section, let G be a (fixed) strongly
regular graph with parameters (v, k, A, it), and let G be the complement of G, hav-
ing parameters (v, k, \, i) (cf. (5.4)). Let A (resp. A) be the adjacency matrix of G

(resp. G). For convenience, we let

k= (k,k), p=(r73), o=(sT).
Let Uy, U,, and U, be the common eigenspaces of (A, A) associated with x, p, and
o, respectively. Recall that U, = (1). Let f = dim(U,), g = dim(U,,).

There are a number of standard identities involving these scalars. What we will

need are the following:

v=1+k+k=1+f+g, (5.7)
O=1+r+5=1+s+3, (5.8)
O=k+rf+sg=Fk+5f+7g, (5.9
k2 +r’f 4+ s%g = kv, (5.10)
kk +r5f 4+ s7g = 0, (5.11)
E + 32 +72g = kv, (5.12)
f — w) g = wj (513)

S—T B r—S

kkv

f9= 5 (5.14)
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The proofs of (5.7)—(5.13)) are straightforward: is clear; (5.8)) is already men-
tioned and follows from I+ A+ A = J; (5.9)—(5.12) are the values of tr(A), tr(A),
tr(A2), tr(AA), and tr(A?); (5.13) is immediate from and (5.9). To show
(5.14), count the triples of distinct vertices x,y, z such that x ~ y ~ 2z ¢ x (in G)
in two ways to get

k(k—1—)\) = kg, (5.15)

and then use (5.13) together with the fact that » and s are the solutions of the

quadratic equation

&~ (A= +p—k=0, (5.16)

where ¢ is an indeterminate (cf. (5.3))).

Lemma 5.2.1. If r and s are non-integral then f = g and we have
v=4d+1, k=20, AN=(—-1 pu=V¢ (5.17)

for some positive integer £. Moreover, in this case we have

R R N S S 5.18)

" 2 2

Proof. See [[14, p. 118]. From (5.16) it follows that  and s are algebraic conjugates,
so that we have f = g. Using (5.13) and (5.16)), we then have (v — 1)(u — A) = 2k.

Since £ < v — 1, this is possible only when ;1 — A = 1 and v — 1 = 2k. In particular,

we have k& = k and hence it follows from (5.13)) that k& = 2y, as desired. l

Strongly regular graphs with parameters of the form (5.17) are called conference
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graphs.
We say that G is imprimitive if either G or G is disconnected, and primitive
otherwise. Thus, GG is imprimitive if and only if G = pK, or G = K, for some

integers p, q > 2.

Example 5.2.2 (imprimitive graphs). Let p and ¢ be integers such that p,q > 2.
The disjoint union pK, is strongly regular with parameters (pg, ¢ — 1, ¢ — 2,0) and
restricted eigenvalues r = ¢ — 1, s = —1. The complete multipartite graph /.,

is strongly regular with parameters (pq, (p — 1)q, (p — 2)gq, (p — 1)q) and restricted

eigenvalues r = 0, s = —q.

We now introduce two more families of strongly regular graphs. See [14, Sec-
tions 9.1.10-9.1.13]. Recall that an incidence structure is a triple (2,8, .7),
where & and 4 are finite sets whose elements are called points and blocks, re-
spectively, and where . C & x A. If (p,b) € Z then we say that p and b are
incident, or p is contained in b, and so on. The block graph of (£, %, .7) is the
graph G = (X, R) with X = 2 where two distinct blocks are adjacent if and only

if they contain a point in common.

Example 5.2.3 (Steiner graphs). Let m and d be integers such that 2 < m < d. A
Steiner system S(2,m,d) is an incidence structure (&, %, .7) with |#?| = d such
that every block contains precisely m points, and that any two distinct points are
contained in a unique block. The block graph of an S(2,m, d) is called a Steiner

graph and is strongly regular with parameters (v, k, A, 1) provided d > 4, where

d(d —1)

B _(d—m)m
CSmey T w1

d—2m+1 9
- 1 H=m-

, A=(m—-1)2+

m— 1
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and with restricted eigenvalues

Example 5.2.4 (Latin square graphs). Let m and e be integers with m,e > 2. A
transversal design TD(m, e) is an incidence structure (&7, %, .#) where the point
set is given a partition & = Z; LI - - - LU &, into m groups of the same size e (so
| 22| = me), such that every block is incident with every group in exactly one point,
and that any two points from distinct groups are contained in a unique block. The
block graph of a T'D(m,e) is called a Latin square graph and is strongly regular

with parameters (v, k, A, ) provided m < e, where

v=e? k=m(e—1), A=m—-1)(m-2)+e—2, p=m(m-—1),

and with restricted eigenvalues

The following fundamental result is due to Neumaier [48]].

