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Abstract

Consider the poset P, (F,) of all subspaces in an n-dimensional vector space over
a finite field F, of ¢ elements. It is called a finite projective geometry. As an
algebraic view of P, (F,), we consider a matrix algebra, called the incidence algebra,
defined from the “global” combinatorial structure of P, (F,). The incidence algebra
is known to be a homomorphic image of the quantum algebra U,i2(slz). In this
thesis, we extend this situation to the level of the quantum affine algebra U/ (sly).
We introduce two algebras H,, H; from the “local” combinatorial structures of
P.(F,) as well as the “global” one, both of which contain the incidence algebra as
a proper subalgebra. We then show that there exist algebra homomorphisms from
Ugpre (57[2) to these algebras and that any irreducible module for these algebras is
irreducible as a U,/2 (sﬁg)—module.

We next consider a finite projective geometry P, (F) over any field F and discuss
the new algebra H; from the viewpoint of the association schemes on Schubert
cells of a Grassmannian. The Grassmannian Gr(m,n) is the set of m-dimensional
subspaces in P,(F), and the general linear group GL,(F) acts transitively on it.
The Schubert cells of Gr(m, n) are the orbits of the Borel subgroup B C GL,(F) on
Gr(m,n). We consider the association scheme on each Schubert cell defined by the
B-action and show it is symmetric and it is the generalized wreath product of one-
class association schemes, which was introduced by R. A. Bailey [European Journal
of Combinatorics 27 (2006) 428-435].
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Chapter 1
Introduction

Let (P,<) be a finite graded partially ordered set (poset) of rank N with fibers
Py, Py, ..., Py. Consider the lowering, raising and projection matrices L, R, E}

(0 <i < N) with rows and columns indexed by P as follows:

1 if y covers zx,

Lx?y
0 otherwise,
1 if x covers y,
Rx?y
0 otherwise,
. 1 ife=yeh,
(B )y = .
otherwise,

for x,y € P. The incidence algebra of P is the complex matrix algebra generated
by L, R and Ef (0 < ¢ < N), and has been studied in the field of algebraic
combinatorics. It is implicit in [23, 25] that the incidence algebras of the following

posets are closely related to the Lie algebra sl or the quantum algebra U, (sls):

algebra posets

slo subset lattices, Hamming semi-lattices

U,(sly) | subspace lattices, attenuated spaces, classical polar spaces

For example, for a subset lattice consisting of all subsets of a finite set, the incidence
algebra becomes naturally a homomorphic image of the universal enveloping algebra
U(sly). In this thesis, we focus on the subspace lattices over finite fields. Our goal
is to extend the above situation further to the level of the quantum affine algebra
U, (;[2) in a nontrivial manner.

By a subspace lattice, also known as a finite projective geometry, we mean the

poset of all subspaces of a finite-dimensional vector space over a finite field, where



the ordering is given by inclusion. In the field of combinatorics, subspace lattices
are regarded as g-analogs of Boolean lattices and therefore they have been studied
from many combinatorial points of view, such as Grassmann codes and Grassmann
graphs. On the other hand, the quantum affine algebras Uq(,‘;\[g) are Hopf algebras
that are g-deformations of the universal enveloping algebra of the affine Lie algebra
;[2 and their representations are developed in [0, Section 5] as trigonometric solutions
of the quantum Yang—Baxter equation.

Here we briefly recall some known facts about the subspace lattices. See Section
2.3 for more details. Let N be a positive integer. Let H denote an N-dimensional
vector space over a finite field F, of g elements and let P denote the subspace lattice
consisting of all subspaces of H. The poset P has the grading which is a partition

of P into nonempty sets
P,={ye P|dimy =i} (0<i<N). (1.1)

We denote by Z the incidence algebra of P. By some combinatorial counting it is
easily verified that in this case ¢'"N/2L, R, K := SN ¢"?7'E¥ and its inverse,
satisfy the defining relations of U,1/2(slz) in terms of the Chevalley generators. In
particular, every irreducible Z-submodule of the standard module V' = CP becomes
an irreducible U2 (sly)-module of type 1.

We summarize the first results of this thesis. See Chapter 2 for more details.
The main idea here is to fix one subspace x € P with 0 < dimz < N and then

consider the following new “rectangle” partition of P with respect to x:
P ,={yeP|dimy =i+ j,dim(yNnz) =i}, (1.2)

for 0 < i < dimx and for 0 < 57 < N —dimz. Remark that this is a refinement
of the grading. In terms of new partition (1.2), we naturally decompose each of
the lowering and raising matrices into the sum of two matrices: L = L; + Ly and
R = Ri+R,. Then L, Lo, Ry, Ry and the projection matrices for the new partition,
give us a new algebra H, which contains Z as a proper subalgebra. We define an
action of Ugpre (sAlg) on the standard module V' using matrices in H,. With respect
to this U2 (f?[g)—module structure on V', we moreover, show that any irreducible
Hs-module induces an irreducible U2 (sly)-module of type (1,1) which is more
precisely a tensor product of two evaluation modules. In particular, it follows that
Hs is generated by the actions of U1/2 (;[2) together with the center of H,. Our main
results are Theorems 2.10.1, 2.10.4, 2.10.5 and 2.10.6. In fact, our approach is quite
relevant to Dunkl’s study on an addition theorem for some ¢g-Hahn polynomials [10].

Meanwhile, we also describe the center of H (Theorem 2.8.3).



We remark that this work was motivated by the study of the Terwilliger algebras
[19, 24] of the Grassmann graphs. Indeed, each of the fibers P; of the subspace
lattice P induces a Grassmann graph, and it follows that EfH ES (viewed as a
subalgebra of End(CP;)) contains its Terwilliger algebra. By first describing the
‘Hs-modules and carefully analyzing their structures, we were able to determine all
the irreducible modules of the Terwilliger algebras of the Grassmann graphs. See
20].

We summarize the second results of this thesis. See Chapter 3 for more details.
We fix a (full) flag {z;}Y, on H instead of the subspace x € P, and consider the

following new “hyper-cubic” partition of P with respect to {z;}¥:
Py={yeP|dmyna) =m+p+- +ml<i< N} (1.3)

for p1 = (p, o, .- ., i) € {0, 1}, Then for u € {0,1}", we define the projection
matriz B by the diagonal matrix indexed by PP whose (y, y)-entry is 1if y € P, and 0
otherwise for y € P. We next define the complex matrix algebra H ; generated by the
lowering, raising matrices and these new projection matrices E;, where p € {0, 1}V,
By the construction, the algebra Hy contains the incidence algebra as its proper
subalgebra. We prove that there exists an algebra homomorphism from the quantum
affine algebra Uq1/2<g\[2> to the algebra H;, which again extends the above algebra
homomorphism from U_1/2(sl) to the incidence algebra. Moreover, it is also proved
that any irreducible module for the algebra H; induces an irreducible Uq1/2(;[2>—
module of type (1, 1) which is more precisely a tensor product of evaluation modules
of dimension 2. Our results are Theorems 3.12.1 and 3.12.5. To prove the main
theorems, we classify all the Hj-modules up to isomorphism and determine the
multiplicities appearing in the standard module V.

Seen from the viewpoint of the action of the general linear group GLy(F,) on
the subspace lattice P, we may say the results in Chapter 3 are “opposite” to those
obtained in Chapter 2. (In Chapters 2 and 3, however, we will not take this point
of view in any essential way. We refer the reader to [10] for this viewpoint.) Indeed,
the partitions (1.2) and (1.3) turn out to be the orbits of maximal and minimal
parabolic subgroups of GLy(F,), respectively. More precisely, the corresponding
subgroups stabilize the fixed subspace z and the fixed flag {z;}¥,, respectively.

It is worth pointing out that our proofs in Chapter 3 involve a natural and
intrinsic combinatorial characterization of the subspace lattice, while the method
used in Chapter 2 is rather oriented towards Lie theory and the representation theory
of quantum groups. In Chapter 3, we fix a basis vy, v, ..., vy for H such that z; is
spanned by vy, v, ..., v; for 1 <7 < N. With respect to the basis, we identify each

subspace in P with a certain matrix whose entries are in the base field F,. Then, we
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relate these matrices to classical combinatorial objects, such as Ferrers boards rook
placements, and inversion numbers, and interpret algebraic properties of subspaces
in terms of these matrices (and moreover, of other combinatorial objects above).
Almost all the problems which we concern in Chapter 3 arrive at problems in such
classical combinatorial fields. This type of argument is motivated by Delsarte [J]
and the technique used in Chapter 3 is a kind of a generalized version of that in [9].

Comparing the partitions (1.2) and (1.3) again, one may ask whether same kinds
of results can still be obtained if we take a more general partition, which is defined
by replacing a subspace or a full flag by a general flag. We will not develop this
point here because the required computation is expected to be far more complicated.
However, we emphasize that we have done for the two extremal and essential cases,
and conjecture that similar results still hold in the general case.

We summarize the last results of this thesis. See Chapter 4 for more details. Let
n be a positive integer, and let F be any field. Let P, (F) denote the subspace lattice
of subspaces of an n-dimensional vector space over F. The general linear group
GL,(F) acts on P,(F). The natural grading structure (1.1) of P,(F) is given by
GL, (F)-action, and each fiber (i.e., orbit) is called a Grassmannian. In other words,
the Grassmannian Gr(m,n) is the set of m-dimensional subspaces in F", where
0 < m < n. Let B denote the Borel subgroup (i.e., minimal parabolic subgroup) of
GL,(F). Then, the B-action defines a finer “hyper-cubic” grading structure (1.3) of
P,.(F), and each fiber contained in Gr(m,n) is called a Schubert cell of Gr(m,n). See
[15] for details. We showed in Chapter 3 that the algebra defined from the “hyper-
cubic” grading structure of P, (F) together with its incidence structure has a close
relation to the quantum affine algebra U, (ﬁAlg), if F is a finite field of ¢? elements. In
Chapter 4, we study the Schubert cells of a Grassmannian from the combinatorial
point of view of association schemes. More precisely, we show that the association
scheme defined by the B-action on each Schubert cell is a generalized wreath product
of one-class association schemes with the base set F. The concept of a generalized
wreath product of association schemes was introduced by R. A. Bailey [1] in 2006.
The (usual) wreath product of association schemes has been actively studied (see
e.g., [3, 4, L1, 14,17, 21, 22, 29]), and we may view the result in Chapter 4 as
demonstrating the fundamental importance of Bailey’s generalization as well.

In this thesis, we remark that the contents of each Chapters 2, 3, and 4 are based
on the author’s paper [27], [26] and [28], respectively. For the convenience of the
reader, the notation used in each chapter is identical with that in each paper with
two exceptions. We replace # in [27] with #H, in Chapter 2 and # in [26] with H; in
Chapter 3 because they are different and play important roles in this thesis. Thus,



some symbols are not consistent between these chapters.



Chapter 2

An algebra associated with a
subspace lattice over a finite field
and its relation to the quantum

affine algebra U, (s15)

In this chapter, we introduce an algebra H, from a subspace lattice with respect
to a fixed subspace which contains its incidence algebra as a proper subalgebra and
show how it is related to the quantum affine algebra U,/ (;[2), where ¢ denotes the
cardinality of the base field. We show that there is an algebra homomorphism from
Ugpre (;[2) to Hs, and that H, is generated by its image together with the center.
Moreover, we show that any irreducible H,-module is also irreducible as a U1,z (;[2)—
module and is isomorphic to the tensor product of two evaluation modules. We also
obtain a small set of generators of the center of H,. This chapter is based on the
author’s work [27].

We organize this chapter as follows. In Section 2.1, we recall the basic notation
and basic combinatorial structures in a subspace lattice. In Section 2.3, we recall
some known facts about the subspace lattices with the quantum algebra U, (slz). In
Section 2.4, we discuss detailed combinatorial structures in a subspace lattice. In
Sections 2.5, 2.6 and 2.7 we introduce the main object of this chapter, the algebra
H,, and discuss the structure of it. In Section 2.8, we describe the center of H,.
In Sections 2.2 and 2.9, for the convenience of the reader, we repeat the relevant
material, including the definitions of the quantum algebra U,(sl;) and the quantum
affine algebra Uq(;[g) from [0, 13] without proofs, thus making our exposition self-

contained. In Section 2.10, our main results are stated and proved.



2.1 Preliminaries

Recall the integers Z = {0,+1,£2,...}, the natural numbers N = {0,1,2,...}
and the complex field C. Assume a nonzero scalar ¢ € C is not a root of unity.
Throughout this chapter except in Sections 2.2 and 2.9, we fix positive integers a,b
and a finite field F = [, of ¢ elements, so we further assume that g is a prime power.
Let H denote a vector space over F with dimension a 4+ b. Let P denote the set of
all subspaces of H. We view P as a partially ordered set (poset) with the partial
order given by inclusion. For y,z € P, we say z covers y whenever y C 2z and
dim z = dimy + 1. Two elements in P are called adjacent whenever one covers the
other. For a nonzero integer n € N, a path of length n is a sequence yg, Y1, .. ., Yn i
P such that y; 1 and y; are adjacent for every 1 < ¢ < m. This path is said to be
from yo to yp.

Let us review some of the basic facts about the poset P. The Z-grading of P is
the partition of P into disjoint nonempty sets Fy, Py, ..., P, such that

P, ={y e P|dimy =1} (0<i<a-+b).

For notational convenience, for i € Z define P, = () unless 0 < ¢ < a + b. By

combinatorial counting we verify the following lemmas.
Lemma 2.1.1. For 0 <i <a+b, the following (i), (ii) hold.

(i) Given y € P;, there exist exactly q{;%ll elements z € P which are covered by y.

]

(ii) Given y € P;, there exist exactly % elements z € P which cover y.

Lemma 2.1.2. The following (i)-(iii) hold.

(i) Given y,z € P with y C z and dimz = dimy + 2, there exist exactly q + 1

elements which are adjacent to both y and z.

(ii) Given y,z € P with dimy = dimz and y # z, if there exists an element that

18 covered by y and z, then there exists a unique element that covers y and z.

(111) Given y,z € P with dimy = dim z and y # z, if there exists an element that

covers y and z, then there exists a unique element that is covered by y and z.

Let V' = CP denote the vector space over C with a basis P. Let Matp(C) denote
the C-algebra consisting of the matrices with entries in C and rows and columns
indexed by P. Observe that Matp(C) acts on V' by left multiplication. We call V'



the standard module for Matp(C). We write I € Matp(C) for the identity matrix.

For any nonzero n € N, we define

gt —q "

O ——— [nlg = [lgln — g -+ [y
Set [0, = 0 and [0], = 1. For simplicity of notation, we write [n] = [n],1/> and
[n]! = [n]!q1 ,» for n € N. Finally, we recall the Gaussian coefficient
m _ ﬁ =0 _ ko
kl, +td"—d¢ [k]!n — K]V

for 0 < k <n and [g]qzl.

2.2 The quantum algebra U,(sl,)

In this section, we consider a nonzero scalar ¢ € C which is not a root of unity. We

introduce the notion of the quantum algebra U, (sls).

Definition 2.2.1 ([13, p. 122]). Let U,(sly) be the associative C-algebra generated
by e, f, k' with the relations

Kkl =k k=1,

ke = ¢’ek,

kf=q [k,
k—k!

ef — fe= —-
qa—dq

The elements e, f, k%! are called the Chevalley generators for U, (sly).

Lemma 2.2.2 ([13, p. 128]). With reference to Definition 2.2.1, for any finite-

dimensional irreducible U,(sly)-module, there exists € € {1,—1} such that a basis

Vo, U1, - .., Vg for the module satisfies
kv; = eq? 2, (0<i<d),
fUZ' = [Z + 1]qvi+1 (O S 1 S d— ].), fUd == O,
ev; = eld — i + 1] v (1<i<d), evg = 0.

We write V. 4 for the above irreducible U, (sly)-module.



2.3 The incidence algebra 7 of the Z-grading of P

Until further notice, a scalar ¢ is a prime power. Recall the Z-grading of P. For
0 <i<a+b, we define diagonal matrices Ef € Matp(C) with (y, y)-entry

i} 1 ifye P,
(E )y = . (y € P).
0 ifty¢g P
We have

Here 9, ; is the Kronecker delta. Also
I=E5+E +---+E,,.
Moreover,
V=EVA+EV+ --+E_,V (direct sum).

Note that E;V has the basis P; for 0 < ¢ < a+b. We call E} the i-th projection
matriz. By the above comments, the projection matrices Eg, EY,..., E; , form
a basis for a commutative subalgebra of Matp(C). It is easy to check that this
subalgebra is generated by the diagonal matrix K whose (y, y)-entry is g(otb)/2—dimy
for y € P. The matrix K is also defined as

a+b
.
i=0
We remark that K is invertible from the construction.

Next, we introduce two matrices in Matp(C). The matrices L, R have (y, 2)-

entries
1 if z covers y,
Ly,z = (yvz € P)a
0 otherwise
1 if y covers z,
R, .= (y,z € P).
0 otherwise

We remark that L, R are the transpose to each other and we have
LE'V C E" |V (1<i<a+d), LEjV =0, (2.1)
RETV C E7,\V 0<i<a+b-1), RE; ,V =0. (2.2)

By the above inclusions, we call L the lowering matriz and R the raising matrix.

For notational convenience, we adjust

~

L = q(lfafb)/QL'

9



Definition 2.3.1. Let Z denote the C-subalgebra of Matp(C) generated by E, R,
K. We call Z the incidence algebra of P.

Note that K is invertible so that K—! € Z.
Proposition 2.3.2. The algebra I in Definition 2.5.1 is semisimple.

Proof. This follows since Z is closed under the conjugate-transpose map [7, Chap-
ter 4. O

Lemma 2.3.3. With above notation, the following (i)—(iii) hold.

(i) KL = LK.

(ii)) ¢gKR = RK.
L~ ~ K- Kt
(ZZZ) LR — RL = m
Proof. All formulas follow from Lemmas 2.1.1 and 2.1.2. O

Theorem 2.3.4 ([25, Section 7]). The standard module V' supports a U,/2(slz)-

module structure on which the Chevalley generators act as follows:

generators e f k k7!

actionsonV L R K K-!

Proof. By Lemma 2.3.3, E, R, K, K~! satisfy the defining relations in Definition
2.2.1. m

Corollary 2.3.5. There exists an algebra homomorphism from U, /2(sly) to T that

sends
e— L, f— R, k— K, Eles K1
Moreover, this homomorphism is surjective.

Proof. By Theorem 2.3.4, such a homomorphism exists. Since the incidence algebra

T is generated by E, R, K, this homomorphism is a surjection. O

From Proposition 2.3.2, the standard module V' is decomposed into a direct
sum of irreducible Z-modules, and every irreducible Z-module appears in V' up to

isomorphism. We now discuss the irreducible Z-modules in detail.

10



Definition 2.3.6. Let W be an irreducible Z-module. Define
v=min{i |0<i<a+0b, E;W # 0},
d=Hi|0<i<a+b EW #0} —1.

The integers v, d are called the endpoint and diameter of W, respectively.

Proposition 2.3.7. Let W be an irreducible Z-module with endpoint v and diameter
d. Then we have
d=a+b—2v.

Proof. This follows from the fact that, for 0 < i < (a + b)/2, the linear maps
Rott=2 . BV — B, )V and L°Y% . E*, .V — E;V are isomorphisms of

C-vector spaces. See for example [3]. O

Proposition 2.3.8. Let W be an irreducible Z-module with endpoint v and diameter

d. Then there exists a basis
w; € B5,W (0<i<d), (2.3)
on which generators E, R act as follows:
Rw; = [i + 1w 0<i<d-1), Rwg =0,
Lw; = [d—i + Hwi_ (1<i<d), Lwy = 0.

Proof. By the definition of endpoint, E;W # 0. We pick any nonzero vector wy €
EXW. Define

(1<i<d).
For 0 < i < d, observe that w; € E;, ;W by (2.2). The actions of L and R on w; are
determined from the relations in Lemma 2.3.3. See for example [13, p. 128]. ]

Proposition 2.3.9. Referring to Proposition 2.5.8, the generator K acts on the
basis (2.3) as

Proof. Recall w; € E; ;W. The result follows from the definition of K. O

Corollary 2.3.10. Let W be an irreducible Z-module with endpoint v. Then we
have
dimW =a+b—2v+1.

In particular, 0 < v < (a+b)/2.

11



Proof. Use Propositions 2.3.7 and 2.3.8. O

Proposition 2.3.11. Let W be an irreducible Z-module with diameter d. Then, as

Ugpre (sly)-modules, W is isomorphic to Vi 4 in Lemma 2.2.2.
Proof. For both modules, compare the actions of the generators. O

Proposition 2.3.12. For each 0 < v < (a+b)/2, there exists a unique irreducible
Z-module W with endpoint v up to isomorphism. The multiplicity mult(v) of W in
the decomposition of the standard module V' is given by

mult(v) = {“bL— {“bL (v>1),

v v—1
and mult(0) = 1.

