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Abstract

A stacked-screen regenerator, made of a pile of metallic mesh screens and having numerous tor-
tuous flow channels, was experimentally investigated bymeasuring acoustic fields and acoustically-
driven heat powers when acoustic gas oscillations were excited in the regenerator. This thesis
accomplished a method to model the regenerator with a bundle of regular cylindrical tubes with
an effective radius—𝑟, which was characterized by two dimensionless parameters intrinsic to
oscillatory gas flows. The knowledge of 𝑟 applicable to various oscillating flow conditions can
be used for improving a thermoacoustic engine design.

The thermoacoustic engine is a novel heat engine producing large acoustic powers from
supplied heat. The thermodynamic cycles responsible for the energy conversions are executed
by acoustic gas oscillations in a regenerator, being a porous media with tiny flow channels,
through isothermal expansion and compression. The thermoacoustic engine is potentially an
alternative device of conventional mechanical heat engines because a use of acoustic waves in
place of mechanical moving parts can avoid problems such as friction, piston sealing, complexity
and so on. Also, the thermoacoustic engine is an external combustion engine without using any
environmentally harmful working gases. This engine should serve as a durable and sustainable
solution with a low manufacturing cost.

In order to achieve a high thermal efficiency comparable to mechanical heat engines, the
stacked-screen regenerator is indispensable to the thermoacoustic engine because it achieves an
excellent thermal contact with the working gas due to high surface-area-to-volume ratio. A full
theoretical formulation of the stacked-screen regenerator, however, is generally difficult because
of its tortuous pore structure. Therefore, the stacked-screen regenerator still remains an obstacle
for a precise estimation of the engine performance.

In a regenerator with regular flow channels, thermal interactions between the gas and the
channel walls are theoretically understood by the thermoacoustic theory derived from linearized
equations of the hydrodynamics. Under the framework of the thermoacoustic theory, the present
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study aims to characterize the stacked-screen regenerator with a bundle of regular cylindrical
tubes, in order to improve the numerical simulation codes for practical engine design. Systematic
investigations are outlined as follows.

Chapter 1 introduces the background of the present study. At the beginning, the thermoa-
coustic theory was devoted to understand the early observations of thermoacoustic self-sustained
oscillations, and later it was recognized as the basis of the development of thermoacoustic en-
gines. It also serves as a starting point of the current research. For the stacked-screen regenerator,
a comprehensive literature review is given from two perspectives of mechanical Stirling engine
and acoustical studies. On the basis of the current understanding the thermoacoustic engines
and the regenerator, objectives of this study are stated.

In Chapter 2, by testing stacked-screen regenerators in either pressurized helium or argon
gases at 0.45 MPa with ambient temperature, the oscillatory flow resistance is experimentally
obtained from measured acoustic power decreases across the regenerator. The results are com-
pared with three empirical equations frequently used in the Stirling and thermoacoustic engines.
An empirical equation of the flow resistance proposed byObayashi et al., parameterized with two
non-dimensional parameters of 𝑅𝑒 and 𝑟/𝛿𝜈, presents the better agreements with experimental
results than the others that are given by using merely one of them, where 𝑅𝑒 represents the
Reynolds number based on the velocity amplitude of the oscillation, and 𝛿𝜈 signifies the viscous
penetration depth relating to the oscillation angular frequency 𝜔. In the empirical equation, 𝑟
= (√𝑑𝑑/2, where 𝑑 and 𝑑 respectively denote the hydraulic diameter and wire diameter of
the mesh screen), is an effective radius of Ueda et al., which models tortuous flow channels of
the stacked-screen regenerator as a bundle of cylindrical tubes when the velocity amplitudes are
extremely small.

In Chapter 3, the capillary-tube-based modeling for the stacked-screen regenerator has been
further applied to derive a velocity-dependent effective radius 𝑟 from the flow resistance em-
pirical equation of Obayashi et al. Under the framework of the thermoacoustic theory, the ex-
perimental effective radius 𝑟,. is numerically obtained from the measured acoustic pressure
and axial acoustic particle velocity at both ends of differentially heated regenerators, in either
pressurized helium or argon gases at 0.45MPa. Agreements between 𝑟 and 𝑟,. verify that
the proposed effective radius 𝑟 based on uniform temperature experiments is capable of char-
acterizing thermoacoustic power productions induced by the stacked-screen regenerator with
temperature gradients.