Proposition 5.2.5 ([48]]). For any fixed integer m > 0, there are only finitely many
primitive strongly regular graphs with s = —m, other than Steiner graphs and

Latin square graphs.
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5.3 Proof of Theorem

To prove Theorem we invoke Lévy’s continuity theorem (see [39} p. 225])
concerning the pointwise convergence of the characteristic functions. Thus, we fix

(&1, &) € R? throughout the proof.

Recall that G depends on 7 in general. Let A and A be the adjacency matrices

of G" and G, respectively. For j,h = 0,1,...,n with j + h < n, consider the

subspace
@ U€1®U€2® T ®U5n
€1,€2,-.5€n
of C*" = (CV)®", where the sum is over €1, €9, . .., &, € {k, p, o} such that

{517 €2,... 7€n} = {K/n*j*h’ pj7 Uh}
as multisets. It has dimension

n i h

By virtue of (5.6), this subspace is a common eigenspac of (A, A) with eigenval-

ues (04,0,1), where

Ojn = (n—j—h)k+jr+hs, 0;,=(n—j—hk+js+hr.

3Since A and A are generators of the Bose—Mesner algebra of the extension scheme, the pairs

(05.n,05.n) (5,h=0,1,...,n, j+h < n) are mutually distinct, and these subspaces are indeed the
maximal common eigenspaces of (A, A). However, this fact is not necessary in the computation of

(3:19) below.
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Note that G™ and G™" are nk-regular and nk-regular, respectively. Hence it
follows from the above comments that the value of the characteristic function of

VG’Dn7§Dn at (fl; 52) is given by

folne )
_ b i€10;n 252_gh n ih
B Z (\/_ x/_Xn—J—hJ, )fg
— (_eA,@ + ieAp + ger)n
v v
= exp (nlog(;e f eBr ieA")) , (5.19)

where
&k ik CSUSE] ISERST
K= + 0= A,=——=+—"=, A,= + —=.
vnk  Vnk " Vnk  Vnk vnk  Vnk
Note that
Ty, 2, (5.20)
n n
and that (cf. (5.3))
—min{k, ¥} <5 <0< <min{k',F'}. (5.21)

5.3.1 Thecaser >0ors <0

First we consider the case where ' > 0 or s’ < 0. Then we have k' > 0, k' > 0 by

(5.21), and moreover 1/v = O(1/n). Note that each of A, A,, and A, converges
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by (5.20). On the one hand, by (5.14) we have

fg Kk
= ————— <00,
n (7“/ _ 8/)2 o0
so that
f—‘g —0
n

f v's g v'r
P v B S
n s—r" n -3

Hence we have ' = 0 or s’ = 0.

For the moment, assume that 7’ = 0 and s’ < 0, so that

Lo, 250
n n
Then it follows from (5.22)) that
k'K
9 = 9o g2’

In particular, ¢ is bounded. Moreover, by (5.9) we have

k+ sg
- Too i=
f v’

K + 8'g0

(5.22)
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so that r is also bounded, and therefore A, = O(1/n). Since
1 1 1
v v n

it follows that (5.19) is equal to

1 1 1
exp <n<—eA” + geA" +A, - “t9 + O(—2>>)
v v v n

1 1
= exp (%eA*‘ + %eA” +nA, — w +0 (—))

n
1 . / . / -
— exp (exp(i&\/y—i— i§2\/g)g + eXp(Z\g/% - Zf/%) Ei;_’
iGree i(re+1) 1 +goo>

(5.23)

We note that (5.23)) is (a value of) the characteristic function of an affine transfor-

mation of a bivariate Poisson distribution.

We now show that GG is a complete multipartite graph for n > 0, so that we

have s' = —k', roo = 0, goo = k'/K’, and (5.23)) becomes

exp (exp(ifl\/y—i- iigﬁ)% + exp (_i%' + i&\/@) vki — & - _l> ,

which corresponds to the distribution v given in Theorem [5.1.1)(i). Observe that
5 = —r — 1 is bounded. By virtue of Proposition and Lemma G is one
of the following for n > 0: (G) a conference graph; (G-) a disjoint union pK, of
complete graphs; (G3) a complete multipartite graph K,,; (G4) a Steiner graph of
an S(2,m, d); (G5) aLatin square graph of a T'D(m, e). Case (Gy) is impossible as

v would also be bounded. For Case (G3), we have s’ = 0, a contradiction. If G is a



Steiner graph of an S(2,m, d) as in Case (G), then m is bounded since 5 = —m.
However, since k and v are linear and quadratic in d, respectively, &’ and v’ cannot
be both finite and non-zero, a contradiction. The same argument shows that Case
(G5) is also impossible. Hence we are left with Case (G5), so that we have (i) in
Theorem

If 7 > 0 and s’ = 0, then switching the roles of G and G gives (ii) in Theorem

This completes the case where ' > 0 or s’ < 0.