Proof. The endpoint v of an irreducible Z-module W must satisfy 0 < v < (a+b)/2
by Corollary 2.3.10. Moreover, the isomorphism class of W is determined by v by
Propositions 2.3.7, 2.3.8 and 2.3.9. For 0 < v < (a + b)/2, let (E}V )yew denote the
subspace consisting of the vectors w € E;V with Lw = 0. If v = 0, any w € EjV
satisfies Lw = 0 so that dim(E}V )yew = dim EjV = 1. If v # 0, it is known that
the linear map L : E}V — E¥ |V is surjective (see for example [3]), so that

a—+ b] B [a +b

q

v

Am(EV )pew = dim B3V — dim E_,|V = { } (>1).
q

Thus, the assertion becomes mult(r) = dim(E}V )yew for all 0 < v < (a +b)/2. For

each irreducible Z-module W with endpoint v, there exists a vector of W that belongs

v—1

to (EXV )new by Proposition 2.3.8. Moreover, the vector generates W. Therefore the
multiplicity mult(v) is bounded from above by dim(E*V),ey. On the other hand,
for each 0 < v < (a + b)/2, pick any nonzero vector w € (EXV )pew. Let W = Zw
denote the Z-module generated by w. It suffices to show that W is an irreducible Z-
module with endpoint v. Indeed, once this holds, mult(r) is bounded from bottom
by dim(E¥V )pew. Let us write the irreducible Z-modules decomposition of W as

follows:
W=W,+Wy+---+W, (direct sum),

for some positive integer r. It is sufficient to show that » = 1 and W; has endpoint
v. According to this decomposition, we write w = w; + ws + - -+ + w, such that
w; € W; (1 < i <r). Then, every w; lies in (E}V )pe and moreover, w; # 0 since
W; = Zw;. By Propositions 2.3.8 and 2.3.9, for 1 < i < r, W; must have endpoint v.
Moreover, it follows again from Propositions 2.3.8 and 2.3.9 that, for every M € T,
we have Mw; = 0 for some i if and only if Mw; = 0 for all i (1 < i < r). This

shows r = 1, for otherwise wy, ..., w, € W, a contradiction. O]

12



2.4 The decomposition P, ;

For the rest of the chapter, we fix a subspace + € P with dimx =a. For 0 <i <a
and 0 < 7 < b, define

P;={ye P|dim(yNz)=idimy =i+ j}.

For notational convenience, for i,j € Z define P,; = () unless 0 < i < a and
0 <7 < b. Note that

P = |_| P ; (disjoint union).
0<i<a
0<5<b

We compile some basic properties about the decomposition F; ; whose proofs are
straightforward. Related computations can be found in [5, Section 9.3]. Lemma
2.4.6 is obtained by combining other five lemmas. Only for Lemma 2.4.6, we give a

partial proof, which includes the most complicated case.

Lemma 2.4.1. For 0 <i<a and 0 < j <b, the following (i)-(iv) hold.

(i) Giveny € P,;, there exist exactly % elements in P, ; adjacent to y.

(i) Giveny € P, ;, there exist exactly % elements in P; ;_1 adjacent to y.

(ii1) Giveny € P, ;, there exist exactly g -1

p elements in Piy1; adjacent to y.

() Giveny € P, ;, there exist ezactly %b?._l) elements in P; j11 adjacent to y.

Lemma 2.4.2. For1<i<a and 1< j <b, the following (i)-(iv) hold.

(1) Giveny € P, ; and z € Py j_1 with z C y, there exists a unique element in

P j—1 which is adjacent to both y and z.

(i1) Giveny € P, j and z € P,_y j_1 with z C y, there exist exactly q elements in
P,_1; which are adjacent to both y and .

(iii) Giveny € Py and z € P, ;_y, if there exists an element that is covered by y

and z, then there exists a unique element that covers y and z.

(w) Giveny € P_1; and z € P, ;_1, if there exists an element that covers y and

z, then there exists a unique element that is covered by y and z.
Lemma 2.4.3. For 0 <i<a and 0 < j <b, the following (i), (ii) hold.

1) Assume i is neither 0 nor a. Giveny € Pi.1; and z € P,_y ; with z C vy, there
Y +1,j J Y

exist exactly g + 1 elements in P; ; which are adjacent to both y and .
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1) Assume j is neither O norb. Giveny € P; ;.1 and z € P, ;1 with z C vy, there
7‘7 7]

exist exactly g + 1 elements in P; ; which are adjacent to both y and .

Lemma 2.4.4. Let 0 < i < a and 0 < j < b. Given y,z € P,; withy # z, the
following (i)—(iv) hold.

(1) Ifynze Py, theny + 2z € Py .

(i) If yNnz e P j_q, theny+2z€ Py jory+z€ P, 4.
(iii) If y+2z € P, jy1, thenyNz e P ;.
(w) Ify+z¢€ Py, thenyNze Py oryNze Pjq.

Lemma 2.4.5. Let0 <i<aand 0 < j <b. Giveny € P, z € P, assuming y
does not cover z, the following (i), (ii) hold.

(1) Supposey € Piy1j. IfyNz e Py j, theny+ 2z € Py ;.
(i1) Supposey € P, ji1. If y+ 2 € P, jio, thenyNz € P j_y.

Lemma 2.4.6. Fizy € P and z € P, ;. The tables below give the numbers of paths

Z, w1, W,y satisfying the specified conditions on wy, ws.

(i) If y € Piy1j and y covers z, then the numbers of paths are given as follows.

conditions assumption | the number of paths
wy € Py wy € Py 1<i<a-—1 qj(quqlf)(lqifl)
wy € Py wy € P 0<i<a-1 qa_i+qi;ril_qj_q
w1 € Piy1j w2 € Piypj |0<i<a—2 %

(it) If y € P j41 and y covers z, then the numbers of paths are given as follows.

conditions assumption | the number of paths
wler_l ’UJQEPZ'J' 1§j§b—1 (qulq)E—qlJfl)

. adtb—i—j | G41_ a—i_
wy € P we € P 0<j<b—-1] 1 u:]q_yl T

B a—1i( b—j—1__
wi € Py wa€ P 0| 0<7<0—2 A p) DICARY




(i11) If y € Piy1j and y does not cover z, then the numbers of paths are given as

follows.
conditions assumptions the number of paths

wy € Po1; wy € P yNzePy; 1<i<a—1 q+1
otherwise 0

wy € Py wee Py jynNzePl,; 0<i<a—1 q+1
* 0<i1<a—-1 q
otherwise 0

wy € Py w2 € P |y+2€bPia; 0<i<a—2 q+1
otherwise 0

Here the symbol x means y Nz € P;j_1 andy + 2 € Pig ;.

() If y € P, ;41 and y does not cover z, then the numbers of paths are given as

follows.
conditions assumptions the number of paths
wy € Pijo1 wy € F yNze kP, 1<7<0-1 qg+1
otherwise 0
wy € Pjy1 wa € By * 0<j<b-1 q
y+z€P ;2 0<57<b-1 q+1
otherwise 0
w1 € Pjy1 wa €Dl |ytzeln 0<7<b-2 q+1
otherwise 0
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Here the symbol x means yNz € P ;1 and y + 2 € Piyq 1.

Proof. 1t is essential to prove (i) and (iii) since the proofs of (ii) and (iv) are similar
to those of (i) and (iii), respectively. Here we prove only for the cases of the second
condition in (iii) since this is the most complicated one among all the cases in (i)
and (iii).

Assume y € P41 ; and y does not cover z. Count the paths z,w;, ws,y with
condition w; € P41 and wy € P, ;. Suppose there exists such a path. Then,
applying Lemma 2.4.4 (i) to y, w; € P11, we obtain y+w; € P,15 ;. By comparing
dimensions, we have y + wy = y + 2, so that y + z € P ;. Similarly, applying
Lemma 2.4.4 (iv) to z,ws € P, j, we obtain zNwy € P,y or zNwy € P, j_1. Again
we have z Nwy = y N z. Now we count the number for each of the two cases. Let us
first assume y Nz € P;_1 ;. Recall from Lemma 2.4.5 that we have y + z € P9 ;.
Then by Lemma 2.4.3 (i), there are ¢ + 1 choices for w,, an element in P, ; which
is adjacent to both y N 2z and y. For any such element wy, we have z Nwy =y N 2
and then we have z + wy € Piyq; by Lemma 2.4.4 (i). Thus there exists a unique
wy satisfying the condition, which is z + w,. Let us next assume y Nz € F; ;_; and
y+ 2z € Pyoj. Then by Lemma 2.4.2 (ii), there are ¢ choices for w,, an element
in P;; which is adjacent to both y Nz and y. For any such element w,, we have
zMNwy =y Nz and then we have z +wy € Py or 2 +wy € P ;41 by Lemma 2.4.4
(ii). Since z +wy C y+ 2z € Piyoj, we must have z + wy € P, ;. Thus there exists

a unique w; satisfying the condition, which is z 4+ ws. O]

2.5 The algebra K

For 0 < i < aand 0 < j < b, define a diagonal matrix E;;, € Matp(C) with
(y, y)-entry

. 1 ifye Pm‘,
(Ei,j)y,y = ) (y e P).
0 ifyg Py
For notational convenience, for 7,57 € Z define EZ*] = 0 unless 0 < ¢ < ¢ and
0<j <b. We have
Ei*,jE:,t = (51‘755]'7th]- (O S i, S S a, O § ],t S b)

Also



Moreover,
b
V= Z EV (direct sum).
Note that EzjV has the basis P;; for 0 <7 <aand 0 < 7 <b. We call Ejj the
(1, 7)-projection matriz.
Definition 2.5.1. By the above comments, the matrices

B}, (0<i<a, 0<j<b),

form a basis for a commutative subalgebra of Matp(C). We denote the subalgebra
by K.

We now introduce two matrices that generate K. Define diagonal matrices
K, K, € Matp(C) with (y, y)-entries

(K1)yy = qa/Q_i’ (Ka)yy = qj_b/2>

where y € P ;.

Lemma 2.5.2. We have

a b a b
2—i ¥ i—b/2 T
I :qua/ B K2:ZZ‘1J /Ez',j-
i=0 j=0 i=0 j=0
Proof. Immediate from the construction. O]

Proposition 2.5.3. The algebra IC in Definition 2.5.1 is generated by K, K.

Proof. By Lemma 2.5.2, the elements K;, K, generate a subalgebra K’ of . For
0 < i, <aand 0 < j,j < bwith (4,7) # (7,5"), we have (¢¥/>7%, ¢=b2) +#
(q*/>7" g7 ~%?). Therefore E}; is a polynomial in Ky, K for 0 <i<aand 0 <j <
b. Consequently, X' = K. O
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2.6 The algebra H;

Define matrices Ly, Lo, Ry, Ry € Matp(C) with (y, z)-entries

1 inyPi—l,‘7Z€Pi,‘»yCZa
(Ll)y,z = . ’ ’ (y,Z € P):
0 otherwise

1 fye P 1, z€ P, yCz,
(LQ)y,z = . ’ ’ (yaz S P)7
0 otherwise
1 itye Py, 2€ Py, 2 Cuy,
(Rl)%z = . ! ! (y7Z € P)7
0 otherwise
1 itye P, 2€ P, z2Cuy,
(RQ)y,z = . ’ ! (%Z S P)
otherwise
Lemma 2.6.1. For0<i<a and0<j <D,
L\E;,V CE; |V, LB,V C B LV,
Proof. Immediate from the construction. O

Because of Lemma 2.6.1, we call Ly, Ly the lowering matrices and Ry, R, the
raising matrices. We remark that L! = Ry and L} = Ry, where ¢ denotes the

transpose.

Definition 2.6.2. Let H, denote the subalgebra of Matp(C) generated by Ly, Lo,
R17 R27 K.

The algebra H, as well as irreducible Hg -modules were discussed in detail in
[20], and some of the results in Sections 2.6, 2.7 are given in [20] in different forms.
However, since we adopt different generators and their normalization for H,, and
also a different parametrization of the irreducible Hs-modules, we include full proofs

of most of these results for the convenience of the reader.
Proposition 2.6.3. The algebra Hs in Definition 2.0.2 is semisimple.

Proof. This follows since H; is closed under the conjugate-transpose map [7, Chap-
ter 4]. O

We now consider some relations in H,. Here we remark that some of the fol-
lowing relations can be obtained by taking the transpose of others. For notational

convenience we adjust Lq, Ly as follows:

~ ~

Ly =g "L, Ly =q" 2L, (2.4)

18



Lemma 2.6.4. The following (i)-(viii) hold.
(i) K1l = qL1 K.
(i) KiLy = LK.
(iii) ¢K1Ri = RiK.
(iv) KRy = RoK.
(v) KyLy = L1 K.
(vi) qufg = EZKQ.
(vii) KoRy = R K.
(viii) KoRy = qRy K.
Proof. Use Lemmas 2.5.2 and 2.6.1. O
Lemma 2.6.5. With the above notation, the following (i)-(iv) hold.
(i) 1Ry = RoL,.
(ii) LyRy = Ry L,.
(iii) qL1Ls = LoLy.
(iv) RiRs = qRoR;.
Proof. This lemma is a matrix reformulation of Lemma 2.4.2. O
Lemma 2.6.6. With the above notation, the following (i)—(iv) hold.
(i) R2Ly — (¢ + 1)RiL\Ry + qL R2 = —¢~V2(q + 1) K{ 'K, Ry
(ii) qR2Ly — (¢ + 1)RoLoRo + LoR2 = —q'/%(q + 1) K1 K5 ' Rs.
(iii) qL3R, — (¢ + 1)L\R\ Ly + R L} = —¢"/*(q + 1)Ky ' K> L.
(iv) L3Ry — (¢ + 1)LoRoLs + qRs L% = —qY2(q + 1)K, K5 ' L.

Proof. (i) For y,z € P, we compare (y, z)-entry of both sides of the formula. Let
y € P.sand z € P, ;. We assume r = i + 1 and s = j, otherwise all (y, z)-
entries are 0. For each term in the equation, we compute (y, z)-entry. These

entries are obtained from the table below and (2.4).
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Case description | (R2L1),. (RiL1Ry), . (LR2),.  (K7'KaRy),.
j( +1)( i*l) afi_i_ i+ij+1_ 5 ( a—i—lil)( +1) i (atb) /241
Y covers 2 9 q—]_q q qq71 @—q (g = q giti—(a+b)/2+
yNze Py qg+1 qg+1 qg+1 0
Nze P,
’ . 0 q g+1 0
y+z€ Py
otherwise 0 0 0 0

The table entries are routinely obtained from Lemma 2.4.6. From the above

comments, the result follows.
(ii) Similar to the proof of (i) above.
(iii) Take the transpose of (i), and use Lemma 2.6.4.

(iv) Take the transpose of (ii), and use Lemma 2.6.4.
[

Due to the complexity of the relations in Lemma 2.6.6, we find it useful to

introduce a matrix F' € Matp(C) with (y, z)-entry

¢ +¢ -1 ifyz€Plyy=2z
Fy,z: q—l ify,zEPi,j,yﬂzEPi,j,hy—i—ZEPiH,j,

0 otherwise,

for y, z € P. For notational convenience, define
F=qgohip (2.5)

Lemma 2.6.7. The following (i), (ii) hold.

. ~ F— Kfle
(i) LiRy = BiL = =
.. - T KlK—l — ﬁ
(ii) Lok = Rolo = 2.

Moreover, Fe Hs.
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Proof.

(i) For y,z € P, we compare (y, z)-entry of both sides of the formula. Let

y € P.;and z € P,;. We assume r =i and s = j, otherwise all (y, z)-entries

are 0. For each term in the equation, we compute (y, z)-entry. These entries

are obtained from the table below and (2.4), (2.5).

Case description | (L1R1)y,. (RiL1)y,. F,. (K7 Ky)y.
S qa;1_1 qu]qizl) g —1 qi+j—(a+b)/2
yMNze B—Lj 1 1 0 0
NzeP,,,
Y I 1 0 g—1 0
y+z€ P
otherwise 0 0 0 0

The table entries are routinely obtained from Lemmas 2.4.1 and 2.4.4. From

the above comments, the result follows.

(ii) Similar to the proof of (i) above.

Lemma 2.6.8. The following (i), (ii) hold.
(i) K1F = FK;.
(i) KoF = FKs.
Proof. Combine Lemmas 2.6.4 and 2.6.7.
Lemma 2.6.9. The following (i)-(iv) hold.
(i) FL, gL, F.
(i) qF Ly = L,F.
(iii) qF R, = R, F.
(iv) FRy = qRyF.

Proof. Combine Lemmas 2.6.4, 2.6.5 and 2.6.7.

Our next general goal is to show that F is invertible.

Lemma 2.6.10. For 0 <i<a and 0 < j <b, we have
FE;,V C E},V.
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Proof. Immediate from the construction. n

Lemma 2.6.11. For 0 <i <a and 0 < j < b, the matrix F s diagonalizable on

EV. The eigenvalues 0; j; and the multiplicities m; j; are given by

_(a—b—2i+2j—21)/2
ei,j,l—q( I )/7

[ fo o

where 0 <1 < min{a — 1, j}.

Proof. Let F' € Matp(C) be a matrix with (y, z)-entry

- (q—1)7'F,, ify#z,
- 0 ify =z,
1 ifyazepi,jaymzeP7L,j—lay+Z€Pi+1,ja

0 otherwise,

for y,z € P. Then it is sufficient to show that F” is diagonalizable on E};V with

the eigenvalues
g g @020, . — gt — g 41
irjl =1 :
and the multiplicities m; j; for 0 <! < min{a — i, j}.
For0<i<a,0<j<buecPypandw e P,j, let (EZjV)u,w be a subspace of
E7;V spanned by

Bijuw =1y € PijlyNe=uy+z=uw}

Then it is easy to check that F'(E;;V)uw € (E;;V )uw. Therefore we have a block
diagonal form: o
~-PDD D Flisuw
i=0 j=0 u€P,; o weP,
where |; ;o means the restriction to (E;;V)yw-

For each 4, 7, u,w, observe a bijection from P, ;, ., to the set of j-subspaces of
w/w which intersect with x/u trivially. Under this bijection, F”|; ;.. is precisely
the adjacency matrix of the bilinear forms graph Bil,(a — i, j) with eigenvalues ¢
and multiplicities m; ;; (see [5, Section. 9.5 AJ). Combining with the block diagonal

form of F’, we complete the proof of our claim. O
Corollary 2.6.12. The matrix F is invertible.

Proof. Observe that the eigenvalues §; ;,; of 2 given in Lemma 2.6.11 are nonzero. [
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2.7 The irreducible H.,-modules

Recall from Proposition 2.6.3 that the algebra H, is semisimple. Thus the standard
module V' is a direct sum of irreducible H,-modules, and every irreducible H 4 -module
appears in V' up to isomorphism. We now discuss the irreducible H,-modules in V.
Recall that for 0 < ¢ < @ and 0 < j < b the matrix F acts on EZ-*J-V. For each

eigenvalue 6; ;; of this action, let V; ;; denote the corresponding eigenspace. Thus
Vija={v € ELV | Fo =00}
Let W be an irreducible H,-module in V. Then we have

a b
W = Z Z ES W (direct sum).

i=0 j=0

Definition 2.7.1. Let W denote an irreducible H,-module. Define
v=min{i | 0 <i < a, B ;W # 0 for some j},
p=min{j [0 < j < b, E;W # 0 for some }.
We call the ordered pair (v, u) the lower endpoint of W. Define
V' =max{i | 0 <i < a, B ;W # 0 for some j},
p=max{j | 0<j<b E ;W #0 for some i}.
We call the ordered pair (¢/, ') the upper endpoint of W.
By construction,
0<v<v <a, 0<pu<p <0 (2.6)

Lemma 2.7.2. With reference to Definition 2.7.1, the following are equivalent for
0<i<aand0 <7 <b.

(i) B:,W #0.
(i) v<i<V and p < j<p.
Suppose (i), (ii) hold. Then dim E; ;W =1 and E} ;W = (R1)" " (Ry)’ "E; ,W.