In Chapter 4, the acoustically driven heat flow transmitted through the regenerator in the
oscillatory flow of the argon gas having the mean pressure of 0.45 MPa has been measured and
compared with four different empirical equations used in the thermoacoustic and Stirling engine
designs. Four empirical formulations reproduce the measured heat flow rates to a similar degree.
Among them, the effective radius of Ueda et al. is found to give the simplest formulation and the
best accuracy. In addition, acoustic fields at both ends of the regenerator for transmitting the heat
flow are measured to numerically calculate the experimental effective radius and compared with
𝑟 again. Results suggest that two effective pore radii 𝑟 and 𝑟 are necessary to account for
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the acoustic power change and the heat power flowing through the stacked-screen regenerator,
respectively.

In Chapter 5, two types of the thermoacoustic engines have been built by installing the
stacked-screen regenerator in the straight tube and looped tube. The spontaneous oscillations in
the two engines are reported including the start-up temperature ratio and the growth of saturation
oscillations. Also, based on the transfer matrix characterized by the thermoacoustic theory, a
numerical calculation method using the imaginary frequency has been proposed for evaluating
performances of the whole thermoacoustic engine system. The imaginary frequency indicates
an attenuation/growth rate of the instantaneous amplitude of oscillations. The proposed calcu-
lation method is able to predict the start-up temperature ratio by using 𝑟, and also to estimate
the evolutions of steady oscillations and the thermal efficiency using 𝑟 and 𝑟. Calculation
results are verified by two experimental cases of stacked-screen regenerators of #50 and #40
mesh numbers in the straight-tube thermoacoustic engine filled with pressurized nitrogen gas at
0.6 MPa.

In Chapter 6, each of sub-studies in this thesis is individually summarized and it is concluded
that the stacked-screen regenerator is phenomenologically characterized by two effective radii
𝑟 and 𝑟 respectively for capturing the acoustic powers and heat powers transmitted through the
regenerator. The author is convinced that the conventional evaluation methods of the thermoa-
coustic engine utilizing the stacked-screen regenerator are improved by using these two effective
radii. Also, an outlook for improving the current study is given.
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Chapter 1

Introduction

1.1 Thermoacoustic oscillations and thermoacoustic heat en-
gines

1.1.1 History of thermoacoustic oscillations

The earliest observation of thermoacoustic oscillations, being thermally induced acoustic os-
cillations of a gas column, probably was made in the Far East, the ancient Japan on the 16th
century. The « Ugetsu Monokatari » (雨月物語, Tales of moonlight and rain), published in
1776 [1], for the first time, describes the thermoacoustic oscillations by an instrument called
“kibitsunokama” (吉備津の釜, Kettle of Kibitsu) for divining the future. The kettle of Kibitsu
is illustrated in Figure 1.1 (a), which consists of a long iron bowl partially filled with water and a
mesh screen basket loaded with rice grains. When the bowl is put on a fire, the downside of the
mesh screen basket is heated by water vapor which passes through narrow flow channels shaped
by rice grains. If an ox-bellowing sound is emitted from the kettle of Kibitsu, it means a good
omen and that man’s wish will come true. In the West of the 19th century, glassblowers occa-
sionally found a phenomenon that a glass vessel radiated pure tones when a cold glass tube was
blown on a small hot glass bulb, i.e, a temperature gradient was imposed on the flow channel.
This phenomenon was first described in Europe by the German physicist Karl Sondhauss in 1850
[2]. The tube with a heating bulb which generates sound was thus named as the Sondhauss tube,
as Figure 1.1 (b). A similar structure of “Rijke tube” [3], an open-end tube having a metallic
wire screen inside of it as Figure 1.1 (c), was also discovered in the same period of 1859 by a
Dutch physicist Pieter Rijke. By heating the wire screen by flame and removing it from the tube,
the Rijke tube spontaneously generates sound waves until the wire mesh cooled down.