5.32 Thecaser =s =0

Next we deal with the case where ' = s’ = 0. Note that A,; converges, A, — 0,

and A, — 0. From (5.10)), (5.11)), and (5.12)), it follows that

from which it follows that

& ekl |§§|§2>
ko ok )
VI

n

2317 <

v v
<+ 2066l — = + g (5:24)

Hence AZ f is bounded. Likewise, we can show that A2 g is bounded. We also need

the following identities:

Ap+ A f+Arg =0, (5.25)

&

2
A2 4 A2f 4 AZg = S
n n

(5.26)
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For the moment, assume that &' > 0 or &' > 0. Note that 1/v = O(1/n) in this

case. Moreover, we have

f A7 /

AQ
= (1+Ap+—p)i+o<l),
2 Jo n

and similarly for ge®” /v. Hence it follows from (5.25) and (5.26) that (5.19) is

equal to

1 ny
exp (n log<;eA” + (1 + A, + f)%

A? 1
+ (1 + A, + —")g —i—o(—)))
2 Jw n
Ay

1
= exp <n 10g<1 4 el TF
v v

+(A§f+A§g>% — 1+o<l)

20/ v’

(51\/?—52\/E)2 1) ‘

This corresponds to the distribution v in Theorem [5.1.1|(iii).

Finally, assume that &' = &’ = 0. In this case, we have v/ = 0, i.e.,

v
— — 0.
n

97



98

Note that A, = O((v/n)/?), A, = O((v/n)*/?), and A, = O((v/n)"/?). More-
over, by virtue of (5.24), it follows that A” f = O(v/n) and also AZg = O(v/n).

Hence it follows from (5.23]) and (5.26) that (5.19) is equal to

2 AQ
exp(nbg((lJrAmr%)lJr (1+Ap+ f)i
v

(e ) o(()2)
a5 5o (())1)
ol o))
~en(-§ - S0((2))

This corresponds to the standard bivariate Gaussian distribution, and hence we have
(iv) in Theorem[5.1.1]
This completes the proof of Theorem [5.1.1]

5.4 Examples

The graph GG (which we recall is a function in n) is already identified for (i) and (ii)
in Theorem [5.1.1] whereas (iv) is a degenerate case and is easily realized as it only
requires v/n — 0. Below are some examples for (iii) in Theorem5.1.1} i.e., such

that ¥’ > 0or k' > 0,and 7’ = s’ = 0.

Example 5.4.1. Consider the imprimitive strongly regular graphs pK, and K.

Assume that pq is (essentially) linear in n and that ¢/n — 0. Then we have £’ = 0



and &' > 0 in Theorem |5.1.1|(iii) for pK,, and k > 0 and &’ = 0 for K,

Example 5.4.2 (Paley graphs). Let ¢ be a prime power with ¢ = 1 (mod4). The
Paley graph Paley(q) has vertex set I, (the finite field with ¢ elements), where two
distinct vertices are adjacent if and only if their difference is a square. It is easy to
see that Paley(q) is a conference graph. See [14} Sections 9.1.1 and 9.1.2]. Hence
if we take n to be linear in g, then it follows from and that we are in

Theorem [5.1.1](iii) with &' = &' > 0.

Example 5.4.3 (Symplectic graphs). Let ¢ be a prime power, and let ¢ be an integer
at least two. Endow Fff with a non-degenerate symplectic form. The Symplectic
graph Spy,(q) has as vertex set the set of one-dimensional subspaces (i.e., pro-
jective points) of Fgf, where two distinct vertices are adjacent if and only if they

are orthogonal. The graph Sp,,(q) is strongly regular with parameters (v, k, A, ),

where
2 20—2 2/ 204 20—2
—1 -1 - -1
L, 4 7 k:dq ) A_q@ >+q—L p=d |
qg—1 qg—1 -1 -1

Fix q and let £ — oo. If n is linear in ¢?* then again we are in Theorem [5.1.1|(iii)
with &' = k’/(¢—1) > 0. There are many other infinite families of strongly regular

graphs related to finite geometry; cf. [12].

Example 5.4.4. Let ¢ be a prime power. Let Hy, H,,..., H,, be distinct one-

dimensional subspaces of FZ, where 1 < m < ¢. Forj = 1,2,...,m, let &
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be the set of ¢ parallel affine subspaces of Fg with direction Hj, i.e.,
@j:{Hij:I::xEIF[QI} (j:1,2,,m>

Let # = 2, - U, and # = .. Consider an incidence structure (2, %, .7 ),
where a point H; + x and a block y are incident if and only if y € H; + x. Then
it is easy to see that (22, %, %) is a TD(q, e). Hence if we take both ¢ and mq to
be linear in n, then the corresponding Latin square graph attains Theorem 5. 1.1|(iii)
with &’ > 0. We may view Paley(¢®) in this way with m = (¢ +1)/2, as F» = IF..
We note that, unlike the previous examples, any k' > 0 and &’ > 0 can be achieved
here as limits. There is also a more general construction of strongly regular graphs

from cyclotomy, all giving rise to examples of Theorem (iii); cf. [14} §9.8.5].
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