Proof. By the definition of the lower endpoint, there exists a nonzero vector w €
E; W such that Liw = Lyw = 0. For n,m € N, a vector (R)"(Ry)™w is in
Ey p iemW by Lemma 2.6.1. The assertion is equivalent to showing that the module
W has a basis

(R1)"(R2)™w, 0<n<v —v, 0<m<u —p. (2.7)
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From the irreducibility of W, we can write W = H,w. Since H, is generated by Ry,
R, El, Zg, K, K5 and from the relations in Lemmas 2.6.4, 2.6.5, 2.6.7, 2.6.8 and
2.6.9, the module W is spanned by

(R1)™(Ro)™(K1)* (Ko) (F)*(L1)"(La) w (n,m,s,t,u,i,j € N). (2.8)

Since w vanishes by the actions of L; and Ls, the vector in (2.8) is zero unless
t = 7 = 0. Moreover, since K, Ko, F are diagonalizable on E; W, we may take
vectors with s =t = u = 0 for a spanning set of W. By the definition of the upper
endpoint, (R1)"(R2)"w # 0if n = v/ —v and m = p’ — p, while (Ry)"(R2)™w = 0 if
n>v —vorm >y — p. It remains to prove that the vectors in (2.7) are nonzero.
Suppose there exist 0 < n' < v — v, 0 <m’' < ' — p such that (Rl)"/(RQ)m/w =0.
Then by Lemma 2.6.5 (iv),

(B)” = (Ro) 1w = g0 (Ry) = (R = (R (Ro) ™ w) . (2.9)

Then the left-hand side of (2.9) is nonzero, while the right-hand side of (2.9) is zero.

This is a contradiction and completes the proof. O

Lemma 2.7.3. With reference to Definition 2.7.1, we have
v+pu+v +p =a+b.

Proof. Let W = W, + W5 + - -+ 4+ W, denote a direct sum decomposition into irre-
ducible Z-modules, and let v; denote the endpoint of W, for 1 < i < r. Observe that
v+ pu=min{y; | 1 <7 <r} by Lemma 2.7.2. On the other hand, it follows from
Proposition 2.3.7 and Lemma 2.7.2 that

V4 =max{a+b—vy |1<i<r}=a+b-—min{y |1<i<r}=a+b—v—p.
The result follows. O

Definition 2.7.4. Let W denote an irreducible H,-module with lower endpoint
(v, 1) and upper endpoint (¢, ¢/). By Lemma 2.7.3, we have a—v —v' = —b+pu+ /.

We denote this common value by p and call it the index of W.

Lemma 2.7.5. Let W denote an irreducible Hs-module with lower endpoint (v, 1)
and index p. Then
2u—b<p<a—2v.

Proof. This follows from (2.6). O
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Lemma 2.7.6. Let W denote an irreducible Hs-module with lower endpoint (v, )

and index p. Then
dmW =(a—-2v—p+1)(b—2u+p+1).

Proof. Let (', ') denote the upper endpoint of W. By Lemma 2.7.2, the dimension
of Wis (v —v+1)(i —u+1). By the definition of p, this is the same as the desired

formula. O

Proposition 2.7.7. Let W be an irreducible Hs-module in 'V with lower endpoint

(v, ) and index p. There exists a basis
Whm, 0<n<a—2v-—p, 0<m<b—-2u+p), (2.10)
on which the generators El, Eg, Ry, Ry act as follows:

q(—b+2u—p+2m)/2[a — U — p—n-+ ].]wn—l,m?
Lownm = ¢ 72 = 201+ p — m + Lwn 1,

Rywpm = [0+ Ywps1m,

R2wn,m qin[m + 1]wn,m+1-

Here we set wy, ,, = 0 unless n and m satisfy the inequalities in (2.10).

Proof. Let (', 1) denote the upper endpoint of W. Remark that v/ = a —v —p
and y' = b — p+ p. Pick any nonzero vector w € E;; ,W. Set
_ (Rl)n(RQ)m / /

wn,m_Wu} O<n<v —v, 0<m<p —p). (2.11)
Remark that wpo = w. The set (2.11) of vectors forms a basis for the vector space
W by Lemma 2.7.2. We show that every vector in (2.11) satisfies the desired actions.
By the construction and Lemma 2.6.5 (iv), it is easily seen that the desired actions
of Ry and Ry hold. For Zl, recall Lemma 2.6.6 (i). For 0 < n < v/ — v and
0 <m < p/ — u, applying both sides of the equation in Lemma 2.6.6 (i) to wy, ,, we

have

(R1)*Lywnm — (q+ D)[n + 1Ry Liwps1.m + q[n + 1[n + 2 Liwniz.m
= —¢ g+ Dn+ 1K Kywni1m. (2.12)

By the definitions of K; and Kj, the scaler of w41, in the right hand side of
(2.12) is known. By Lemmas 2.6.1 and 2.7.2, we know Elwmm is a scalar multiple

of wp—1m for 1 <n < v —vand 0 < m <y — p. Set the scaler by ¢,_1,, and
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set c_1m = Cap1,m = 0 for 0 < m < p/ — p. Substituting this in (2.12), we have for
0<n<dand 0<m <9,

Cn1m — (@+ Dn—v+1cpm+qn—v+1|[n—v+2citim
=—(¢+Dn—-v+ 1]q(—a—b+2n+2m+1)/2'

It turns out ¢, = ¢ P22 —v —p—n] (v < n <V, p < m < ) is the
unique solution to this system. This determines the action of El. The proof of the

action of L, is similar. O

Proposition 2.7.8. Referring to Proposition 2.7.7, the elements K, Ko, F act on
the basis (2.10) in the following way:

a—2n—2v)/2
Klwn,m = q( ) Wn,m s
_ (=b+2m+2p)/2
Kan,m - q( W/ wn,m:
R _ _(a—b—2n+2m—2v+2u—2p)/2
Fwpm = q( w—2p)/ Wy, .

Proof. From the required actions in Proposition 2.7.7 and from Lemmas 2.6.1 and
2.7.2, it turns out that w,,, € E; Wir0<n<a—-2vr—pand 0 <m <
b—2p+ p. Then the actions of K;, K on each w,,,, are given by their definitions.

+n,pu+m

As for the action of F', we use the relations in Lemma 2.6.7 (i), combined with the
other actions of Zl, R, Ky, K. O

Theorem 2.7.9. Let W denote an irreducible Hg-module. Then W s determined

up to isomorphism by its lower endpoint and index.

Proof. From Propositions 2.7.7 and 2.7.8, the actions of Zl, ZQ, Ry, Ry, Ky, K5 on
W are determined by its lower endpoint and index. The result follows since Hy is
generated by Zl, ./L\g, Rl, RQ, Kl, KQ. ]

Definition 2.7.10. Let W denote an irreducible H¢,-module with lower endpoint
(v, ) and index p. We call the triple (v, u, p) the type of W.

Lemma 2.7.11. Let W be an irreducible Hs-module of type (v, u, p). Then
0<p<p

Proof. From Proposition 2.7.8, the value ¢(@t=2+2=20)/2 ig an eigenvalue of the F-
action on E;;V for v <i<a—v—pand p <j <b—pu+p. Then, by Lemma
2.6.11, the index p must satisfy 0 < p < min{a — 4,j}. This implies the desired
inequality. [
Theorem 2.7.12. The following (i), (ii) hold.
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(i) Let W denote an irreducible Hs-module in V' of type (i,7,1). Then

B, W C VN Ker Ly N Ker L.

(i) For (v,p,p) satisfying0 <v <a, 0<pu<b,0<p<pu,2v—->b<p<a-—2v

and for a nonzero vector w € V,,, , N Ker El N Ker Eg, the H,-module Hsw is

irreducible of type (v, u, p).

Here we see each ZZ as a linear operator and Ker Zl denotes the kernel of it, i.e.,
Ker L; = {v € V | Lyv = 0}.

Proof. (i) Since (i, ) is the lower endpoint of W, the space E; ;W is a subspace

of Ker El and Ker Zg. By Proposition 2.7.8, there exists a nonzero vector
w € Ef ;W such that

ﬁw _ q(afb72i+2j721)/2w'
This proves w € V; j;. By Lemma 2.7.2, the subspace E; ;W is spanned by one

vector w. Hence the result follows.

Set W = H,w. We write the irreducible H,-modules decomposition of W as

follows:
W=W,+Wy+---+W, (direct sum),

for some positive integer r. It is sufficient to show that » = 1 and W} is of type
(v, i, p). According to this decomposition, we write w = wy + wg + -+ - + w,
such that w; € W; (1 <i <r). Then, every w; lies in V,,, , N Ker El N Ker 22
and moreover, w; # 0 since W; = H,w;. By Propositions 2.7.7 and 2.7.8,
for 1 <4 < r, W; must be of type (v, 1, p). Moreover, it follows again from
Propositions 2.7.7 and 2.7.8 that, for every M € H,, we have Mw; = 0 for
some i if and only if Mw; = 0 for all i (1 < i < r). This shows r = 1, for
otherwise wy,...,w, € W, a contradiction.

m

Corollary 2.7.13. For integers v, u, p, the following are equivalent.

(i) There exists an irreducible Hg-module of type (v, u, p).

(ii) 0<v<aand 0<pu<band0<p<pand2u—>b<p<a-—2v.

Proof. We first assume (i) holds. Then (ii) follows from (2.6) and Lemmas 2.7.5

and 2.7.11. On the other hand, assume (ii) holds. If there exists a nonzero vector
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w € V,,, such that Elw = ng = 0, then by Theorem 2.7.12, H,w is an irre-
ducible ‘Hs-module of type (v, i, p). So all we need to show is that the vector space
Vi up N Ker Ly N Ker Ly is nonzero under the assumption (ii). This is shown in [20,
Corollary 7.12]. ]

Theorem 2.7.12 shows that the irreducible Hs-modules in V' are classified by
their types up to isomorphism. Now, in addition to types, we introduce a different

characterization, which also has a combinatorial importance.

Definition 2.7.14. Let W be an irreducible Hs-module with lower endpoint (v, u)
and upper endpoint (¢, i’). Define

d=v —v, 6= — p.
We call the ordered pair (d,d) the diameter of W.

Lemma 2.7.15. Let W denote an wrreducible Hs-module of index p. Its lower

endpoint (v, ) and diameter (d,d) are related as follows:

a—d—p b—0+p
V= —7 ILL: —7
2 2
d=a—2v—p, 0=>b—-2u+p.
Moreover,
d— b+46
V/:a_y_p:H—p7 M/:b_ﬂ+p:u
2 2
Proof. Use Definitions 2.7.4 and 2.7.14. m

Corollary 2.7.16. Let W denote an irreducible Hs-module. Then W is determined

up to isomorphism by diameter and indez.
Proof. Use Theorem 2.7.9 and Lemma 2.7.15. m

Definition 2.7.17. Let W denote an irreducible H,-module with diameter (d, ¢)
and index p. We call the triple (d, 9, p) the shape of W.

We now show how Corollary 2.7.13 looks in terms of shape. We find it convenient

to work with shapes instead of types.

Corollary 2.7.18. For integers d, 9, p, the following are equivalent.
(i) There exists an irreducible Hs-module of shape (d, 6, p).
(i) 0<d<aand0<d<band0<p<min{a—d,b—d}.
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Proof. Use Corollary 2.7.13 and Lemma 2.7.15. m

Let S denote the set of triples (d,d, p) of integers that satisfy Corollary 2.7.18
(ii). For s € S, we denote by Es € Matp(C) the projection from V onto the sum of

all irreducible H¢-modules of shape s. We have

E.E, = 5375/Es (S, s e S),
=) E.
seS
Moreover,
V= Z EV (direct sum).
seS

In Propositions 2.7.7 and 2.7.8, we described the actions of El, Zg, Ry, Ry, K,
Ko, F on a basis for an irreducible H,-module. We now describe these actions in

terms of shapes.

Corollary 2.7.19. Let W be an irreducible Hs-module in V' of shape (d,0,1). On
the basis (2.10) the generators Zl, ZQ, Ry, Ry act as follows, where the inequalities
in (2.10) become 0 <n <d and 0 < m < §:

E1'wn,m = q(75+2m)/2 {d —n+ 1]wn71,m
ZQUJn,m = qd/2 [5 —m+ 1]wn,m—1>
len,m = [n + 1]wn+17m7

R2wn,m = q_n[m + ]-]wn,m+1-
Here, recall that we set wy, ., = 0 unless n and m satisfy the inequalities in (2.10).

Proof. This is a restatement of Proposition 2.7.7 in terms of shapes. n

Corollary 2.7.20. Referring to Corollary 2.7.19, the elements Ky, K, F act on
the basis (2.10) in the following way:

Kot = §(@H=2n)/2

Wn,m,

K2wn,m — q(—5+l+2m)/2

Wn,m.,

n __(d—6—2n+2m)/2
F'wn,m = q( )/ Wn,m -

Proof. This is a restatement of Proposition 2.7.8 in terms of shapes. n

Corollary 2.7.21. Let W be an irreducible Hs-module in V' with index [. Then for
0<1<a, 0< 7 <b we have
EX W C V.

b .
Moreover, Y 5> o Viji is an Hy-module.
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Proof. Let (v, ) be the lower endpoint of W. Assume v < i < a — v — [ and
<7 <b—pu+l; otherwise the first assertion is trivial from Lemma 2.7.2. From

Corollary 2.7.8, there is a vector w = w;_, j_, € EZ*jW such that

Fuw = ¢lo=b-2+2i-20)/2,

By the definition of V; ;;, this shows us that w € V; ;. From Lemma 2.7.2, we know
the vector space E; ;W is spanned by one vector w so that the first assertion holds.

Next let \71 denote the sum of all irreducible H,-modules in V' of index [. By the
first assertion, we have Vi C Yoo Z?:o Vi ji- Recall the two direct sum decomposi-
tions of V:

V = Z V, (direct sum),
!

=0

a b
V= Z ( Vi,j,l) (direct sum),
l j=0

where the two sums are over all indices [. Then by the above comment, the corre-
sponding summands must coincide, i.e., we have \7} =>4, Z?:o Vi for every L.

This proves the second assertion. O

2.8 The center of the algebra H,

In this section, we show central elements which generate the center of the algebra
‘H,. Recall from Corollary 2.6.12, we have e H,. Define Ay, A1, Ay € H, by

AO - KlKQﬁ_l,
ql/ZKl—l + qfl/zﬁKQ—I
(q1/2 _ q—1/2)2 )

q—1/2K2—1 + ql/QﬁKfl
(q1/2 — ¢~1/2)2

Ay = LR Ky +

Ao = LyRo K +

Lemma 2.8.1. The above elements Ay, A1, Ao are in the center of the algebra H,.

Proof. Tt is sufficient to check that each of Ag, A;, Ay commutes with the generators.
This follows from Lemmas 2.6.4, 2.6.7, 2.6.8 and 2.6.9. One may use the properties
that Ky, Ky, F' are symmetric and that Ly, Lo are transpose to Ry, Rs, respectively.

m

Lemma 2.8.2. The following hold.
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(i) The complete set of the eigenvalues for Ag is
q (0<l<a).
Moreover, Y, s EasyV is the eigenspace with respect to the above eigenvalue.

(i) The complete set of the eigenvalues for Ay is
Gd=1H/2  (—d=1-1)/2
(g2 — g 172)2

Moreover, Y s EasnV is the eigenspace with respect to the above eigenvalue.

(1) The complete set of the eigenvalues for Ay is
gOD/2 4 (~=1-1)/2
(72 — ¢ 172)2

Moreover, Y, EwesyV is the eigenspace with respect to the above eigenvalue.

In particular, each of Ag, A1, As is diagonalizable in the standard module V. Here

the sum ranges all possible shapes in S.

Proof. Let A\o(l), Ai(d,l), A2(0,1) denote the desired eigenvalues of Ag, Ay, Ag re-
spectively. We fix a shape (d,d,1) € S. Let W be an irreducible ‘Hs-module of shape
(d,d,1). Let {wym} be the basis for W in (2.10). For given one vector wy, ,, it is

sufficient to show that

AOwn,m == )\O(l)wn,ma
A wy = M (d, Dwy, o,
Aowy, = Ao (0, D)Wy, .

These formulas are obtained by using the actions in Corollaries 2.7.19 and 2.7.20. O
Theorem 2.8.3. The center of the algebra Hs is generated by Ao, A1 and As.

Proof. Let Ao(l), A1(d, 1), A\2(d,1) denote the eigenvalues of Ag, A1, Ay, respectively,
from Lemma 2.8.2. Recall that for s € S, we denote by E; the projection matrix
from V onto the sum of irreducible H,-modules in V' of shape s. By Lemma 2.8.2
we have
= > MDEasy, M= > MdDEgsy, A= Y Xa(6,1)Eas.
(d,5,1)€S (d,5,1)eS (d5,1)es
Moreover, we have (Ag(1), A1(d, 1), A2(0,1)) = (Ao(I"), A1 (d', "), A2(0",1")) if and only
if (d,6,1) = (d',d',I'). Hence, for s € S, we see Fy as a polynomial in Agy, Aq, As.
Since the elements E; (s € S) are the central primitive idempotents of H, the result
follows. O
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2.9 The quantum affine algebra Uq(glz)

In this section, we fix a nonzero scalar ¢ € C which is not a root of unity.

Definition 2.9.1 ([0, Section 2]). The quantum affine algebra Uq(glg) is the asso-
ciative C-algebra generated by e, kX', (i = 0,1) with the relations

10

kzkl_l == k'l_lkl = 1,

kok1 = kiko,
kel = ¢ ek,
kie; = qPeik; (i #J),
etem —eet = ki =k
ot g—qY
efel —efer =0,
(e)%ej — Bla(ei)ej e + [Blgeiej () —ef(ef)* =0 (i # )

We call e, k! the Chevalley generators for Uq(gb).

Lemma 2.9.2 ([0, Section 2]). The quantum affine algebra Uq(glz) has the following
Hopf algebra structure. The comultiplication A satisfies

Alef)=ef @k +1®e¢],
Ale])=¢; @1+k'®e;,

The counit € satisfies

The antipode S satisfies
S(k)) =kt S(e})=—elk; ', S(e;) = —kie; .

Lemma 2.9.3 ([0, Section 4]). For any nonzero scalar o € C, there is an algebra
homomorphism ev, : Uq(,‘g\lz) — U,(sly) that sends
eq — af, ey > ale, ko — k71,
el —e, e; — f, ky — k.
We call the algebra homomorphism ev, in Lemma 2.9.3 the evaluation homo-

morphism with evaluation parameter a. Modules for Uq(sAlg) can be obtained from

modules for U,(sly) along evaluation homomorphism ev,.
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Definition 2.9.4 ([0, Section 4]). For d € N and a nonzero scalar o € C, the
evaluation module Vy(«) for Uq(glg) is the pull-back of the U, (sl;)-module V; 4 along

the evaluation homomorphism ev, : Uq(f/!\[2> — U, (sly).

Lemma 2.9.5. For d € N and a nonzero scalar o« € C, the evaluation Uq(g[g)—

module V() has a basis {v;}L, on which the Chevalley generators act as follows:

eqvi = alfi + 1],vin 0<i<d-—-1), eqvg =0,
efv; = [d—i+1]vi4 (1<i<ad), e vy =0,
eovi = td —i+ 1] (1<i<d), el vy =0,
ey v; = [i + 1] vi 0<i<d-1), eadvg =0,
kovi = ¢* % (0 <i<ad),
kv, = ¢@ %y, (0<i<d)
Proof. Use Lemmas 2.2.2 and 2.9.3. n

Lemma 2.9.6. Ford,d € N and nonzero scalars o, § € C, the tensor product of two

evaluation Uq(f/!\[g)-mOdUZCS Vi(a) @ V5(B) is again a Uq(glg)-module. This module

has a basis
Uy, @ Wy, (0 <n<d, 0 <m <), (2.13)
on which the Chevalley generators act as follows:

) = afn + 1y¢”™ " (Vg1 @ W) + Blm + 1y (vn @ W i),
) =1[d—n+ 140" > (V-1 @ wp) + [6 —m 4+ 1]y (Vg @ Wp_1),

Uy @ W) = d =1+ 1]y(Vn_1 @ W) + B7HE — m + 1],¢% 2" (V0 @ Wy_1),
)
)
)

= [n + 1]q(vn+1 ® wm) + [m + 1]qq2n_d(vn ® Wrnt1),
2n+2m—d—5(

Up @ W),

q
— qd+5—2n—2m (

Up, @ Wy ).

Here we set v, ® w,, = 0 unless n and m satisfy the inequalities in (2.13).

Proof. Recall that U, (;[2) has a Hopf algebra structure. The comultiplication
A Uy(sly) — Uy(sly) ® U, (sly),

induces the Uq(glg)—module structure on V(o) ® Vs(B). The actions are obtained
from Lemmas 2.9.2 and 2.9.5. O
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With an evaluation module V;(a), we associate the set of scalars

Sa(a) = {ag™™ ag®3, ... ag T}

The set Sy(«) is called a g-string of length d. Two g-strings Sq(«), Ss(/5) are said

to be in general position if one of the following occurs:
(i) Sq(a) U Ss(B) is not a g-string,
(i) Sa(er) € S5(8) or S5(5) € Sala).

Moreover, g-strings Sg, (1), ..., Sa,. () are said to be in general position if every

two g-strings are in general position.

Theorem 2.9.7 ([0, Section 4]). A tensor product Vy, (1) ®---®@Vy (o) of evalua-
tion modules for Uq(sA[g) is wrreducible if and only if the associated q-strings Sg, (o),

.oy S, () are in general position.