The first qualitative description of the thermoacoustic oscillationswas given by LordRayleigh
and noted in his famous textbook« The theory of sound» published in 1887 [4]. It is now known
as the Rayleigh criterion:
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Figure 1.1: Examples of thermoacoustic oscillation systems.

“ If heat be given to the air at the moment of greatest condensation or taken

from it at the moment of greatest rarefaction, the vibration is encouraged.”
— Lord Rayleigh

Although Lord Rayleigh essentially pointed out the importance of the phasing between pressure
oscillation and unsteady heat release for realizing the thermoacoustic oscillations, a satisfactory
theoretical explanation was not given until 1960 by the efforts of Nikolaus Rott [5–10]. He
assumed a small-amplitude longitudinal oscillations of a gas column with a long wavelength,
and applied linearized basic equations of hydrodynamics to a gas confined in a tube with a
step-function like temperature distribution, in order to study Taconis oscillation occurring in a
tube inserted in a liquid Helium vessel [11]. His linear stability analysis predicted the critical
temperature ratio between the hot and cold parts of the tube, which was verified by a systematic
experiments. This result confirms the validity of Rott’s assumptions to describe thermoacoustic
oscillations.
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1.1 Thermoacoustic oscillations and thermoacoustic heat engines

1.1.2 Theoretical studies on thermoacoustic oscillations

After the Rott’s successful explanations on the basic mechanism of thermoacoustic oscillations,
the thermoacoustic theory was individually proposed by Swift [12] and Tominaga [13, 14] by
highlighting thermodynamic aspects of the Rott’s theory. Rott assumed a long wavelength much
larger than thermal and viscous penetration depths, ideal gas, steady-state sinusoidal oscillations
with a single angular frequency 𝜔, and a small oscillation amplitude for neglecting the higher
order terms. All the acoustic variables are expressed as a sum of the temporal mean value and
the fluctuating part. Also, a complex amplitude was used. So, for example, the pressure P (𝑥, 𝑡)
is written as P = 𝑃+Re𝑃 (𝑥) ⋅ exp (𝑖𝜔𝑡) , where 𝑃 denotes the time-averaged pressure, and
the complex amplitude 𝑃 stands for the pressure amplitude by its magnitude |𝑃 (𝑥)| and the initial
phase by its argument arg [𝑃 (𝑥)]. With these assumptions, the thermoacoustic theory describes
the momentum equation and the general equation of heat transfer for the fluid oscillating along
a central axis of a regular flow channel as

𝑈 = 𝑖
𝜔𝜌

𝑑𝑃
𝑑𝑥 (1 − 𝜒𝜈) , (1.1)

𝑇 = 1
𝜌𝑐

(1 − 𝜒𝛼) 𝑃 −
1
𝑖𝜔
𝑑𝑇
𝑑𝑥

(1 − 𝜒𝛼) − 𝜎 (1 − 𝜒𝜈)
(1 − 𝜒𝜈) (1 − 𝜎)

𝑈 , (1.2)

where 𝑈 and 𝑇 , 𝜌 and 𝑇, and 𝑐 and 𝜎 respectively stand for radial-averaged oscillation
complex amplitudes of velocity and temperature, the time-averaged density and temperature
of the working gas, and the isobaric heat capacity per unit mass and Prandtl number. In the
equations above, 𝜒♯ (♯ = 𝛼 or 𝜈 ) are called thermoacoustic functions and described using the
dimensionless parameters

𝑟
𝛿♯
, (1.3)

where 𝑟 is a tube radius, and 𝛿𝛼 and 𝛿𝜈 are respectively the thermal penetration depth and viscous
penetration depth (𝛿𝛼 = √2𝛼/𝜔 and 𝛿𝜈 = √2𝜈/𝜔, where 𝛼 is the thermal diffusivity, and 𝜈 is
the kinematic viscosity). The thermoacoustic function 𝜒♯ is shown in Figure 1.2 as a function
of 𝑟/𝛿♯. The explicit functional form of 𝜒♯ for a cylindrical tube with radius 𝑟 is expressed as

𝜒♯ =
2𝐽 (𝑖 − 1)

𝑟
𝛿♯


(𝑖 − 1) 𝑟𝛿♯
𝐽 (𝑖 − 1)

𝑟
𝛿♯

, (1.4)

where 𝐽 is the zero-th order Bessel function of the first kind, and 𝐽 is the first order Bessel
function of the first kind. Equation (1.2) is substituted in the linearized continuity equation

𝑖𝜔𝜌 
𝑃
𝑃

− 𝑇
𝑇

 +
𝑑
𝑑𝑥 𝜌𝑈 = 0 (1.5)
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Figure 1.2: Thermoacoustic function versus 𝑟/𝛿♯.

to derive the thermoacoustic continuity equation shown below

𝑑𝑈
𝑑𝑥 = −𝑖𝜔

1 + (𝛾 − 1) 𝜒𝛼
𝛾𝑃

𝑃 + 𝜒𝛼 − 𝜒𝜈
(1 − 𝜒𝜈) (1 − 𝜎)

1
𝑇

𝑑𝑇
𝑑𝑥 𝑈 , (1.6)

where 𝛾 is the ratio of isobaric to isochonic specific heats. Equations (1.1) and (1.6) constitute
coupled differential equations of complex amplitudes 𝑃 and 𝑈 with respect to 𝑥, which can be
solved once the boundary conditions are given. By using 𝑃 and 𝑈 , other acoustic variables like
𝑇 can be also determined from Equation (1.2) and thermodynamic relations.

Swift and Tominaga used Equations (1.1) and (1.6) to discuss the mutual energy conversion
between the work flow (the acoustic power)𝑊 and the heat flow (the heat power)𝑄. The mutual
energy conversion is the central physical concept of the thermoacoustic theory. The work flow
𝑊 is expressed as

𝑊 = 1
2𝐴Re 𝑃

𝑈  , (1.7)

and the heat flow 𝑄 is expressed as

𝑄 = 1
2𝜌𝑇Re 𝑠U 𝑑𝐴, (1.8)

where 𝑠 and U are respectively complex amplitudes of the entropy and velocity oscillations, 𝐴
signifies the cross-sectional area of the flow channel, and the tilde ⋯ denotes the operation of
the complex conjugate. Also, the surface integration ∫⋯𝑑𝐴 is done over the cross-sectional
area of the flow channel. In Equation (1.8), it should be noticed that 𝑠 andU are functions of 𝑟 and
𝑥 with 𝑠 = 𝑠(𝑟, 𝑥) and U = U(𝑟, 𝑥), and their cross-sectional-averaged values are expressed with
⟨𝑠(𝑟, 𝑥)⟩ = ⟨𝑠⟩ (𝑥) and ⟨U(𝑟, 𝑥)⟩ = 𝑈(𝑥), where ⟨⋯⟩ means taking the cross-sectional average.

4



1.1 Thermoacoustic oscillations and thermoacoustic heat engines

As can be seen from Equations (1.7) and (1.8), both𝑊 and𝑄 are energy flows in axial direction
and maintained by oscillatory motion of the gas. The sum of𝑊 and𝑄 is the oscillation-induced
enthalpy flow 𝐻 (= 1

2𝑐𝜌
∫Re TU 𝑑𝐴 for an ideal gas, where T = T (𝑟, 𝑥) is the complex

temperature amplitude) [14].

The energy conservation law is expressed as ∇(𝑊 + 𝑄) = 0, which assures the mutual
conversion between 𝑊 and 𝑄. The integral form of the energy conservation law is expressed
as:

Δ𝑊 = 𝑄 − 𝑄, (1.9)

where Δ denotes the axial difference and subscripts of in and out respectively signify a certain
physical quantity entering and going out of the engine. When the energy conversion from 𝑄
to𝑊 takes place, a positive Δ𝑊 is obtained. Therefore, Δ𝑊 can be seen as the output power
resulting from the thermoacoustic energy conversion. In other words, thermoacoustic engines
are the heat engines that generates acoustic output power Δ𝑊 instead of mechanical power in
conventional heat engines. The energy flows𝑊 and 𝑄 serve as a link between acoustic waves
discussed in hydrodynamics and heat engines in thermodynamics.