Theorem 2.9.8 ([0, Section 4]). Two tensor products of evaluation modules for
Uq(sAIQ) are isomorphic if and only if one is obtained from the other by permuting

the factors in the tensor product.

2.10 H, and U,(sh)

In this section, we get back to the subspace lattice. Let ¢ be a fixed prime power.

Theorem 2.10.1. The standard module V' supports a Uy (;[2)—m0dul6 structure

on which the Chevalley generators act as follows:

+ + - -
generators € el €0 e

actions on' V. R; + Rs ZlX + YZQ 21 + Zg RiZ +WR,y

generators ko Ky kot kit

actions on V. K 'K, K Ky! K K;* K{'K,

Here X = K\ F~', Y = K,F', Z=K;', W=K;".

Proof. The proof is straightforward. We check if the actions on V' corresponding
to the Chevalley generators satisfy the defining relations of U,1/» (f?[g) in Definition
2.9.1. These follow from the relations in Lemmas 2.6.4-2.6.9. m
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Corollary 2.10.2. There exists an algebra homomorphism from Uq1/2<g\[2) to Hs
that sends

63_ — Ry + RQ, eii_ — EIX + YE?)
e5 — Ly + Lo, e — R\Z + WRy,
ko — K[ 'K, ky — K K5

Here X = K\ F~', Y = K,F~', Z=K;', W=K;".
Proof. Immediate from Theorem 2.10.1. O

Remark that Theorem 2.10.1 and Corollary 2.10.2 are still true if we swap the
values of X and Z and/or those of Y and W. However, this does not cause any
essential difference for our discussion.

By the homomorphism in Corollary 2.10.2, we can see any module for H, as a
module for U2 (sAIQ) In particular, the standard module V' becomes a U/ (5A[2)—

module.

Lemma 2.10.3. Referring to Proposition 2.7.7 and Lemma 2.9.0, let Wy s, denote
an irreducible Hs-module of shape (d, 0,1) and Vy(a) @ V5(B) denote the tensor prod-
uct of two evaluation U2 (faAIQ)-modules with evaluation parameters o and 3. For

nonzero scalars ¢, , € C (0 <n <d,0 <m <), the following are equivalent.

(i) There exists a U (glg)-module isomorphism ¢ : V(o) ® V5(5) = Waesy such
that

O (Vp @ U) = CpmWnm (0 <n <d, 0<m<9).

(i) a = 3 = ¢/ and there exists a nonzero scalar v € C such that

Crum :,.)/qn(é—l)/Z—ml/2—nm (0 S n S d, 0 S m S 5)

Proof. First we assume (i), and show (ii). It is independent of the scalars ¢, ,, that
the map ¢ preserves the actions of kg, k. Thus, we check the map ¢ preserves the
actions of the other Chevalley generators.

Comparing ear action on v, ® u,, in Lemma 2.9.6 with R; + Ry action on w,, ,

in Corollary 2.7.19, we have

2m—39)/2 -n
Oéq( )/ Cn+1,m = Cnm, 5cn,m+1 =dq Cpm-

Similarly, from e action and ElX + ng action, we obtain

6—2m)/2 _ 12 _ (2n41)/2
q( ) Cn—1,m = C]/ Cn,m Cnom—1 = C]( ) Cn,m-
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1/2

By the above formulas, we get « = 8 = ¢'/*. Moreover, we have

Crm = qn(§—2m—l)/2

Com = qn(6—2m—l)/2—lm/2co

05

forany 0 <n <d, 0 <m <J.
On the other hand, the scalars ¢, ,, define the map ¢. It is a direct calculation

to show that ¢ becomes an isomorphism of U,/ (sAIQ)—modules. ]

Theorem 2.10.4. Referring to Lemma 2.10.3, we have the following isomorphism
for U (f?[z)—modules.
Va(q'?) @ Vs(q'?) ~ Wasy,

for (d,o,1) € S.
Proof. The proof is immediate from Lemma 2.10.3. O]
Theorem 2.10.5. Any irreducible Hg-module is irreducible as a Uql/g(glg)—module.

Proof. Let W be an irreducible Hs-module of shape (d,d,1). Then from Theorem
2.10.4, this module W is isomorphic to

Va(q"?) @ Vs(¢"?),
which is an irreducible U,/ (sjlg)-module by Theorem 2.9.7. O

Theorem 2.10.6. The algebra H, is generated by both the image of Uql/z(;IQ) of

the algebra homomorphism defined in Corollary 2.10.2 and its center.

Proof. Let H' denote the subalgebra of H, generated by the homomorphic image
of Uiz (;[2) and the center of H,. By Theorem 2.10.5, any irreducible Hs-module
is also irreducible as an H’-module. We now show that #. coincides with Hs by
comparing the H’-isomorphism classes of irreducible Hs-modules in V.

Let Wy, Wy be irreducible Hg-modules in V. If Wy, W5 are ‘H,-isomorphic, then
they are clearly #H’-isomorphic. On the other hand, suppose that Wy, W5 are H.-
isomorphic. Observe that the projections Fy (s € S) belong to the center of H,.
Hence there is a unique s € S such that E,W; and E,W5 are both nonzero. In other
words, Wy, Wy are Hg-isomorphic. The result follows. O
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Chapter 3

An algebra associated with a flag
in a subspace lattice over a finite
field and the quantum affine
algebra Uq<;[2)

In this chapter, we introduce an algebra H; from a subspace lattice with respect
to a fixed flag which contains its incidence algebra as a proper subalgebra. We
then establish a relation between the algebra H; and the quantum affine algebra
Ugpre (sAlg), where ¢ denotes the cardinality of the base field. It is an extension of
the well-known relation between the incidence algebra of a subspace lattice and the
quantum algebra U,1/2(sly). We show that there exists an algebra homomorphism
from U,1/» (E»A[g) to H; and that any irreducible module for H; is irreducible as an
Ug/2 (s1y)-module. This chapter is based on the author’s work [20].

We organize this chapter as follows. In Section 3.1, we recall the basic notation
and introduce a hyper-cubic structure in a subspace lattice. In Section 3.2, we recall
some notation on Ferrers boards, rook placements and inversion numbers which is
used in this chapter. In Sections 3.3 and 3.4, we introduce a matrix representation
of P and interpret some properties of matrices in terms of rook placements and
inversion numbers. In Sections 3.5 and 3.6, we introduce the main object of this
chapter, the algebra H;, and discuss the structure of it. In Sections 3.7, 3.8, 3.9
and 3.10, we discuss the Hs-action on the standard module and classify all the
irreducible H j-modules up to isomorphism. In Section 3.11, for the convenience of
the reader, we repeat the relevant material, including the definition of the quantum
affine algebra Uq(g[g), from [0] without proofs, thus making our exposition self-

contained. In Section 3.12, our main results are stated and proved.
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3.1 A subspace lattice and its hyper-cubic struc-

ture

We now begin our formal argument. Recall the integers Z = {0,4+1,£2,...} and
the natural numbers N = {0,1,2,...} and let C denote the complex field. The
Kronecker delta is denoted by §. Throughout this chapter except Section 3.11, we
fix N € N\ {0}. Throughout this chapter except Sections 3.2, 3.9 and 3.11, we fix a
prime power g. Let IF, denote a finite field of ¢ elements and let H denote a vector
space over [F, with dimension N. Let P denote the set of all subspaces of H. We
view P as a poset with the partial order given by inclusion. The poset P is a graded
lattice of rank N where the rank function is defined by its dimension and called the
subspace lattice. For two subspaces y, 2z € P, we say y covers z whenever z C y and
dim 2z = dimy — 1. By a (full) flag on H we mean a sequence {x;}~; of subspaces
in P such that dimz; =7 for 0 < ¢ < N and 2,1 C z; for 1 < ¢ < N. For the

=

rest of this chapter, we fix a flag {x;}, on H. A basis vy, vy,...,vy for H is said
to be adapted to the flag {x;}Y, whenever each x; is spanned by vy, vs, ..., v; for
1<t < N.

By the N-cube we mean the poset consisting of all N-tuples in {0, 1}" with
the partial order © < v defined by p,, < v, for all 1 < m < N, where pu =
(p1, phoy - i), v = (v1,00, ..., vn) € {0,1}Y. (We note that it is isomorphic to
the Boolean lattice of all subsets of an N-set.) The N-cube is a graded lattice of
rank N with the rank function defined by

= pn + po + - + v,

for H= (H’l?”% s nuN) < {07 1}N

Proposition 3.1.1. There exists an order-preserving map from the subspace lattice
P to the N-cube which sends y € P to (uy, pi2, ..., un) € {0, 1}V where

dim(y N ) = g + pig + -+ + fhm,
for 1 < m < N. Moreover, this map is surjective.

Proof. Fory € P and 1 <m < N, observe that p,, = dim(y N z,,) — dim(y N x,,_1)
is either 0 or 1 since x,,—-1 € x,,, and dimz,, — dimz,,_y = 1. Therefore this
correspondence becomes a map from P to the N-cube. It is clear that this map
preserves the ordering. To show its surjectivity, let vy, vs, ..., vy denote a basis for
H adapted to the flag {z;}Y,. For any u = (u, o, - .., i) € {0,1}Y, consider the
subspace y € P spanned by the vectors {v; | 1 <i < N, u; = 1} and check that y is

mapped to u. Therefore it is surjective. O
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Definition 3.1.2. If p € {0,1}" is the image of y € P by the map in Proposition
3.1.1, we call p the location of y. For p € {0,1}", let P, denote the set of all
subspaces at location p. For notational convenience, for u € ZY we set P, = 0
unless p € {0, 1}V,

Note that P is the disjoint union of P,, where u € {0,1}. Observe that
dimy = |u| for y € P,.

Definition 3.1.3. Let 1 <m < N. For = (1, 2, ..., pun),v = (V1,V2,...,UN) €
{0, 1}, we say p m-covers v whenever v, < ji,, and v, = p,, for 1 <n < N with
n # m. Similarly, for y,z € P, we say y m-covers z whenever y covers z and the

location of y m-covers the location of z.

For each 1 < m < N, let m denote the N-tuple in {0,1}" with a 1 in m-th
coordinate and 0 elsewhere. To simplify the notation, we consider the coordinate-

wise addition in Z" so that p m-covers v if and only if u = v +m for u,v € {0,1}V.

Lemma 3.1.4. For u = (1, la,...,pun) € {0,1} and for 1 < m < N, the
following (i), (i) hold.

(1) Given y € P,, the number of subspaces m-covered by y is

6” lq,um+1+um+2+--~+,u1v
ms :

(i1) Given y € P,, the number of subspaces which m-cover y is

5Mm’0q(m*1)*(u1+u2+---+uwl).

Proof. (i) Assume p,, = 1, otherwise, the assertion is clear. Set n = dimy —
dim(yNzp) = fme1+- - -+ py. Take linearly independent vectors uy, . .., u, €
y \ (y N z,,) such that Span{uy,...,u,} N (y N z,) = 0. We define w =
Span{us,...,up} + (y N Zp—1). Then we have w C y and w € P,_5. On the
other hand, for any w’ € P,_5 with w’ C y, there exist linearly independent
vectors u},...,ul, € w'\ (w' Nx,,) such that Span{u},...,u,}N(w' Nz,) =0.
Then we have Span{u},...,u,} N (yNz,) =0 and w' = Span{u},...,u,} +
(y N Zy—1). Thus, there are

<qu1+~--+u1\z — qu1+~~-+um> . <qu1+--~+u1\r — qu1+~--+um+n—1)

-1 _ 1 B 1 =4q
(qu1+ +un _qu1+ +m 1)...(qu1+ +un _qu1+ +um—1+n )

subspaces w € P,_5 with w C y.
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(ii) Assume p,, = 0, otherwise, the assertion is clear. Take a vector u € y, \ Zy—1.
Then Span{u} Ny = 0. Set w = Span{u} +y. Then y C w and we have
w € P,ym. On the other hand, for any w' € P45 with y C w', we can write
as w' = Span{u'} +y for any v’ € (W' Nzy) \ (W Nzpm_1) C 24 \ Zp—1. Thus,

there are

m _ ,m—1
v —4q — M=t tpim )
q/l1+"'+llm71+1 _ qﬂl“!‘""‘!‘,umfl

subspaces w € P14 with y C w.
O

Lemma 3.1.5. Let 1 < m <n < N. For p = (ui, o, ..., puy) € {0, 1} with
i = W = 1, the following hold.

(i) Given z € P, and y € P,_z_» with y C z, there exists a unique element in
P,

—7 Which m-covers y and which is n-covered by z.

(i) Given z € P, and y € P,_s_7 with y C z, there exist exactly q elements in

P,_# which n-cover y and which are m-covered by z.

(i11) Giveny € P,_5 and z € P,_5, if there exists an element that is covered by

both y and z, then there exists a unique element that covers both y and z.

(w) Giveny € P,_5 and z € P,_5, if there exists an element that covers both y

and z, then there exists a unique element that is covered by both y and z.

Proof. (i) Set w =y + (2 Nx,_1). It is easy to check that w covers y and w is
covered by z. Observe that the location of w is  — n. On the other hand,
any w' € P,_5 which covers y and which is covered by z contains both y and
2N x,_1. Sow C w'. By computing dimensions, w and w’ must coincide. The

result follows.

(ii) There exist exactly g + 1 elements which cover y and which are covered by
z since dim z — dimy = 2. Observe that they must belong to either P, 5 or

P,_#. Therefore the result follows from (i).

(iii) Since y and z are distinct, the element that is covered by both y and z must

be y N z. Therefore, y + z is a unique element which covers both y and z.

(iv) Similar to (iii).
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3.2 Ferrers boards

We introduce the notion of Ferrers boards. For the general theory on this topic, we
refer the reader to [18, Chapters 1 and 2]. Note that we modify the notation in [15]
to fit our setting.

Let u = (p1, ptoy - - -, piv) € {0, 1}, Then p has a natural correspondence with
a bipartition of {1,2,..., N}, which is defined by

S,={seN|1<s<N,pu,=0}, T,={teN[1<t<N,u=1} (3.1
We remark that S, and 7, are empty if and only if p =1 = (1,1,...,1) and
pw=0=(0,0,...,0), respectively. The Ferrers board of shape p is defined by

B, ={(s,t) € S, x T, | s <t}. (3.2)

If both S, and T}, are not empty, i.e. if u # 0,1, we can draw a Ferrers board
as a two-dimensional subarray of a matrix whose rows indexed by S, and columns
indexed by T),, whose (s, t)-entry has a box for all (s,t) € B,. This subarray is also

known as a Young diagram of shape .

Example 3.2.1 (N = 13). Let p = (0,1,1,0,1,1,0,1,1,0,0,1,0) € {0,1}'3. Then

the corresponding Ferrers board B, has the following subarray form:

2 3 5 6 8 9 12

10
11
13

Take a nonempty Ferrers board B,, of shape p. For (so,ty) € B,, the rectangle
in B, with respect to (s, %), denoted by B,,(s¢, o), is defined by

BM(So,to) = {(S,t) S BM ‘ s < 5p,t > to}. (33)

It is actually the rectangle in the corresponding Young diagram which includes the
top-right corner and the (sg,to)-th box as its bottom-left corner. We remark that
such a rectangle is called the Durfee square if it is the largest square in B,,. To see

the rectangle structure, we use the following notation:
Su(m)={s e S, |s<m}, T,(m)={teT,|t>m}, (3.4)
for 1 <m < N so that we can write B, (so, %) = Su(s0) x T,(to)-
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Example 3.2.2 (N = 13). Take p € {0,1}'3 as in Example 3.2.1. Then (4,6) € B,
and the rectangle B,,(4,6) is the set of the following eight elements:

(1,6), (1,8), (L,9), (L,12), (46), (48), (49), (412)
In the corresponding Young diagram, B,,(4,6) is the following gray rectangle:

2 3 5 6 8 9 12

10
11
13

Take a nonempty Ferrers board B,, of shape ;1. A subset of B,, such that no two
elements have a common entry is called a rook placement on B,. Let o denote a
rook placement on B,,. The row index set mi(o) and the column index set my(o) of

o are defined by

m(o) ={s €S, | (s,t) € o for some t}, (3.5)
(o) ={t €T, | (s,t) € o for some s}, (3.6)

respectively. Remark that |mi(o)| = |m(0)| = |o|. Assume o # ). For 1 < i <
|o|, we denote by s; and by ¢; the i-th smallest element in 7m(c) and in m(0),
respectively. Then o gives rise to a permutation of {1,2,...|o|} which sends i to j

where (s;,t;) € 0.

Lemma 3.2.3. Let u € {0,1} and let o be a rook placement on B, with the
row/column index sets m = m(0), m = ma(0), respectively. Then the pair (7, ms)

satisfies the following:

(1) Im| = |ms|.

(ii) Letn denote the common value in (i). For1 <i < n, the i-th smallest element

i my 18 strictly smaller than the i-th smallest element in .
Proof. (i) It is clear.

(i) We may assume o # () since otherwise the assertion is clear. Let ¢ denote the
permutation of {1,2,...,n} corresponding to o. For 1 < i < n, we write s;,

t; for the i-th smallest element in 7y, 7, respectively. Fix 1 < ¢ < n. Since
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o is a permutation, there exists i < k < n such that (k) < i. So we have
(8, tzk)) € 0. Therefore s; < s, < tz4) < t; as desired.
O

Proposition 3.2.4. Let u € {0,1}". For a pair (71, 7) such that m C S, and

o C T}, the following are equivalent.
(1) There exists a rook placement o on B,, such that m; = (o) and m = m5(0).
(ii) It satisfies (i), (11) in Lemma 5.2.5.

Proof. We have shown in Lemma 3.2.3 that (i) implies (ii).

Suppose we are given m C S, and m C T, satisfying (i), (ii) in Lemma 3.2.3.
By the condition (i) in Lemma 3.2.3, we set n = |my| = |ma|. Let 0 = {(s;,8;) | 1 <
i < n}, where each s;, t; is the i-th smallest element in 7y, 79, respectively. By the
condition (ii) in Lemma 3.2.3, we have 0 C B, and so ¢ is a rook placement on B,,.

By construction, it is clear that m; = m;(0) and mg = me(0). So (ii) implies (i). O

Definition 3.2.5. Let u € {0,1}" and consider the Ferrers board B, of shape p.
Then the type of a rook placement o on B, is defined by the disjoint union

(o) Ume(o) C{1,2,..., N},

where (), ma(0) are the row/column index sets of o defined in (3.5), (3.6).
Lemma 3.2.6. Let u € {0,1}. For A C {1,2,..., N}, the following are equivalent.

(1) There exists a rook placement on B,, of type \.

(1t) The pair (AN S,, ANT),) satisfies (i), (ii) in Lemma 3.2.3.
Proof. Immediate from Proposition 3.2.4. O]
Lemma 3.2.7. For A C {1,2,..., N}, the following are equivalent.

(1) There exists a rook placement on B, of type X for some p € {0, 1.

(i) The cardinality of X is even.

Proof. Fix A C {1,2,...,N}. Suppose there exists a rook placement o on B, of
type A for some p € {0,1}". Then by Lemma 3.2.6, the pair (AN S,,, A\NT},) satisfies
(i), (ii) in Lemma 3.2.3. In particular, |A| = |ANS,|+|ANT),]| is even. So (ii) holds.

Conversely, we suppose |A| = 2n for some n € N and show (i) holds. Let (7, 1)
denote the bipartition of A where 7 contains the first n smallest elements in A and

Ty contains the remaining n elements in A\. Take any u € {0,1}" such that m C S,
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and my C T),. Then we have m; = AN S, and m3 = AN T),. Observe that the pair
(71, m2) satisfies (i), (ii) in Lemma 3.2.3. So by Lemma 3.2.6, there exists a rook

placement on B, of type A. In particular, (i) holds. ]

Since rook placements can be seen as permutations, we define the concept of
inversions. Let o be a nonempty rook placement on a Ferrers board B,, of shape f.
For (sg,t0) € o, the local inversion number of o at (sg,to), denoted by inv(a, s, to),
is defined by

inv(a, So,to) = |{(S,t> co | s < So,t > to}‘ = ’0’ N Bu(507t0)| — 1. (37)

For a rook placement o, the (total) inversion number of o, denoted by inv(o), is

defined by
inv(o) = Z inv(o, s,1).

(s,t)€0

Example 3.2.8 (N = 13). Take p € {0,1}'* as in Example 3.2.1. Consider the

following rook placement o on B,,:
0= {(17 9)7 <4a 6)7 (107 12)}
Then we have inv(o, 1,9) = inv(c, 10,12) = 0 and inv(o,4,6) = 1. Thus inv(c) = 1.

2 3 5 6 8 9 12

*
*
* (10
11
13
The next lemma is a generalization of [18, Corollary 1.3.10] and the proof of the

next lemma is motivated by that of [18, Corollary 1.3.10].