The thermoacoustic theory has presented that the thermal interaction between the gas and the
channel walls is essential to the thermoacoustic energy conversion between𝑊 and𝑄. For air at
ambient temperature and pressure, 𝛿𝛼 is about 0.2 mmwhen the oscillation frequency is 100 Hz.
So in the flow channels with 10 mm radius, more than 99 % of the gas adiabatically oscillates,
because the gas very close to the wall within the distance of 𝛿𝛼 undergoes the thermal contacts
with the wall. In order to enhance the thermal interaction between the gas and the wall, porous
materials called a stack or a regenerator is used in thermoacoustic engines. The stack possesses
the flow channels of the size 𝑟 /𝛿𝛼 ≈ 1. The heat exchange process between the gas and the
channel wall takes place but with the time delay because of the imperfect thermal contact. The
regenerator is characterized by the condition 𝑟 /𝛿𝛼 ≪ 1. The isothermal heat exchange process
is achieved, so the gas oscillates in the channel equilibrating with the wall.

Figures 1.3 and 1.4 illustrate the axial distribution of energy flows in a flow channel with a
positive temperature gradient. In both cases,𝑄 decreases as it flows down, while𝑊 increases its
flow rate. As already explained, the positive Δ𝑊 represents the output power. In Figure 1.3,𝑊
is amplified as it goes up the temperature gradient imposed on the regenerator. When this type
of energy flow pattern is achieved, the engine is called a traveling wave engine. In Figure 1.4,𝑊
is emitted from the stack and flows out of both sides. The engines showing this type of energy
flow pattern is called a standing wave engine. In the next section, a brief explanation of both
types of thermoacoustic engines is given in terms of 𝑟 /𝛿𝛼.
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Figure 1.3: Energy flow distributions in the traveling wave engine.

1.1.3 Types of thermoacoustic engines

The standing wave engine, developed by a research group of Los Alamos National Laboratory
[15, 16], pioneered the modern thermoacoustic technology. An example of the standing wave
engine is shown in Figure 1.6. The acoustic standing wave occurs owing to interference between
forward and backward traveling waves reflecting at ends. The Sondhauss tube and the Rijke tube
fall into this category. In contrast to those thermoacoustic systems in the early days, a porous
media named as “stack” having numerous regular small cylindrical flow channels is installed
in the cylindrical tube for enhancing the thermoacoustic conversion. A ceramic honeycomb
catalyst shown in Figure 1.5 is often used as the stack. The dimensionless parameter 𝑟 /𝛿𝛼 is
approximately unity in the stack. Thus the thermal contact between the gas and the stack wall is
rather irreversible. The thermoacoustic energy conversion is achieved by gas parcels having the
standing wave phasing meaning that the pressure and velocity oscillate out of phase by 90∘, as
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Work flow stack

(a)

(b)
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Work flow

Figure 1.4: Energy flow distributions in the standing wave engine.

in a standing acoustic wave in a lossless resonator. With this phasing, the gas parcel can satisfy
the Rayleigh criterion when 𝑟 /𝛿𝛼 ≈ 1. Thus the thermal efficiency of the standing wave engine
is not so high because an intrinsically irreversible thermal contact in the stack.

The standing wave thermoacoustic engine was used to build “a beer cooler” reported in
Reference 16, which is illustrated in Figure 1.7. The beer cooler consists of a 37-cm-long tube
closed at the top and open to a large spherical bulb at the bottom, and is filled with 0.3 MPa
helium gas. A pair of stack of plates are placed with heat exchangers. One of the stack on the
top functions as a prime mover producing acoustic power from heat. When the temperature
of the hot heat exchanger goes beyond the onset temperature, the helium gas starts to oscillate
spontaneously at about 580 Hz and produces intense oscillations with a pressure antinode at
the closed top and a velocity antinode at the tube-bulb junction. Another stack placed below
the prime-mover stack functions as a heat pump driven by the acoustic power emitted from the
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Figure 1.5: Ceramic honeycomb catalysts, made of regular square pores.