Lemma 3.2.9. Let u € {0,1}" and let X C {1,2,..., N} satisfy (ii) in Lemma
3.2.6. For1 <m < N, set

A
plm 1 2) = 1A 8, m)] + (A T (m)| — 2L
Then for q € C with q # 0,1, we have
. ICHTN 1
inv(e) _ q
S - I S
o SEANSy,

where the sum is taken over all rook placements o on B, of type \.
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Proof. If A = (), the assertion is clear. We assume \ # (). We claim that there exists

a bijection between the following two sets:
(i) The set of rook placements o on B, of type A,

(ii) The set of integer sequences (as)sexns, such that 0 < ay < p(s,p, A) — 1 for
s€ANS,,

such that inv(c) = 7 \ng, @s. Suppose for the moment that the claim is true.

Then we have

‘ plann ) =1 pls ) _
qan(O') — qas — q S
zcr: sel,\_mlsu ;) sel,\_m[SH q—1

So the result follows.
Therefore, it remains to prove the claim. For a given rook placement o on B,
of type A and for s € AN S, there exists a unique ¢t € AN T, such that (s,t) € o.

Then we set a5 = inv(o, s,t). Then for s € AN S, we have

0 < a, = o N (S,(s) x Tu(t))] — 1
<[o N (Su(s) x Ty(s))] — 1
- IO(S7 Hs )‘) - L
The inequality follows from the fact that s < ¢ and the last equality follows by the

direct caluculation. Conversely, set 7 = |ANS,| and for 1 <1 < r, we write s; the i-th

smallest element in AN.S,,. By definition, we remark that p(m, u, ) < [ANS,(m)| for

1 <m < N. For a given integer sequence (ay, as, .. .,a,) with 0 < a; < p(s;, u, \)—1
for 1 <i <r, since 0 < a; < i—1, there exists a unique permutation g of {1,2,...,r}
such that

a;=[{j|1<j<io(i) <o)} (3.8)

Then consider the set 0 = {(si,t54)) | 1 < @ < r}, where t; is the i-th smallest
element in AN7),. Fix 1 <i <r. By (3.8), we have o(z) > i — a; and so we have

o(i) >i—a;>i—p(si,p, ) +1={teT, |t <s} +1

The above equality follows from the definition of p(s;, i, A). This implies that s; <
t5()- This holds for any 1 <7 < r and so o becomes a rook placement on B,,. It is

clear that o is of type A. Therefore our claim holds. O
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3.3 The matrix representation of P

For a field K and for two finite nonempty sets S and 7', let Matgr(K) denote the
set of all matrices with rows indexed by S and columns indexed by 7" whose entries
are in K. If S =T, we write it Matg(K) for short. For M € Matgr(K), the support

of M, denoted by Supp(M), is the set of indices containing nonzero entries:
Supp(M) = {(s,t) € S x T'| M, # 0}.

For p € {0,1}", recall the corresponding bipartition S, T}, from (3.1) and the
Ferrers board B, of shape p from (3.2). We will assume p # 0, 1 in this section so
that both S, and T}, are nonempty.

Definition 3.3.1. Let u € {0,1}" with p # 0, 1. Let M, (F,) denote the set of
matrices in Matg, 7, (F,) such that Supp(M) C B,.

Recall the set P, of subspaces at location p € {0,1}" from Definition 3.1.2.

Proposition 3.3.2. Let u € {0, 1} with p # 0, 1. Fiz a basis vy, vy, . ..,vx for H
adapted to the flag {x;}Y,. There exists a bijection from P, to the set M, (F,) in
Definition 3.3.1 that sends y € P, to Y € M,(F,), where y has a basis

Z Y 1vs + vy (teT,).

SE€S,
Proof. For y € P,, there exists a basis w; (¢t € T},) for y such that w, € x; \ z;—;
for each ¢t € T},. Write w; as a linear combination of the fixed basis vy, v, ..., v; for
x¢. Without loss of generality, we may assume the coefficient of v; is 1. Use linear
operations on the basis w; to make the coefficient of vy 0 for any t' € T}, with ¢ # t'.
Observe that the resulting basis w; (¢ € T),) is uniquely determined by y. Then
from the basis wj, we construct the matrix ¥ € Matg, 7, (F,) such that Y, is the
coefficient of v, in wj. Then we have Y € M, (F,) since w; € z;. On the other hand,
let Y € M, (F,). For t € T},, we write wy = 3 g Yssvs + ve. Since Supp(Y') C B,,,
the vector w; is a linear combination of vy, vy, ..., v, that means wy € x; \ z_1.

Therefore the subspace y spanned by the vectors w; must belong to P,,. O

Definition 3.3.3. Let u € {0,1}" with p # 0, 1. Take y € P,. By the matriz
form of y, we mean the matrix Y € M, (F,) which is the image of y under the
bijection in Proposition 3.3.2. We note that the matrix form of y depends on the

basis vy, v, ..., vy for H.

Let p € {0,1}" with u # 0, 1. For s € S, we denote by s~ the one smaller

element in S,. If there is no such element, we set s~ = 0. For ¢t € T},, we denote
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by t* the one larger element in 7),. If there is no such element, we set t© = N + 1.
Observe that for (s,t) € B, we have (s—,t) € B, if s~ # 0 and we have (s,t") € B,
ift+ # N+1. For M € M, (F,) and for (s,t) € By, let M(s,t) denote the submatrix
of M indexed by the rectangle with respect to (s,t) in (3.3). Moreover, we set

ank (M (s™,t if s7 #£ 0,
(M, 5.1y = | PR M0 iEsT 2 (3.9)
0 if s~ =0,

rank (M (s,t)) iftT # N +1,
rT(M,s,t) = (M, 7)) 7 (3.10)
0 iftt =N +1,

ank (M(s—,t")) if s~ #0and tT # N + 1,
s ) = | PR T ) ST £ D and £ £ (3.11)
0 ifsT=0ortt=N+1.

Definition 3.3.4. Let p € {0,1}" with u # 0, 1. For M € M, (F,), we define the
set o(M) consisting of all indices (s,t) € B, such that

r(M,s,t) = rank (M (s,t)) — 1,
for all e € {—, 4+, —+}.

Lemma 3.3.5. Let € {0,1}" with u # 0, 1. For M € M,(F,), the set (M) in

Definition 5.3.4 is a rook placement on B,,.

Proof. Fix M € M, (F,). Since o(M) is a subset of B, it suffices to show that no
two elements in o(M) have a common entry. To do this, we take (s1,t), (s9,t) €
o(M) and assume s; < so. Observe that s; # 0. Since (s1,t) € o(M), we have

(M, sy, t) = rank (M (sy,t)) — 1.
Since (s2,t) € o(M), we have
(M, sy ,t) = rank (M(s3,1)) .

By the two equalities above, we have s, < s;, which contradicts to s; < s9. There-
fore we must have s; = so. Similarly, if we take (s,t1), (s,t2) € o(M), then one can
show that t; = t3. So the result follows. ]

Recall the local inversion numbers of a rook placement from (3.7).
Lemma 3.3.6. Let € {0, 1} with 4 # 0, 1. For M € M,,(F,), we have
rank (M (s,t)) = inv(o(M), s, t) + 1,
for (s,t) € a(M).
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Proof. Fix (s,t) € a(M). Observe that rank (M (s,t)) can be computed as follows:

Z (rank (M (', t")) —r= (M, s, ¢') — T (M, s, t') +r~ (M, s, 1))

(s',t")E€BL(s,t)
Then by the definition of (M), each summand is 0 if (s',¢') & o(M) and it is 1
if (s',t') € o(M). So, rank (M (s,t)) is equal to the cardinality of o(M) N B, (s,1).

The result follows from the definition of local inversion numbers. OJ

Lemma 3.3.7. Let p € {0,1} with u # 0, 1. For a subset o C B,,, the following

are equivalent.
(i) There exists M € M, (F,) such that (M) = o.
(i1) It is a rook placement on B,,.

Proof. Lemma 3.3.5 shows that (i) implies (ii).
Assume we are given a rook placement o on B,. Consider the matrix M, €
M,,(F,) defined by
1 if (s,t) € o,

(Ma)s,t =
0 otherwise,

for s € Sy, t € T),. Then it is easy to check that o(M) = 0. So (ii) implies (i). O

3.4 The number of matrices with given parameter

Let € {0,1}" with p # 0,1. Recall from Lemma 3.3.7 that each matrix M,,(F,)
corresponds to a rook placement on the Ferrers board B, of shape u. Recall the

sets from (3.1) and (3.4). To simplify the notation, we set

n(m) =Y 1), (3.12)
sSEm
for a subset m C S,,.
Definition 3.4.1. Let p € {0,1}". A subset A C {1,2,..., N} issaid to be column-

full with respect to u whenever 7T),, C X\. Moreover, a rook placement o on B, is said

to be column-full whenever the type of ¢ is column-full.

Let € {0,1}". We remark that a rook placement o on B, is column-full if and

only if the column index set m(0), defined in (3.6), is maximal.
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Proposition 3.4.2. Let p € {0, 1} with u # 0,1 and let o denote a rook placement
on B,. Assume o is column-full in Definition 5.4.1. Then the number of matrices

M e M, (F,) such that 0 = o(M) in Definition 3.3./ is given by

(q — 1)Hlgnv(@+IBal=n(mi(e))

Proof. Let t € T,,. We count the number of possibilities for the ¢-th column of M
with ¢ = o(M). Since o is a column-full rook placement, there uniquely exists s € .S,
such that (s,t) € 0. Recall from the definition of o that we have r~"(M,s,t) =
r=(M,s,t) and r*(M, s, t) = rank (M(s,t)) — 1 in (3.9), (3.10) and (3.11). Then the

number of possibilities for the ¢-th column of M (s,t) is
(q . 1)qr’+(M,s,t) — (q . 1)qinv(a,s,t)‘

Here the equality follows from the definition of ¢ and Lemma 3.3.6. Since M €
M, (F,), or equivalently Supp(M) C B,, the (s',t)-entries are 0 if (s',t) & B,.
For the remaining entries, the choices are arbitrary. Therefore the total number of

possibilities for the ¢-th column of M is

(g = 1)g™ @D 5 IS OISuo)

The result follows from the definition of inv(o), the column-full property and

Z 1Su(®)] = H(s,t) € Sy x Ty [ s <t} = [Byl.

teT,

O

Corollary 3.4.3. Let pn € {0, 1} with u # 0,1 and let X\ C {1,2,..., N} satisfy
(i1) in Lemma 3.2.0. Assume o is column-full in Definition 3.4.1. Then the number
of matrices M € M, (F,) such that o(M) is of type A in Definitions 3.2.5 and 3.3./

18 given by

qlBul—n(/\ﬂSH) H (qp(s,m)\) _ 1) :
s€EANS,,

where p(s, i, A) is defined in Lemma 3.2.9.

Proof. Use Lemma 3.2.9 and Proposition 3.4.2. [

3.5 The algebra H;

Recall Matp(C), the set of all matrices whose rows and columns are indexed by P

and whose entries are in C. We see it as a C-algebra. We write I € Matp(C) for the
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identity matrix and O € Matp(C) for the zero matrix. In this section, we introduce
a subalgebra #; of Matp(C) which represents the N-cube structure in P.

Let V' = CP denote the vector space over C consisting of the column vec-
tors whose coordinates are indexed by P and whose entries are in C. Observe
that Matp(C) acts on V by left multiplication. We call V' the standard module
for Matp(C). We equip V' with the standard Hermitian inner product defined by
(u,v) = u'v for u,v € V, where ' denotes transpose and~denotes complex conjugate.

Recall from Definition 3.1.2 that we have partitioned P into the sets P, of all
subspaces at location u for u € {0,1}". For u € Z~, define a diagonal matrix
By € Matp(C) by

. 1 ifyeP,
(Eu)y,y = _ g (y € P).
0 ify&P,
Observe that £ = O unless p € {0, 1}V, By construction, we have

ELE] = 0u,E, (1, v € {0,1}%),

I= Y E.

pe{0,1}N

Moreover, we have a decomposition of V:

V= Z BV (direct sum),

pe{0,1}N

where E;V is the subspace of V' with the basis F,. Thus, the matrix E7 is the

projection from V' onto E;V and we call it the projection matriz.

Definition 3.5.1. By the above comments, the matrices E},, where p € {0, 1}V
form a basis for a commutative subalgebra of Matp(C). We denote this subalgebra
by .

We now introduce matrices that generate K. For 1 < m < N, we define diagonal
matrices K, € Matp(C) by

(Km)yy = ¢'* 7 (y € P),

where M= (M17M27 s a:uN)

Lemma 3.5.2. For 1 < m < N, we have

Km — Z q1/2—#mEz‘“

pe{0,1}V

where H = (/“Lb/vb%"'nu’N)'
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Proof. Immediate from the construction. n

Proposition 3.5.3. The algebra K in Definition 5.5.1 is generated by K,, for 1 <
m < N.

Proof. By Lemma 3.5.2, the matrices K, (1 < m < N) generate a subalgebra K’
of K. For distinct indices p = (uy, fto, ..., un), v = (v1,00,...,vn) € {0, 1}V, we
have ¢!/>7#m 2 q'/27m for some 1 < m < N. Therefore E} is a polynomial in K,
(1 <m < N) for every p € {0,1}". Consequently, K' = K. O

Next we introduce two kinds of matrices from covering relations in Definition

3.1.3. For 1 <m < N, the matrices L,,, R,, € Matp(C) are defined by

1 if z m-covers y, 1 if y m-covers z,
(Lm)%Z = (Rm>y,z -

0 otherwise, 0 otherwise,

for y,z € P. We remark that for each 1 < m < N, the matrices L,, and R, are

transpose to each other. Recall the comment in the above of Lemma 3.1.4.
Lemma 3.5.4. For 1 <m < N and p € {0,1}", we have the following:

(i) LnE; = E%_. Ly, and R,,E’ = E*

pi

R,,.

(i) LBV C BV and R, E)V C E]

V-

Proof. Immediate from the construction. O

Because of Lemma 3.5.4 (ii), we call L,, the lowering matrices and R,, the raising

matrices.

Definition 3.5.5. Let 7, denote the subalgebra of Matp(C) generated by L,,, R,
(1 <m < N) and the algebra K in Definition 3.5.1.

Proposition 3.5.6. The algebra Hy in Definition 5.5.5 is semisimple.

Proof. This follows since Hy is closed under the conjugate-transpose map. O

We recall the incidence algebra, which is generated by L, R and Ef (0 <i < N)in
Definition 2.3.1. We remark that H contains the incidence algebra as its subalgebra
N N * * :
because L = 37 Ly, R =3, Rn and Ef = 3 1y~ = £y Moreover, if
N > 2, the incidence algebra is a proper subalgebra of H;.
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3.6 The structure of the algebra H;

In this section, we discuss the relations among the generators L,,, R,,, K,, of the

algebra H;.
Proposition 3.6.1. For 1 < m,n < N with m # n, the following hold.
(i) Ly = Ky L.
(i) RnK, = K,R,,.
(ii) qLmKm = KonL.
(1v) RpKy = qK Ry,
Proof. This lemma follows by combining Lemmas 3.5.2 and 3.5.4 (i). H
Proposition 3.6.2. For 1 < m,n < N, we have the following:
(i) L2, = R%, =0.
(ii) qLy Ly, = Ly,Ly, if m <n.
(i1i) RnR, = qR, Ry, if m < n.
(iv) LR, = RyLy, if m # n.
Proof. (i) It follows from the definition of L,, and R,,.
(ii), (iii) These are matrix reformulations of Lemma 3.1.5 (i), (ii).

(iv) This is a matrix reformulation of Lemma 3.1.5 (iii), (iv).

3.7 The L,- and R,,-actions on V/

We now describe a basis for V', which is the key in this chapter. In this section, we fix
a basis v1, vy, ..., vy for H adapted to the flag {z;}), and assume that the matrix

forms in Definition 3.3.3 are always taken with respect to this basis vy, vs, ..., vy.

Definition 3.7.1. Let y denote a nontrivial character of the additive group F, and
let p € {0,1}". For y € P,, define a vector x, € V as follows.

(i) If p =0or 1, then for z € P, the z-th entry of x, is 1 if y = z and 0 otherwise.
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(i) If 4 # 0,1, then for z € P, the 2-th entry of x, is defined by

x (tr(YZY) if z € P,
0 if 2 & P,

where Y, Z € M, (F,) are the matrix forms of y, z, respectively in Definition

3.3.3. Here ! denotes transpose and tr denotes the trace map of matrices.

For the rest of this section, we fix a nontrivial character x of the additive group
F

q-

Lemma 3.7.2. For p € {0,1}", the set of vectors x, € V for y € P, in Definition

3.7.1 forms an orthogonal basis for the vector space ELV .

Proof. Let u € {0,1}. For y € P,, observe that x, € ELV from the construction.
If p =0 or 1, then the assertion is trivial since dim E;V = 1. Assume p # 0,1 and
take y,y’ € P,. Consider the Hermitian inner product

(Xy> Xy) = Z Xy (2)Xy (2),

zeP

where x,(2), x,(2) denote the z-th entries of x,, x,, respectively. By the definitions
of x,,(2), X, (2) and by the orthogonality of character y, we obtain (x,, x,/) = ¢'P+ =
|P,| if y =y and 0 otherwise. Therefore the set of vectors x, for y € P, becomes
an orthogonal basis for a subspace V), of EJV. By comparing their dimensions, we
have V,, = EJV and the result follows. O

Recall the m-covering relation from Definition 3.1.3.

Lemma 3.7.3. Let 1 <m < N and let p,v € {0, 1} with u,v # 0,1 such that p
m-covers v. Takey € P,, z € P, and let Y € M,(F,) and Z € M, (F,) denote the

matriz forms of y, z, respectively in Definition 5.3.3. Then y m-covers z if and only
if

Zs,t = Y;,t + Y:s,mZm,ta
fors €S, and fort € T,.

Proof. Recalling the bijection of Proposition 3.3.2, for t € T), and t' € T,,, we write

wt(Y) = Z Y vs + vy, wt’(Z> = Z Zg Vs + Uy

sESL s'eSy

Assume y covers z. For each t' € T,, since z C y, the vector wy(Z) is a linear

combination of w,(Y), where ¢t € T,,. Comparing the coefficients of v, for ¢ € T),,
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we have wy(Z) = Zy pwm(Y) + wy(Y). Then comparing the coefficients of v for
s € S, we obtain the desired equality. On the other hand, assume the equality
Zsy = Ysp + ZpyYsm for s € S, and t' € T,. By the same argument above, we
have wy (Z) € y for all ¢’ € T,. This implies y covers z, as desired. ]

Lemma 3.7.4. Let 1 < m < N and let p,v € {0,1} with u,v # 0,1 such that
pw m-covers v. Takey € P,, z € P, and letY € M,(F,), Z € M,(F,) denote the
matriz forms of y, z, respectively in Definition 5.5.5. Then the z-th entry of Lp,Xy
15 given by
Linxy(2) = @5 | Y0 " VaiZa |
s€Sy teT,

if Yo = ZteT YstZmy for all s € S, with s < m and 0 otherwise.

Proof. By the definition of L,,, the z-th entry of L,,x, is defined by
me Z XZ/

where the sum is taken over all y' € P, such that y' m-covers z. Then by Definition
3.7.1 and Lemma 3.7.3, we have

Lme Z Z Y:etZst Z X Z (}/;,m - Z }/;,th,t> Y;/,m )

SGS teT, SGSM teTy

where the third sum is taken over all Y € F, for s € S, with s < m, and where
we set Y, = 0for s € S, with s > m. By the orthogonality of characters, the third

sum does not vanish if and only if

Yom =Y YarZm,

teT,

for all s € S, with s < m. Moreover, in this case, the sum is the number of choices
for Y/, € F, for s € S, with s < m, which is g/%{m=Dl. O

Lemma 3.7.5. Let 1 < m < N and let p,v € {0,1} with pu,v # 0,1 such that
p m-covers v. Takey € P,, z € P, and let Y € M,(F,), Z € M,(F,) denote the
matrix forms of y, z, respectively in Definition 3.5.5. Then the y-th entry of R,.x-

18 given by

Rux=(y) = d™ 0 | 3 Y YauZo |

SESH teTy

if i = — ZSESH ZstYsm forallt € T, witht > m and 0 otherwise.
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Proof. Similar to the proof of Lemma 3.7.4. n

Lemma 3.7.6. Referring to Lemma 3.7.4, let A denote the type of o(Y) in Def-
initions 3.2.5 and 3.3./. Then the number of Z € M,(F,) such that Ys,, =
ZteTV YitZmy for all s € S, with s < m is given by ¢', where

l=|B,|— AN Su(m—1)| = |ANT,(m+1)| +|A|/2,
ifm &M\, and 0 otherwise.

Proof. We count the number of possibilities for Z;, € F, for s € S, and t € T,,. If
s > t, then Z,; = 0 since Supp(Z) C B,. If s # m and s < t, then Z, is arbitrary
and therefore the number of possibilities is ¢. The number of such pairs (s,t) is
given by

{(s.,t) € By | s #m}| = [B,| = |T,(m + 1)|.

For the case s = m and m < t, by the constraint, the sequence (Z,,)ter, t>m must
be a solution of the system of linear equations over IF:

Cu = c,

where C' = (Y )ses, s<mitet, t>m 15 the coefficient matrix, u = (u)ser, t>m is the
unknown vector and ¢ = (Y:g,m)sesms<m is the constant vector. By linear algebra, the
system Cu = c has a solution if and only if the rank of the augmented matrix [C, c] is
equal to the rank of the coefficient matrix C'. By Definition 3.3.4, it is also equivalent
to (s,m) € o(Y) for all s € S, with s < m, which means m ¢ X\. Moreover, suppose
there is a solution of the system Cu = c. Since there are |7, (m + 1)| columns in C,

the number of solutions is given by

q|Ty(m+1)\—rankC

By Lemma 3.3.6, the rank of C' is computed as follows:
rankC' = [{(s,t) € o(Y) | s <m—1,t >m+ 1}|
={(s,t) eo(Y) [ s <m—1}+{(s,t) € oY) [t Zm+ 1} = |o(Y)]
— AN Sulm = D)l + AN Tu(m + 1)] = [A/2.
Therefore the result follows. O

Lemma 3.7.7. Referring to Lemma 3.7.5, let A denote the type of o(Z) in Def-
initions 3.2.5 and 3.3.4. Then the number of Y € M,(F,) such that Z,; =
— ZSGSN ZsYsm for allt €T, witht > m is given by q" where

L= [Bu[ = [ANSu(m = D] = AN T, (m + 1]+ |A]/2,

if m &\, and 0 otherwise.
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Proof. Similar to the proof of Lemma 3.7.6. m

Definition 3.7.8. Let p € {0,1}" and take y € P,. If 4 # 0,1, then let Y €
M, (F,) denote the matrix form of y in Definition 3.3.3. Then the type of y is
defined to be the type of o(Y) in Definitions 3.2.5 and 3.3.4. If y = 0 or 1, then the
type of y is defined to be the empty set. We note that the type of y depends on the

basis vq, v, ..., vy for H since the matrix form does.

Lemma 3.7.9. Let u € {0,1}" and let X C {1,2,..., N} satisfy (ii) in Lemma
3.2.6. For 1 <m < N, the following are equivalent.

(1) For anyy € P, of type A\, we have Ly, x, = 0.
(it) m € S, orm € \.

Proof. Set v = j — m so that p m-covers v. For y € P,, observe that L,,x, € E;V
by Lemma 3.5.4 (ii). If m € S, then E}V = 0 and so both (i) and (ii) hold. If
m € T, and p = 1, then L,,x, # 0 by Definition 3.7.1 and A = @ by Definition
3.7.8. So both (i) and (ii) fail to hold. If m € T, and v = 0, then P, = {0} and
subspaces y’' € P, m-cover 0. So we have
Lxy(0) = > x((Y(Y")),
Y'EM,(Fy)

where Y € M, (F,) is the matrix form of y in Definition 3.3.3. By the orthogonality
of x, it vanishes if and only if Y is not the zero matrix, which means m is in the
type A of o(Y). If m € T,, p # 1 and v # 0, then the result follows from Lemmas
3.7.4 and 3.7.6. O

Lemma 3.7.10. Let v € {0,1}" and let X C {1,2,..., N} satisfy (ii) in Lemma
3.2.6. For 1 < m < N, the following are equivalent.

(i) For any z € P, of type A\, we have R,,x. = 0.
(i) m €T, orme .
Proof. Similar to the proof of Lemma 3.7.9. O

Recall from Lemma 3.2.7, a subset A C {1,2,..., N} becomes a type if and
only if it has even cardinality. For A C {1,2,..., N} with even cardinality, let V)
denote the subspace of V' spanned by the vectors x, € V for all y € P of type A
in Definitions 3.7.1 and 3.7.8. Then for A C {1,2,..., N} with even cardinality, we
define a matrix F) € Matp(C) such that

(Ex—1)Vy =0,
E\Vy =0 if A # N,
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where N C {1,2,..., N} with even cardinality. In other words, F is the projection
from V onto Vy. Observe that E% and Ej commute for all 4 € {0,1}" and A C
{1,2,..., N} with even cardinality.

Lemma 3.7.11. For p € {0,1}Y and for A\ C {1,2,..., N} with even cardinality,

the following are equivalent.
(i) E; B\ = E\E; # 0.
(11) The pair (AN S,, ANT),) satisfies (i), (ii) in Lemma 3.2.3.

Proof. This is a matrix interpretation of Lemma 3.2.6. [

3.8 The L,,R,,- and R,,L,,~actions on V/

In this section, we fix a basis vy, vq, ..., vy for H adapted to the flag {z;}Y, and
assume that the matrix forms in Definition 3.3.3 and the types in Definition 3.7.8
are always taken with respect to this basis vy, vs,...,vx. We also fix a nontrivial
character x of the additive group F,. Recall from Section 3.7, the definition of E)
for A C {1,2,..., N} with even cardinality depends on the basis vy, vy, ..., vy and
on the character y. We show in this section, that E) is independent of the basis
V1, Uy, ..., vy for H adapted to the flag {x;} ¥, and the nontrivial character y of the

additive group F,.

Lemma 3.8.1. Let 1 <m < N, and let p € {0,1}" and X\ C {1,2,..., N} satisfy
(i1) in Lemma 3.2.6. Set

K(m, i, A) = |Su(m = 1)\ A+ [Th(m + 1) \ Al + |Al/2. (3.13)
Then for v € E;E\V, we have the following:

wmnNyifm e T, and m & N,
RoL o= q f © ¢
0 ifmesS, orme .

Proof. Observe that R,,L,, acts on E;V by Lemma 3.5.4 (ii). Fix y € P, of type
A in Definition 3.7.8. We show that x, is an eigenvector for R,,L,,. If m € S, or
m € A, then by Lemma 3.7.9, we have L,,x, = 0 and so x, is an eigenvector for
R, Ly, with respect to the eigenvalue 0. If ;4 =1, then P, = {H} and A = 0. So we
have dim E;V = 1. Therefore, x, is an eigenvector of R,,L,, and the corresponding
eigenvalue is the number of subspaces which are m-covered by y = H, which is equal

to ¢V = ¢*mb0) by Lemma 3.1.4 (i). Set v = u — m so that p m-covers v. If
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m € T,, m & X and v = 0, then P, = {0} and A = (). In other words, the matrix
form of y in Definition 3.3.3 equals to the zero matrix O, and so y'-th entry x,(v')
of xy is 1ify' € P, and 0 if ¥/ ¢ P,. Since P, = {0}, x, is an eigenvector of R,,L,,
and the corresponding eigenvalue is the number of subspaces which m-covers z = 0,
which is equal to ¢™~! = ¢=(m™9) by Lemma 3.1.4 (ii). If m € T,, m € A\, p # 1
and v # 0, then we have

RonLonXy = 57 > (R LinXy: Xo )X

|“y€P

Let ¥ € P,. Since L,, and R,, are (conjugate-)transpose to each other, we have

<RmLmea Xy’> = <Lme7 Lme'>
= Z Lme Linxy (2 ( )

ZEPIJ

Let Y)Y € M, (F,) and Z € M, (F,) be the matrix forms of y, y/, z, respectively in
Definition 3.3.3. Then by Lemma 3.7.4, it becomes

Z Lme(Z)Lme’(Z) = q2|S'M(m—1)| Z X Z Z (Y:g7t — Y:s,,t) Zs,t ,

z€P, s€S,, teT,

where the sum is taken over all Z € M, (F,) such that

S YerZs = Yo, SOV Zot = Vi (3.14)
teT, teT,
for all s € S, with s < m. Then since Supp(Z) C B,, by the orthogonality of the
characters, the sum vanishes unless Y, ; = Y/, for all s € S, and t € T, with s <,
which by (3.14) and Lemma 3.7.6 implies Y = Y’ and so y = ¢'. In particular, x,
is an eigenvector of R,,L,,. Moreover, using Lemma 3.7.6 and |P,| = q'Bel we can

easily show that the corresponding eigenvalues is ¢*(™#Y) O]

Lemma 3.8.2. Let 1 <m < N, and let u € {0,1} and X C {1,2,..., N} satisfy
(i) in Lemma 5.2.6. Recall k(m, p, \) from (3.13). Then for v € EXE\V, we have
the following:

¢"mrNy ifm € S, and m & A,

0 ifmeT, ormeA.

L,R,v=

Proof. Similar to the proof of Lemma 3.8.1. [

Proposition 3.8.3. For A C {1,2,...,N} with even cardinality, the matriz E)
belongs to the algebra Hy in Definition 3.5.5.
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Proof. Referring to (3.13), we set

g~ if m g N,
0 ifme\

O(m, p, ) =

for 1 <m < N, p€{0,1}" and A C {1,2,..., N} satisfying (ii) in Lemma 3.2.6.
Then by Lemmas 3.8.1 and 3.8.2, we have

RoLi + LRy = Y _0(m, 11, \)E} Ex,

HyA

where the sum is taken over all pairs p € {0,1}" and A C {1,2,..., N} satisfying
(i) in Lemma 3.2.6. Pick p € {0,1}" and multiply each term on the left of the

above equation, by E7. Then we obtain

ERyLy + E} Ly Ry =Y 0(m, 1, \)E},E},
A

where the sum is taken over A C {1,2,..., N} satisfying (ii) in Lemma 3.2.6. For
distinct A, \" in the sum, there exists 1 < m < N such that 0(m, u, \) # 0(m, p, \).
Therefore each £ Ey is a polynomial in EY Ry, Ly, + B Ly Ry, (1 <m < N). Observe
that for A C {1,2,..., N} with even cardinality, we have

Ex=) BB
I
where the sum is taken over all y € {0,1}" such that the pair (A N S,,ANT),)
satisfies (i), (ii) in Lemma 3.2.3. Then the result follows. O

We remark that the above proof of Proposition 3.8.3 also shows that the matrices
E, are independent of the basis vy, v, ..., vy for H adapted to the flag {z;}¥, and

the nontrivial character y of the additive group F,.

Lemma 3.8.4. Let Vi, denote the set of all v € V' such that L,v = 0 for all
1<m < N. Then we have

View = Z ELE\V (direct sum,),
Lo\

where the sum is taken over all pairs (u,\) with p € {0,1}" and A C {1,2,...,N}
satisfying (i1) in Lemma 3.2.6 such that X is column-full with respect to pu in Defi-
nition 5.4.1.

Proof. Take p € {0,1}" and A C {1,2,..., N} satisfying (ii) in Lemma 3.2.6.

Observe that the following are equivalent.
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(i) For 1 <m < N, we have either m € S, or m € \.

(ii) A is column-full with respect to p.

Then by Lemma 3.7.9, if A is column-full with respect to u, we have E;';E,\V C Vaew-
Suppose A is not column-full with respect to pu. Then since we assume A satisfies
Lemma 3.2.6 (ii), there exists 1 < m < N such that m € T,, and m ¢ A\. By Lemma
3.8.1, for any v € EE\V, R, Lyv is a nonzero scalar multiple of v. In particular,
L, v # 0 and so v € V. By above comments and by the fact that V' is the direct
sum of E7FE,\V, the result follows. O

Recall the column-full property in Definition 3.4.1. For u € {0,1}¥ and X\ C
{1,2,..., N} satisfying (ii) in Lemma 3.2.6, we say A is row-full with respect to i
if S, C A
Lemma 3.8.5. Let V4 denote the set of all v € V' such that R,,v = 0 for all
1<m < N. Then we have

Vola = Z ELE\V (direct sum),

oA
where the sum is taken over all pairs (u, \) with p € {0,1} and X C {1,2,...,N}
satisfying (ii) in Lemma 3.2.6 such that X is row-full with respect to fu.

Proof. Similar to the proof of Lemma 3.8.4. O

3.9 The scalar x(m, u, \)

In this section, we discuss on the scalar x(m, g, A) in (3.13).
Lemma 3.9.1. Let p € {0,1}" and X C {1,2,..., N} satisfy (ii) in Lemma 3.2.6.
Referring to (3.13), we have the following:

Z(_Dumﬁ(m» s A) =

m

where the sum is taken over all 1 < m < N with m & \.

(N = DV = 2|p)
2 )

Proof. Fix p € {0,1}" and we prove the assertion by induction on the cardinality
of A\. Let F/(\) denote the left-hand side of the equation. Observe that

Fv= [ 3 15— 0+ Y me s X 2

sESL\A s€SA\A s€S\A
A
| D 1St =DNA+ D ITut+DNA+ > 5
teT,\N teT,\\ teT\A
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Then the second and fourth terms cancel out, i.e., F'(\) equals

A

STISus = DA = | DO Tt + 1)\ A +|_2|(|Su\)" — [T\ A
s€SL\A teT\A

If A\ = () then we have

(N = [u)(N = |p| = 1)
5 :

D IS =Dl =0+ 14+ (N = |u| 1) =

sESy,

and
el = 1)

ST+ 1) =0+1+--+ (|| -1 :

teTy,

Therefore, we have

F(Q)) _ (N — |M|)<N — |M| - 1) . |M|(|M| - 1) (N _ 1)(N . 2|M|)

2 2 2 ’

and the result follows.
If |[A\] > 1, there exist s = max(ANS,) and ¢ = max(A N T},) since the pair
(AN S, ANT,) satisfies (i) in Lemma 3.2.3. Set X = X\ {s,¢} and observe that X

satisfies (ii) in Lemma 3.2.6 and we have

Do IS =DAN = D 18 = DAN] | =18\ AL

€S\ s'eSLA\N

and

Do T+ DN = D T+ DAN] | = [T\ AL

' ET,\\ Y ET,\N

Therefore, since |A\| = |N| + 2, we have
F(A) = F(X),
and by the inductive hypothesis, the result follows. O

In the next lemma, we do not assume ¢ to be a prime power.

Lemma 3.9.2. Let = (py, pro, .-, puy) € {0, 1} and X C {1,2,..., N} satisfy (ii)
in Lemma 3.2.6. Referring to (3.13), for ¢ € C with q # 0,1, we have the following:

Lo H(m,lt,/\) B qN_|/J'| — qltu‘l
> (—1)'q =
qg—1

m

b

where the sum is taken over all 1 < m < N with m & .
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Proof. For notational convenience, in this proof we use the following notation. Take
n € N\ {0}. For v = (v1,va,...,1,) € {0,1}", a sequence a = (ay,az,...,a,) € Z"
is called a k-sequence with respect to v whenever it satisfies

a1+ 1 ify =,

a; =

—a_1 if v;_1 # v,
for 2 < i < n. We call v € {0,1}" reduced if n < 2 or v is either 0 or 1.
Let a = (aj,0as,...,a,) € Z" be a k-sequence with respect to a non-reduced
v = (r,ve,...,v,) € {0,1}". Then we have v;_; # v; for some 2 < i < n.
Let v/ € {0,1}"2 be the sequence obtained from v by removing the coordinates
i—1 and 7, and let o’ € Z"~? denote the sequence obtained from a by removing the
same pair of coordinates. Then it is easy to show that the sequence a’ is again a
k-sequence with respect to /. Moreover, by continuing this process, any k-sequence
reaches a k-sequence with respect to a reduced tuple v. More precisely, a k-sequence

a with respect to v € {0,1}" becomes

(i) a k-sequence of length 2 with respect to (0,1) or (1,0) if 2|v| = n,

(ii) a K-sequence of length n — 2|v| with respect to 0 € {0, 1}"~2! if 2|v| < n,
(iii) a s-sequence of length 2|v| — n with respect to 1 € {0, 1}2¥I= if 2|v| > n.

We call this a reduced k-sequence from a. For a k-sequence a = (ay, as,...,a,) € Z"
with respect to v = (v, 1, ...,1,) € {0,1}", we define

n

fvaq) =) (=1)"g 0"
i=1
Observe that the value f(v,a;q) is invariant under the reducing process above. In
particular, if a’ is a reduced k-sequence with respect to v/ from a x-sequence a with
respect to v, then we have f(v,a;q) = f(V/,d';q).

Set n =N — |A|. Let v = v(u, A) € {0,1}" be the sequence obtained from p by
removing all the coordinates indexed by A. Consider the sequence a € Z" defined
by

a=((=1)""xk(m, i, X)) me(1,2,..N}\»»
where the index m increases from left to right. For 1 < m <n < N with m,n & A,

observe that

r(m, p, A) — k(n, p,A) =[{teT,\ A | m<t<n}—[{se S\ | m<s<n}.
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Therefore, the sequence a is a k-sequence with respect to v. Let a' be a reduced
k-sequence with respect to v/ from a. Then the left-hand side of the desired identity
becomes f(V/,a’;q).

We first consider the case 2|p| = N. Then we have |S,| = |T,,| and so 2|v| =n
since the pair (ANS,, ANT),) satisfies (i) in Lemma 3.2.3. Thus, a is a k-sequence of
length 2 with respect to (0,1) or (1,0) and so f(¢/,d’;¢) = 0 and the result follows.
We next consider the case 2|u| < N. Then by the similar argument above, we have
2|lv| < n. Thus, o’ is a k-sequence of length n — 2|v| = N — 2|u| with respect to
0 € {0,1}"2¥I. By the definition of s-sequence, @’ is an arithmetic sequence with

common difference 1. We claim that

o« = (lul, [ul + 1, N = | = 1).
To show this, since it is an arithmetic sequence, it suffices to show that

. (N=1D(N -2
5 o= Y210 =24

a’ea’

This follows from Lemma 3.9.1 since ) ., a’ = > ., a. For the case 2|u| > N, the
proof is similar to that for the case 2|u| < N. Hence the result follows. O

aca

3.10 The Hy-modules

Recall from Proposition 3.5.6 that the algebra H ¢ is semisimple. Thus the standard
module V' is a direct sum of irreducible H-modules, and every irreducible H ¢-
module appears in V' up to isomorphism. We now discuss the H s-submodules of V,

which from now on we call H ;-modules for short.

Proposition 3.10.1. Any irreducible Hy-module is generated by a nonzero vector
v €V such that L,,v =0 for all1 <m < N.

Proof. Set ®(v) = {m | 1 < m < N,L,v # 0} for v € V. Let W denote an
irreducible H-module and take a nonzero vector w € W. If ®(w) = 0, then
Ly,w = 0 for all 1 < m < N and by the irreducibility of W, the module W is
generated by w and so the result follows. Suppose ®(w) # (). Let m = min ®(w)
and set w' = L,,w € W. By Proposition 3.6.2 (i) and (ii), we have ®(w') C ®(w).
By continuing this process at most |®(w)| times, we get a nonzero vector v € W

such that ®(v) = ). By the same argument above, the assertion holds. ]

Recall from Sections 3.7 and 3.8, that there are the matrices £ in H; and that

they turn out to be independent of the basis vy, vs, ..., vy for H and the nontrivial
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character y of the additive group F,. By Lemma 3.8.4 and Proposition 3.10.1, it
suffices to consider the module H v for v € ZM,)\ ESE\V, where the sum is taken
over all pairs (u, A) with g € {0,1}¥ and XA C {1,2,..., N} satisfying (ii) in Lemma
3.2.6 such that A is column-full with respect to p in Definition 3.4.1.

Proposition 3.10.2. Let € {0,1}" and X C {1,2,..., N} satisfy (ii) in Lemma
3.2.6, and assume that \ is column-full with respect to p in Definition 3.4.1. Recall
Kk(m, p, A) in (3.13). For a nonzero vector v € EXE\V, the Hg-module Hyv has a
basis

0 ifm e\,

Vv e=(1,62,...,EN), Em = . (3.15)
Oorl difméeA

w(e) € B,

on which the generators Ly,, R, (1 <m < N) act as follows:

w(m,pA) = (14 +em—1) -

Lw(e) w(e —m),

=4q
Ryw(e) = ¢ teNw(e +m),
where we set w(e) =0 if € is not of the form in (3.15).

Proof. Let ’H;f denote the subalgebra of H; generated by R;, Ry, ..., Ry. Consider
H}“v, the ’H}“—module generated by v. We show that ”H}rv is an Hg-module. Let
1 <m < N. Then ’H?v is R,,-invariant by the construction and K,,-invariant
by Proposition 3.6.1 (ii), (iv). In addition, H}“v is L,,-invariant by Proposition
3.6.2 (i), (iii), (iv), Lemma 3.8.2 and since L,,v = 0 by Lemma 3.8.4. Since Hy is
generated by R,,, L,, and K,,, for 1 < m < N, ’H;{v is an Hg-module. Thus we
have Hjv = Hyv. By Proposition 3.6.2 (i), (iii), H}v is spanned by

_ EN PEN-—1 €1
@U(E) — RN RN—]. . 'Rl U,

for e = (e1,€,...,en) € {0,1}". By Lemma 3.5.4 (ii), w(e) € E};, .
3.7.10 and 3.8.5, w(e) # 0 if and only if m € S, and m &€ X for all 1 <m < N with
em = 1. Thus (3.15) forms a basis for H;v. For 1 < m < N, the L,,-actions on
w(e) follow from Proposition 3.6.2 (iii), (iv), Lemma 3.8.2 and L,,v = 0. Similarly,
for 1 <m < N, the R,,-actions on w(e) follow from Proposition 3.6.2 (i), (iii). The

result follows. N

V. By Lemmas

Proposition 3.10.3. Referring to Proposition 3.10.2, the basis (3.15) for Hsv sat-
i1sfies the following:

Knw(e) = gt/2=mmtemly(e),
for 1 <m < N, where i = (1, pto, ..., in) and € = (g1,€2,...,EN).
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Proof. By Proposition 3.10.2, we have w(e) € E;,. V. The result follows from the

definition of K,,. O

Theorem 3.10.4. For any irreducible Hs-module W, there uniquely exist p €
{0, 1} and X C {1,2,..., N} satisfying (i) in Lemma 3.2.6 where X is column-
Jull with respect to p, such that W is generated by a nonzero vector in E;E\V.

Moreover, W 1is determined up to isomorphism by p and .

Proof. By Proposition 3.10.1, there exists a nonzero vector v € W with L,,v = 0
for all 1 < m < N such that W = Hv. According to the direct sum decomposition

in Lemma 3.8.4, we write

v=>Y E;Ew.
LA

Since v is nonzero, there exists a pair (u, A) such that E} Eyv # 0. By Proposition
3.8.3, E} E\v belongs to W and so by the irreducibility of W, E} Exv generates V.
Suppose there exists another pair (4/, \') such that E7, Exv # 0. Then E}, Eyv also
generates W. Thus we have the two bases (3.15) for W. However, by comparing
them, we obtain (¢/, \') = (i, A) and the result follows. O

Definition 3.10.5. Referring to Theorem 3.10.4, we call u € {0,1}" the endpoint
of Wand A C {1,2,..., N} the shape of W.

Corollary 3.10.6. Let A C {1,2,..., N} with even cardinality. For an irreducible
H¢-module W of shape X\, we have

dim W = 2N,
Proof. Count the vectors in the basis (3.15) for W. [

Theorem 3.10.7. For y € {0,1}" and A C {1,2,..., N} satisfying (ii) in Lemma
3.2.6 where X is column-full with respect to u, there exists an irreducible H y-module

of endpoint u and shape A. Moreover, the multiplicity in V' is given by

qlBul—n(AﬂSH) H (qp(s,u,k) _ 1) :
sEANS,,

where n(ANS,) is defined in (3.12) and p(s, i, ) is defined in Lemma 5.2.9.

Proof. Take a nonzero vector v € E}E\V. We show that W = H;v is irreducible.

Consider an irreducible H -module decomposition of W as follows.

W=W,+Wy+---+W, (direct sum),
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for some positive integer » > 1. According to this decomposition, we write v =
wy + wy + -+ - + w, such that w, € W,, (1 < n < r). Since this sum is direct and
v E EZE,\W, we find that w,, is nonzero and w,, € E:E)\W for 1 <n <r. However,
by Proposition 3.10.2, we have dim E; E\W = 1. Since the vectors w, (1 <n <)
are linearly independent, this forces » = 1, i.e., W is irreducible.

The multiplicity of W in V' is dim E}E\V, which is determined in Corollary
3.4.3. m

3.11 The quantum affine algebra Uq(ﬁAlg)

In this section, we fix a nonzero scalar ¢ € C which is not a root of unity. For n € N,

we define B
_ ¢ -q"

qg—q

We recall the definition of U,(sly) from [0] in terms of Chevalley generators.

[,

Definition 3.11.1 ([0, Section 2]). The quantum affine algebra Uq(;&) is the asso-
ciative C-algebra generated by e, k;, k' (i = 0,1) with the relations

ikt =k ke =1, kok1 = kiko, (3.16)
ke = q~2ek;, k;ie;-t = qmej[k:i (1 # j), (3.17)
efe; —eel = kl_—k;l efef —efef =0 (3.18)
i € i € = 1 0 €1 1€ =Y, :
q—dq
(e ey — Blo(er) erer + Blyeies (e7)” — e (e)* =0 (i # ). (3.19)

We call 7, ki, k;* (1 = 0,1) the Chevalley generators for Uq(;[g).

It is known that the quantum affine algebra U, (f?[g) has the following Hopf algebra

structure. The comultiplication A satisfies

Alef)=ef @k +1®ef, Aley)=c @1+k'®e;, Alk)=kok.

It is also known that there exists a family of finite-dimensional irreducible Uq<f/!\[2)-
modules Vy(«a) for d € N, a € C\ {0}, where V;(«) has a basis {u;}%, satisfying

equ; = ali + 1 ui 0<i<d-1), equg =0,
efu; = [d—i+ 1]ui (1<i<d), efug = 0,
eoui = a Hd—i+ 1u (1 <e<a), eg ug = 0,
ey u; = [1 + 1 uin 0<i<d-—-1), equg =0,
kou; = ¢*u; (0<i<d),
kyu; = ¢, (0 <i<d).
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We call Vy(«) the evaluation module for Uq<f/!\[2) with the evaluation parameter a.

We recurrently define the algebra homomorphism

AN 2 Uy (sly) — Uy(sl) @ -+ @ Uy(shy),

(N+I)rtimes
for N € N by
A =g,
AW = A
AN = ([d® - ®id®A) o AN (N > 2).

(N — 2) times

This algebra homomorphism A®) is called the N-fold comultiplication. For each
N > 1, by the (N —1)-fold comultiplication A®N=1 a tensor product of N evaluation
modules again becomes a U, (ﬁg)—module. More precisely, a tensor product Vg, (o) ®
-+ ® Vg, (an) has a basis

U(E) = Uey @+ @ Ugy, (0<e; <dy, ..., 0<ey<dy), (3.20)

on which the Chevalley generators act as follows:

N
Fu(e) = D e + Ughermrt o)ty (e 4 ), (321)
m=1
N
efu(e) = [dm — e + Ugq mer T2 emet ey (o — ) (3.22)
m=1
N
cou(e) = D o [y — e + Uyg D ROy (e~ ) (3.23)
m=1
N
eru(e) = Yo + Ly O e )y (o g ) (3.24)
m=1
kou(&‘) _ q2(51+---+€N)f(d1+---+dN)u<€>’ (325>
]{?1U(€) — q(d1+'--+dN)72(E1+'"+€N)u<€>, (326)
where € = (g1,69,...,en) € ZY and we define u(e) = 0 if ¢ is not of the form in

(3.20).

Let W denote a finite-dimensional irreducible Uq(gb)—module. By [0, Proposi-
tion 3.2], there exist scalars €, €; € {—1, 1} such that each eigenvalue of k; on W is
¢; times an integral power of ¢ for i = 0, 1. The pair (e, €1) is called the type of W.
For each pair €y, ¢; € {—1, 1}, there exists an algebra automorphism of Uq(f/a\[g) that

sends

_l’_
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k’i — Eiki, e, e
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By this automorphism, any finite-dimensional irreducible Uq(sAIQ)—module of type

(€0, €1) becomes that of type (1,1).
Theorem 3.11.2 ([0, Theorem 4.11]). Every finite-dimensional irreducible Uq(s/’\lg)—

module of type (1,1) is isomorphic to a tensor product of evaluation modules. More-
over, two such tensor products are isomorphic if and only if one is obtained from
the other by permuting the factors in the tensor product.

With an evaluation module Vy(«), we associate the set of scalars

Sa(a) = {ag™ "t aq3, ... ag "},

The set Sy(a) is called a g-string of length d. Two g¢-strings Sy, (1), Sa,(a2) are
said to be in general position if one of the following occurs:

(i) Sa,(a1) U Sy, (az) is not a g-string,

(ii> Sdl (051) - Sd2(a2) or Sd2<052) - Sdl (a1>'

Moreover, several g-strings are said to be in general position if every two ¢-strings

are in general position.

Theorem 3.11.3 ([0, Theorem 4.8]). A tensor product of evaluation modules for

Uq(sAIQ) is irreducible if and only if the associated q-strings are in general position.

3.12 The algebra H; and the quantum affine al-
gebra U 12 (sl,)

In this section, we get back to the subspace lattice P over F,. Recall the matrices
E\ € H; in Sections 3.7 and 3.8. Let p € {0,1}Y and A C {1,2,..., N} satisfy (ii)
in Lemma 3.2.6. For v € B E\V and 1 <m < N, if L,,v # 0, then we have m € T),
and m € X by Lemma 3.7.9 and so (L, Ry)Lpv = ¢°™*N L, v by Lemma 3.8.1.
Therefore, we define the matrix (L, R,,) 'L, by
—wmuN [ v if Lo # 0,
(Lo Ron) Ly = 4 7 (3.27)
0 if L,v=0,
for v € V. We remark that (L, R,,) " L,, does not mean the product of (L, R,,)™*
and L, since L,,R,, is not invertible by Lemma 3.8.1. Similarly, we define the
matrix (R, L,,) ' R,, by
g FmeNR v if Ryv # 0,

(R L) " Rpv = ‘ (3.28)
0 if R,,v =0,

forveV.
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Theorem 3.12.1. Let oy, o, ...,ay denote nonzero scalars. The standard module
V' supports a Upye (ag)—module structure on which the Chevalley generators act as

follows:

generators actions on V'
e D DM
e ¢y (L Rn) ™ L
€o > et @ Lo
e et (B L) ™ B
ko [T K5
ko' [Tt Ko
Ky |
! [T K

Here the matrices (Ly,Ry) 'Ly, and (RyLy) 'R, are defined in (3.27) and in
(3.28), respectively.

Proof. Referring to the above table, for i = 0,1 let €, /67,/]{2, Ei_ ! denote the expres-

sions to the right of e; ki,

75;1 (i = 0,1) satisfy the defining relations (3.16)—(3.19) of U,/ (;[2) on V.

~

We first show ¢, ¢; , k;, /k?i_ ' (i = 0,1) satisfy the relations except the first relation
in (3.18). They satisfy the relations in (3.16) by the definitions of Ei,/l%i_l (1=0,1).
They satisfy the first relation in (3.17) with ¢ = 0 by Proposition 3.6.1. They satisfy
the second relation in (3.17) with (¢, 7) = (1,0) by Proposition 3.6.1. Since the other

relations involve €], €, we show them as follows. Fix a nonzero vector v € V. Then

€ ki ki ! respectively. We show these elements e, e

7

we apply both sides of each defining relation to v and check the results are the same.

~

These elements ¢, ¢, , ki,k\[l (¢ =0, 1) satisfy the first relation in (3.17) with ¢ = 1
by Proposition 3.6.1. They satisfy the second relation in (3.17) with (4,j) = (0,1)
by Proposition 3.6.1. They satisfy the second relation in (3.18) and the relations in
(3.19) by Proposition 3.6.2.

It remains to show that they satisfy the first relation in (3.18). Take a nonzero

vector v € ESEL\V for some = (1, pa, ..., piy) € {0, 1}Y, X C {1,2,...,N}. By
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Lemmas 3.8.1 and 3.8.2, we have

where the sum is taken over all 1 < m < N with m ¢ A. On the other hand, by the

definition of K,,, we have

ko — k! . gHI=N/2 _ gN/2=lul .
q1/2 _ q—1/2 o q1/2 _ q—1/2 :

By Lemma 3.9.2, it turns out that both scalars are the same and so 83,&3,%0, ko

1
satisfy the first relation in (3.18). Similarly, @f,é?,?f\l,gl’ ! satisfy the first relation

in (3.18). 0

Corollary 3.12.2. Let aq, o, ...,ay denote nonzero scalars. There exists an al-

gebra homomorphism from U2 (5:\[2) to Hy that sends

N N
eg = "N Ry, ef = ¢V (L Ry) T L,
m=1 m=1
N N
ey Z ! Ly, ey — Z(RmLm)flRm,
m=1 m=1
N N
ko [ Kt ke [ B
m=1 m=1
Proof. Immediate from Proposition 3.12.1. ]

The algebra homomorphism in Corollary 3.12.2 turns an Hj-module into a

Uy (E:\[g)—module.

Lemma 3.12.3. Let u € {0,1}" and X\ C {1,2,...,N} satisfy (ii) in Lemma
3.2.6 where X is column-full with respect to p in Definition 5.4.1. Let W, 5 denote
an irreducible Hg-module with endpoint ji and shape X. The basis (3.15) for W, 5

has the following actions of Chevalley generators via the algebra homomorphism in
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Corollary 3.12.2.

N
efw(e) = ¢V gt (e + ),

m=1

N
efw(e) = ¢ NN g Cmat e (e — ),

m=1

N
ey w(e) = 3 an it N~ oD (e — ),

m
m=1

eqw(e) =

m=1
;{;Dw(g) — q—N/2+|ul+Ialw(5)7
frw(e) = ¢ W Flu(e),

N
S O, N) (e ),

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
(3.34)

where € = (g1, 3,...,ex) € {0,1}. Here we define w(e) = 0 if € is not of the form

in (3.15).

Proof. Use Propositions 3.10.2, 3.10.3 and Corollary 3.12.2.

]

Lemma 3.12.4. Let p € {0,1}" and X C {1,2,...,N} satisfy (i) in Lemma
3.2.6 where X\ is column-full with respect to p in Definition 3.4.1. We define d =

(d,ds, ..., dn) € {0, 1} by

1 ifméA,
0 ifmeA

dpy =

Then we have the following:
(1) |dl = N = 2]|pl.

(1<m<N).

(i) If m & X, then k(m, u, \) = (N—1)/2+(d1+ -+ dm—1)/2—(dpi1+- - -+dn)/2

defined in (3.13).

Proof. (i) By the definition of d, we have |d| = N — |A|. By the assumption, we

have |A| = 2|u| and so the result follows.
(ii) Assume m ¢ A. Observe that
Sum = D\ = dy -+ + s,

By the definition of d,

T, (m + 1)\ | = 0.

(Al/2=N/2—(di + - +dn)/2.

Hence the result follows from the above comments and d,,, = 1.
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Theorem 3.12.5. Let u € {0,1}Y and X\ C {1,2,..., N} satisfy (i) in Lemma
3.2.6 where X is column-full with respect to p in Definition 5.4.1. Let W, 5 denote
an 1rreducible H p-module with endpoint jv and shape . Then by the algebra homo-
morphism in Corollary 3.12.2, W, x becomes a U2 (E[z)-module and we have the

following:
(1) W, has type (1,1).

(1) W, x is isomorphic to the tensor product of Vi(au,), where 1 < m < N such
that m & .

Proof. (i) This follows from (3.33) and (3.34).

(i) Recall (dy,da,...,dy) € {0,1}" from Lemma 3.12.4. It suffices to show that
Wi = Vi (o) ® -+ @ Vay (o).

Recall the basis w(e) in (3.15) for W, » and the basis u(¢) in (3.20) for Vg, (a1)®
@ Vg (an), where € = (g1,€9,...,en) € {0,1}¥ such that w(e) = 0 and
u(e) = 01if d,, < &, for some 1 < m < N. We define a linear map ¢ from
Vi (1) ® -+ - @ Vg (an) to W, \ that sends u(e) to y(e)w(e), where

fy(g) = q‘E‘(l_N)/Q H q(dm+1+"‘+dN)/2.

meT:

We check ¢ preserves the actions of Chevalley generators. Observe that
y(e) = g Vg it R (e ), (3.35)

for e € {0,1}7.

By (3.25) and (3.33) and Lemma 3.12.4 (i), ¢ preserves the action of ky. By
(3.26) and (3.34) and Lemma 3.12.4 (i), ¢ preserves the action of k1. By (3.21),
(3.29) and (3.35), the map ¢ preserves the action of ef. By (3.22), (3.30) and
(3.35), the map ¢ preserves the action of ef. By (3.23), (3.31), (3.35) and
Lemma 3.12.4 (ii), the map ¢ preserves the action of e,. By (3.24), (3.32),
(3.35) and Lemma 3.12.4 (ii), the map ¢ preserves the action of e; .

[
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Chapter 4

Association schemes on the

Schubert cells of a Grassmannian

In this chapter, let F be any field. The Grassmannian Gr(m,n) is the set of m-
dimensional subspaces in F”, and the general linear group GL,(F) acts transitively
on it. The Schubert cells of Gr(m,n) are the orbits of the Borel subgroup B C
GL,(F) on Gr(m,n). We consider the association scheme on each Schubert cell
defined by the B-action and show it is symmetric and it is the generalized wreath
product of one-class association schemes, which was introduced by R. A. Bailey in

[1]. This chapter is based on the author’s work [2&].

4.1 Preliminaries

We briefly recall the notion of the generalized wreath product of association schemes.
For the definition of association schemes, see [2, 16, 30], and for the theory of posets,
see [18]. Let (X, <) be a nonempty finite poset. A subset Y in X is called an anti-
chain if any two elements in Y is incomparable. For an anti-chain Y in X, define

the down-set (also known as the order ideal) by
Down(Y) ={z € X | z < y for some y € Y}.

We note that this definition follows from [!] and it is different from [18], where
Down(Y) UY is called the down-set of Y. For each = € X, let Q, denote an r,-
class association scheme on a set {2,. We do not assume either O, is symmetric
or €, is finite. Let R,, denote the i-th associate class for i € {0,1,...,r,}. By
convention, we choose the index so that R,y = {(w,w) | w € Q,}. We set Q =
[L.cx Q2. For each anti-chain Y in X and for each (iy)zey € [[ ey {1,2,..., 72}, let
R(Y, (iz)zey ) denote the set of ((a)zex, (Bz)zex) € Q x § satisfying (i) o, = 5, if
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r e X\ (YUDown(Y)), and (ii) (o, By) € Ry, if z € Y. Let R denote the set of
R(Y, (iy)zey) for all anti-chains Y in X and (i3)zey € [[,ey {1,2, ..., 72}

Theorem 4.1.1 (cf. [I, Theorem 3|). The pair (2, R) is an association scheme.

The association scheme (€2, R) in Theorem 4.1.1 is called the generalized wreath
product of Q, over the poset X. We remark that Bailey [1, Theorem 3] assumes that
each base set €1, is finite and each association scheme @, is symmetric. However,

the theorem is still true if we drop both of these assumptions.

4.2 Subspace lattices

Throughout this chapter, we fix a positive integer n and a field F. Let F™ denote
the n-dimensional column vector space over F. By the subspace lattice, denoted by
P,.(F), we mean the poset consisting of all subspaces in F” with partial order given
by inclusion. We fix the sequence {V;}", in P, (F) such that each V; consists of
vectors whose bottom n — i entries are zero. We remark that {V;} is a (complete)
flag (i.e., a maximal chain) in P, (F).

Let Mat,(IF) denote the set of n x n matrices with entries in F. Let GL,(IF)
denote the set of invertible matrices in Mat, (F). Observe that GL,(F) acts on
F™ by left multiplication, and hence it acts on P,(F). Let B denote the (Borel)
subgroup in GL,(F) stabilizing {V;}I,. In other words, B consists of all upper
triangular invertible matrices in Mat,, (F). In this chapter, we consider the B-action
on P, (F).

A matrix in Mat,, (F) is said to be in reverse column echelon form if the following

two conditions are met:
(CE1) Any zero columns are right of all nonzero columns.

(CE2) The last nonzero entry of a nonzero column is always strictly below of the last

nonzero entry of its right column.

A matrix in Mat, (F) is said to be in reduced reverse column echelon form if it is in

reverse column echelon form and the following third condition is also met:

(CE3) Every last nonzero entry of a nonzero column is 1 and is the only nonzero

entry in its row.
By elementary linear algebra, we have the following:

Proposition 4.2.1. There exists a bijection between the following two sets:
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(i) The set of all matrices in Mat,,(F) in reduced reverse column echelon form,
(i) The set P,(F) of all subspaces in F",

that sends a matriz in Mat,, (F) to its column space.

Proof. See for instance [12]. O

Example 4.2.2 (n = 7). Let e1,ey,...,e; denote the standard basis for F7. Sup-
pose U is the 4-dimensional subspace in F7 given by U = Span{8e; + Ges + 4eg +
2e7,8e1 4+ 9e3+ ey +e5,4e1 +ea+Deg + ey, 3e1 +ea}. Then the following is the matriz
corresponding to U by the bijection in Proposition 4.2.1:

<

I
_= NN OO W O
S O = O = O
o O O = Ot O =
S O O O OO = W
S O O O O o O
S O O O O o O
o O O O O o O

Observe that for M, N € Mat,(F) in reduced reverse column echelon form and
for G € B, the column space of N moves to that of M by the G-action if and only
if M and GN are column equivalent. Since GN is in reverse column echelon form
(but not necessarily reduced), these conditions are equivalent to M = GNH" for
some H € B. For notational convenience, we write M ~ N if there exist G, H € B
such that M = GNH®. Observe that ~ is an equivalence relation on Mat,, (F).

For the rest of this chapter, we will identify P,(F) with the set of all matrices
in Mat,,(F) in reduced reverse column echelon form by the bijection in Proposition
4.2.1.

4.3 The B-action on P,(F)

For a positive integer m, we write [m] = {1,2,...,m}. We define a partial order in
the index set [n] X [n] of matrices in Mat,,(F) by (¢,j) < (k,l) ifi < kand j < [. This
is known as the direct product order in [18, Section 3.2]. For M € Mat,,(F), by the
support of M, denoted by Supp(M ), we mean the subposet of [n] x [n] consisting of
all indices (i,7) € [n] x [n] with M; ; # 0. The pivot-set of M, denoted by Piv(M),
is the set of all maximal elements in Supp(M). Each element in the pivot-set is
called a pivot. Observe that (i,j) € Piv(M) if and only if M, ; # 0 and M;,; = 0 if
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(k,1) > (i,7). We remark that every entry indexed by a pivot of a matrix in P, (F)
must be 1 by the condition (CE3).

Lemma 4.3.1. For M, N € P,(F), the following are equivalent.
(i) M ~ N,
(i1) Piv(M) = Piv(N).

Proof. (i) = (ii) Suppose M ~ N. There exist G, H € B such that M = GNH".
It suffices to show Piv(N) C Piv(M). For (i,7) € Piv(N), we have N;; = 1 and
Niy = 0if (k1) > (i,7). Since G, H are upper triangular, we have

" Gi:H;,; if (k1) = (1,7),
MkJ - E E Gk’ystﬂleﬂ: = DJ ‘ '-
s=k t=l 0 if (k,0) > (i,7).

Since G, H are invertible, G;;H;; # 0. These imply (i,7) € Piv(M) and hence
Piv(N) C Piv(M).

(ii) = (i) Suppose Piv(M) = Piv(N). Take X € P,(F) with X, ; = 1if (4,j) €
Piv(M) and X;; = 0 otherwise. Observe that for each j € [n], there exists at most
one k such that (j,k) € Piv(M) and then we define G € Mat,,(F) by

M, if (4,k) € Piv(M) for some k,

G, =
’ d;;  if there is no k such that (j, k) € Piv(M),

for i,j € [n]. Then we have G;; = 1 fori € [n] and G;; = 0 if j < i for 4,5 € [n].
Thus G € B. By the direct calculation, we have M = G X and hence, M ~ X.
Similarly we have N ~ X and so M ~ N. O

Let 1 <m <n—1and M € P,(F) with rank M = m. Note that we avoid the
trivial cases m = 0 and m = n. Since the pivots of M lie in the first m columns,
Piv(M) is an anti-chain in [n] x [m] of size m. For 1 < m < n — 1 and for an

anti-chain a in [n] x [m] of size m, we set
O, ={M € P,(F) | Piv(M) = a}. (4.1)

For each 1 < m < n — 1 and each anti-chain « in [n] x [m] of size m, consider
M € P,(F) with M;; = 1if (i,j) € o and M, ; = 0 otherwise. Then we have
M € O, and in particular O, # 0.

Proposition 4.3.2. The rank of any matriz in (4.1) is m = |a|. Moreover, each
subset (4.1) is an orbit of the B-action on P,(F).
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Proof. Immediate from the construction and Lemma 4.3.1. n

Recall the Grassmannian Gr(m,n) and we identify Gr(m,n) with a set of ma-

trices by the bijection in Proposition 4.2.1. In other words,
Gr(m,n) = {M € P,(F) | rank M = m}.
By Proposition 4.3.2, each O, in (4.1) is a B-orbit in Gr(m,n), where m = |a|. It
is called a Schubert cell of a Grassmannian [15].
Example 4.3.3 (n =7, m = 4). Take M € P;(F) as in Example /.2.2. Then we

have Piv(M) = {(2,4), (4,3),(5,2),(7,1)}. Moreover, Opiy() is the set of matrices
of the form

x x % x 0 0 0
00 01O0O00O0
x %« x 0 0 0 O
0010O0O0O0], (4.2)
01 00O0O0O0
* 000 000

1000000

where the symbol x denotes an arbitrary element in F.

Lemma 4.3.4. Let 1 < m < n —1 and let a denote an anti-chain in [n] X [m] of
size m. For M, N,M' , N'" € O,, the following are equivalent.

(i) (M, N) moves to (M', N') by the diagonal B-action,
(i) Piv(M — N) = Piv(M' — N').

Proof. (i) = (ii) Suppose there exist G, H, K € B such that M’ = GMHT and
N' = GNK". Then we have

Piv(GM) = Piv(GN) = a, (4.3)

Piv(GM — GN) = Piv(M — N), (4.4)

since G € B (cf. Lemma 4.3.1). We write a = {(k,,r) | r € [m]} and observe that
ki > kg > -+ > k,,, and that Piv(M — N) C Down(«).

Take (i,5) € Piv(M — N). Observe that j € [m]| and k; > ¢ and hence there

exists m' = max{r € [m] | k. > i}. For r;l € [m] with j <r <m'and j <1 </,

since H, K are upper triangular, we have

n

M,;“l = Z(GM)k,,,tHl,t,

t=l
n

Nl;hl = Z(GN)kr,tKl,t-

t=l
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In the above equations, we have the following: For each r,l, we have M; , = Ny ; =
0,4 by (CE3); For each r,t, we have (GM)y, + = (GN)y, 4 since (k,,t) > (i,7) and
by (4.4); For each r,t with r < ¢, we have (GM ), » = (GN)g,» = Gy, k. # 0 and
(GM)k,+ = (GN)y, + = 0 since (k,,r) € o and by (4.3). By these comments, for each
l € [m] with j <1 <m/, both (H;;, H 41, .., Hmw) and (K, K1, ..., K ) are
solutions to the same system of m’ — j + 1 independent linear equations. Hence,
His = K for j,t € [m] with j <1<t <m

For (k,l) € [n] x [n] with (k,l) > (i,7), we have (GM)gs = (GN)g it t > 1
since (k,t) > (i,7) and by (4.4), and we also have (GM )g: = (GN)g: =0if t > m’
by the definition of m’ and by (4.3). Recall that we have shown H;; = K, if

j <1<t<m' By these comments, we have

M, => (GM)isHiy =Y (GN)eiKiy = N,
t=1 t=1
Similarly, we have
M[;— N[; =Y (GM);Hjy = > (GN);yKj = (GM);j — (GN)i ;) Hy .
t=7 t=j

In the above equations, we have (GM); ; # (GN), ; by (4.4), and we also have H, ; #
0 since H € B. Therefore we obtain M, ; # N; ;. These imply (i, j) € Piv(M' — N')
and hence Piv(M — N) C Piv(M' — N’). Since G, H, K are invertible, we also have
Piv(M'— N’) C Piv(M — N). Consequently, we have Piv(M — N) = Piv(M' — N’).
(i) = (i) Let M,N,M',N" € O, with Piv(M — N) = Piv(M’ — N'). Take
X € O, with X;; = 11if (i,j) € a UPiv(M — N) and X;; = 0 otherwise, and
Y € O, withY;; =1if (i,j) € a and Y; ; = 0 otherwise. Define G € Mat,,(IF) by

Ni if (j,k) € a for some £k,
Gij =1 M;s, — N;p if (j,k) € Piv(M — N) for some k,
di if there is no k such that (j, k) € a U Piv(M — N),

for 4,5 € [n]. Then we have G € B and M = GX and N = GY. Similarly there
exists G’ € B such that M’ = G’X and N’ = G'Y. Therefore (M, N) moves to
(M', N") by the diagonal action of G'G™. O

Let 1 < m < n—1 and let a denote an anti-chain in [n] x [m] of size m. Let
M,N € O,. Observe that Piv(M — N) is an anti-chain in

D(«a) ={(i,7) € Down(«) | there is no k such that (i,k) € a}. (4.5)

78



For 1 < m < n—1 and for an anti-chain « in [n] x [m] of size m and for an anti-chain
B in D(«a), we set

Rap = {(M,N) € Oy x O, | Piv(M — N) = 3}. (4.6)

For each 1 < m < n—1, each anti-chain « in [n] x [m] of size m and each anti-chain
in D(«), consider M € P,(F) with M; ; = 1if (,7) € U S and M, ; = 0 otherwise,
and N € P,(F) with N;; = 1if (i,j) € @ and N;; = 0 otherwise. Then we have
(M,N) € Rap and in particular R, g # 0.

Proposition 4.3.5. Let 1 <m < n—1 and let a denote an anti-chain in [n] x [m]
of size m. Each subset (4.6) is an orbital of the B-action on O,.

Proof. Immediate from Lemma 4.3.4. m

Let 1 <m < n — 1. For an anti-chain « in [n] x [m] of size m, consider

Di(a) = {i | there is no k such that (i, k) € a}. (4.7)
Then we have |D;(«)| = n — m since || = m. For 1 < ¢ < n — m, we define
Xi = {7 | (di,j) € D()}|, where d; denotes the i-th smallest element in D;(«).
Then A = (A, Agy ..., Adu) € N7 is an integer partition (i.e., a non-increasing

sequence) with largest part at most m, where
N={0,1,...}.

Consider the map ¢, which sends a to A.
For an integer partition A = (A1, Ag,...,N;), the Ferrers board of shape A is
defined by
{(1,) ENxN[1<i<,1<j< N}

We endow the Ferrers board with direct product order in N x N.

Lemma 4.3.6. For1 <m < n—1, the map @, is a bijection between the following

two sets:
(i) The set of anti-chains in [n] x [m] of size m.
(ii) The set of integer partitions in N"=™ with largest part at most m.

Proof. Let 1 <m < n — 1. It is clear that ¢, is a map from (i) to (ii). We define
the map ¢!, from (ii) to (i) as follows. For a given integer partition A in N~ with
largest part at most m, we define a as the set of maximal elements in the Ferrers

board of shape p = AU (m,m —1,...,1), which is the integer partition obtained by

79



rearranging parts of both A and (m,m — 1,...,1) in non-increasing order. Since p
is in N™ and its largest part is m, « is an anti-chain in [n] X [m] of size m. The map
¢! is defined to send A to a. By construction, ¢, and ¢/, are inverses and hence

bijections. O

Lemma 4.3.7. Let 1 < m < n —1 and let a denote an anti-chain in [n] X [m] of
size m. The poset D(«) in (4.5) is isomorphic to the Ferrers board of shape @, ().
Moreover, there is a one-to-one correspondence between the anti-chains in D(«) and

the subpartitions of @ ().

Proof. Recall the set D;(«) in (4.7). Then define the map # from the Ferrers board of
shape o, (@) to D(«) by ¥(i, j) = (d;, j), where d; denotes the i-th smallest element
in Dp(«). It is obvious that 1 is an order-preserving bijection. The first assertion
follows. To show the second assertion, we define the map p from the subpartitions
of ¢, (a) to the anti-chains in D(«) by p(u) = ¥ (max(p)), where max(pu) is the set
of all maximal elements in the Ferrers board of shape p. From the construction, the

map p is also a bijection. The second assertion follows. O]

Example 4.3.8 (n = 7, m = 4). Take the anti-chain o = {(2,4), (4, 3), (5,2), (7,1)}
as in Example 4.3.5. Recall that O, is the set of matrices of the form (4.2). Then
va(a) = (4,3,1). We remark that each number in (4,3,1) equals the number of ’s

m each row without a pivot.

4.4 The association scheme on each Schubert cell

For 1 <m < n —1 and for an anti-chain « in [n] x [m] of size m, by Propositions
4.3.2 and 4.3.5, the pair

Xo = (O, {Ra,ﬁ}5>v (4.8)
becomes an association scheme, where § runs over all anti-chains in D(«) in (4.5).
See [30, Preface]. We remark that by Lemma 4.3.6, the family of association schemes
{X.}a can be indexed by integer partitions A € N*~™ with largest part at most m.

In this case, the associate classes of X, = X are indexed by the subpartitions of A
by Lemma 4.3.7.

Theorem 4.4.1. Let 1 <m <n—1 and let « denote an anti-chain in [n] x [m] of

size m. The association scheme X, in (4.8) is symmetric.

Proof. Immediate from the definition of R, g. []
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Theorem 4.4.2. For 1 <m <n—1 and for an anti-chain « in [n| x [m] of size m,
the association scheme X, in (4.8) is the generalized wreath product of the one-class

association schemes with the base set F over the poset D(«) in (4.5).

Proof. For M, N € O, and for an anti-chain § in D(«), we have (M, N) € R,z if
and only if M;; = N, ; if (¢,7) € B U Down(B), M, ; # N, if (¢,7) € 5. Therefore,
this associate relation is the same as that of the generalized wreath product of the
one-class association schemes with the base set IF over the poset D(«). So the result
follows. O

4.5 Concluding remarks

This chapter focuses on the Schubert cells of a Grassmannian. It would be an

interesting problem to find similar results on Schubert cells for other types of BN-

pairs.
The Terwilliger algebra, introduced by P. Terwilliger [24], of the wreath prod-
uct of one-class association schemes is discussed in several papers [1, 21, 29]. We

will consider the Terwilliger algebra of the generalized wreath product of one-class

association schemes in a future paper.

81



Acknowledgement

First and foremost, I gratefully acknowledge the continuous support, availability and
constructive suggestions of my advisor, Prof. Hajime Tanaka during my research. I
has helped to make everything I have accomplished possible.

[ would like to send my appreciation for Prof. Paul Terwilliger who gives insightful
comments and many helpful suggestions. The part of the results in this thesis
was carried out when I visited him in Department of Mathematics at University of
Wisconsin-Madison, USA, supported by the Data Sciences Skill-Up Program from
Graduate School of Information Sciences, Tohoku University.

Further, I would like to thank Prof. Motohiro Ishii for valuable comments and
for drawing my attention to the theory of Schubert cells. I would also like to thank
members of the Tanaka lab: Dr. Jae-ho Lee and Dr. John Vincent S. Morales for
sharing their knowledge and their moments together. I wish to thank Prof. Ak-
ihiro Munemasa, Prof. Masaaki Harada and Prof. Hiroki Shimakura for valuable
comments and for their careful reading of my manuscript.

Finally, I want to express my gratitude to the staff of our division, Ms. Sumie
Narasaka and Ms. Chisato Karino, for their unfailing support. I am grateful to all

the members in our division.

82



Bibliography

[10]

[11]

Rosemary A. Bailey. Generalized wreath products of association schemes. Fu-
ropean Journal of Combinatorics, 27(3):428-435, 2006.

Eiichi Bannai and Tatsuro Ito. Algebraic combinatorics. I: Association schemes.
The Benjamin/Cummings Publishing Co., Inc., Menlo Park, CA, 1984.

Gargi Bhattacharyya. Terwilliger algebras of wreath products of association
schemes. PhD thesis, lowa State University, 2008.

Gargi Bhattacharyya, Sung Y. Song, and Rie Tanaka. Terwilliger algebras of
wreath products of one-class association schemes. Journal of Algebraic Combi-
natorics, 31(3):455-466, 2010.

Andries E. Brouwer, Arjeh M. Cohen, and Arnold Neumaier. Distance-regular

graphs, volume 18. Springer-Verlag, Berlin, 1989.

Vyjayanthi Chari and Andrew Pressley. Quantum affine algebras. Communi-
cations in mathematical physics, 142(2):261-283, 1991.

Charles W. Curtis and Irving Reiner. Representation theory of finite groups
and associative algebras. Pure and Applied Mathematics, Vol. XI. Interscience
Publishers, a division of John Wiley & Sons, New York-London, 1962.

Philippe Delsarte. Association schemes and t-designs in regular semilattices.

Journal of Combinatorial Theory, Series A, 20(2):230-243, 1976.

Philippe Delsarte. Bilinear forms over a finite field, with applications to coding
theory. Journal of Combinatorial Theory, Series A, 25(3):226-241, 1978.

Charles F. Dunkl. An addition theorem for some ¢g-hahn polynomials. Monat-
shefte fiir Mathematik, 85(1):5-37, 1978.

Akihide Hanaki and Kaoru Hirotsuka. Irreducible representations of wreath
products of association schemes. Journal of Algebraic Combinatorics, 18(1):47—

52, 2003.

83



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[21]

[22]

[23]

Leslie Hogben. Handbook of linear algebra. Discrete Mathematics and its Ap-
plications (Boca Raton). CRC Press, Boca Raton, FL, 2 edition, 2014.

Christian Kassel. Quantum groups, volume 155 of Graduate Texts in Mathe-

matics. Springer-Verlag, New York, 1995.

Kijung Kim. Terwilliger algebras of wreath products by quasi-thin schemes.
Linear Algebra and its Applications, 437(11):2773-2780, 2012.

Venkatramani Lakshmibai and Justin Brown. Flag varieties: An interplay of
geometry, combinatorics, and representation theory, volume 53 of Texts and
Readings in Mathematics. Hindustan Book Agency, New Delhi, 2009.

William J. Martin and Hajime Tanaka. Commutative association schemes.
European Journal of Combinatorics, 30(6):1497-1525, 20009.

Sung Y. Song, Bangteng Xu, and Shenglin Zhou. Combinatorial extensions
of terwilliger algebras and wreath products of association schemes. Discrete
Mathematics, 340(5):892-905, 2017.

Richard P. Stanley. Enumerative combinatorics. Volume 1, volume 49 of Cam-
bridge Studies in Advanced Mathematics. Cambridge University Press, Cam-
bridge, 2 edition, 2012.

Hiroshi Suzuki. The terwilliger algebra associated with a set of vertices in a

distance-regular graph. Journal of Algebraic Combinatorics, 22(1):5-38, 2005.

Hajime Tanaka, Rie Tanaka, and Yuta Watanabe. The terwilliger algebra of
a (-polynomial distance-regular graph with respect to a set of vertices. in

preparation.

Rie Tanaka. Classification of commutative association schemes with almost
commutative terwilliger algebras. Journal of Algebraic Combinatorics, 33(1):1-
10, 2011.

Rie Tanaka and Paul-Hermann Zieschang. On a class of wreath products of
hypergroups and association schemes. Journal of Algebraic Combinatorics,
37(4):601-619, 2013.

Paul Terwilliger. The incidence algebra of a uniform poset. In Coding theory
and design theory, Part I, volume 20 of IMA Vol. Math. Appl., pages 193-212.
Springer, New York, 1990.

84



[24]

[25]

[26]

[27]

28]

[29]

[30]

Paul Terwilliger. The subconstituent algebra of an association scheme. i. Jour-
nal of Algebraic Combinatorics, 1(4):363-388, 1992.

Paul Terwilliger. Introduction to leonard pairs. Journal of Computational and
Applied Mathematics, 153(1):463-475, 2003.

Yuta Watanabe. An algebra associated with a flag in a subspace lattice over a
finite field and the quantum affine algebra u, (sly). arXiv:1709.06329 [math.CO],
2017.

Yuta Watanabe. An algebra associated with a subspace lattice over a finite
field and its relation to the quantum affine algebra uq(sAlg). Journal of Algebra,
489:475-505, 2017.

Yuta Watanabe. Association schemes on the schubert cells of a grassmannian.
arXiv:1711.06462 [math.CO], 2017.

Bangteng Xu. Characterizations of wreath products of one-class association
schemes. Journal of Combinatorial Theory, Series A, 118(7):1907-1914, 2011.

Paul-Hermann Zieschang. Theory of association schemes. Springer Monographs

in Mathematics. Springer-Verlag, Berlin, 2005.

85



	Introduction
	An algebra associated with a subspace lattice over a finite field and its relation to the quantum affine algebra Uq(sl"0362sl2)
	Preliminaries
	The quantum algebra Uq(sl2)
	The incidence algebra I of the Z-grading of P
	The decomposition Pi,j
	The algebra K
	The algebra Hs
	The irreducible Hs-modules
	The center of the algebra Hs
	The quantum affine algebra Uq(sl"0362sl2)
	Hs and Uq1/2(sl"0362sl2)

	An algebra associated with a flag in a subspace lattice over a finite field and the quantum affine algebra Uq(sl"0362sl2)
	A subspace lattice and its hyper-cubic structure
	Ferrers boards
	The matrix representation of P
	The number of matrices with given parameter
	The algebra Hf
	The structure of the algebra Hf
	The Lm- and Rm-actions on V
	The LmRm- and RmLm-actions on V
	The scalar (m,,)
	The Hf-modules
	The quantum affine algebra Uq(sl"0362sl2)
	The algebra Hf and the quantum affine algebra Uq1/2(sl"0362sl2)

	Association schemes on the Schubert cells of a Grassmannian
	Preliminaries
	Subspace lattices
	The B-action on Pn(F)
	The association scheme on each Schubert cell
	Concluding remarks

	Acknowledgement