Figure 1.6: The standing wave thermoacoustic engine (reproduced from Reference 16).

prime-mover stack. When the hot heat-exchanger temperature is high enough, oscillating gas of
the heat pump stack cools the cold heat exchanger to below 0∘ C. Therefore, the whole system
operates as a refrigerator without any moving parts, energetically sourced by input heat power.

The idea of traveling wave thermoacoustic engine was first proposed by Peter Ceperly in
1979 [17], who recognized that the the Rayleigh criterion is satisfied without introducing the
imperfect thermal contact if the pressure and velocity oscillations are temporarily in phase. This
phasing is called a traveling wave phasing in accordance with the phase relation between pres-
sure and velocity in a freely traveling acoustic wave. The gas thermodynamic cycle consisting
of periodic expansion/compression and heating/cooling processes becomes identical to Stirling
thermodynamic cycle. Therefore, the traveling wave engine is often called a thermoacoustic Stir-
ling engine. Differently from the stack, 𝑟/𝛿𝛼 of the regenerator is much smaller than 1, which
enables an excellent thermal contact and reversible heat transfer processes during periodic mo-
tions of the gas parcel. Therefore, the thermal efficiency of the traveling wave engine essentially
achieves the Carnot efficiency.

8



1.1 Thermoacoustic oscillations and thermoacoustic heat engines

Figure 1.7: The standing wave thermoacoustic refrigerator applied as a beer cooler (reproduced
from Reference 16).

The traveling wave thermoacoustic engine was not developed until the first experimental
observation in 1998 [18], reported by Japanese physicist Taichi Yazaki and his colleagues. A
looped tube for sound wave feedback was used to realize the traveling wave phasing at the re-
generator in the engine of Yazaki et al., which is shown in Figure 1.8 (a). In their looped tube
engine, a large velocity amplitude induced significant viscous loss in the regenerator region. In
the next year of Yazaki’s report, a different configuration of the traveling wave engine achieving
higher thermal efficiencywas proposed byBackhaus and Swift of LosAlamos laboratory [19], as
shown in Figure 1.8 (b). The engine wasmade of a looped tube and a straight resonance tube, and
filled with pressurized helium gas at 3 MPa. Owing to this configuration, a high specific acous-
tic impedance ≈ 30𝜌𝑎 was achieved at the position of the regenerator, which suppressed the
velocity amplitude in the regenerator region. In a feely traveling wave, the acoustic impedance,
the ratio of pressure amplitude to velocity amplitude, is equal to the intrinsic acoustic impedance
of the gas, given by 𝜌𝑎, where 𝜌 is the mean density of the gas and 𝑎 is the sound speed. If a
traveling wave passes through tiny pores in the regenerators, the viscous losses would become
significant. As a result of the elevated acoustic impedance, their traveling wave engine achieved
a high thermal efficiency of 30 % comparable to commercial internal combustion engines.

Although the traveling wave engine designed by Backhaus and Swift have obtained a high
thermal efficiency, a high operating temperature of 725∘ C was far from commercial interest of
applications like a waste-heat utilization. Recent developments of the traveling wave engine was
intended for utilizing low temperature difference heat sources from solar vacuum tube collectors
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(a) Traveling wave engine, reported by Yazaki
et al., cited from Reference 18.

(b) Traveling wave engine, proposed by Back-
hauss and Swift, cited from Reference 19.

Figure 1.8: Traveling wave thermoacoustic engine

or waste heat in the range from 70 to 200∘ C [20–22]. de Blok has developed and tested a 4-stage
traveling wave engine, as illustrated in Figure 1.9 [21]. This engine is filled with helium gas at
a mean pressure of 750 kPa. All components per stage consisting of a regenerator and tubes
sections are identical. Use of multiple regenerators in a thermoacoustic system allows to reduce
the onset temperature of the engine [23, 24], while viscous losses due to velocity amplitude is
reduced by enlarged regenerator cross-sectional area in this engine. Furthermore, four identi-
cal regenerator units are placed on a mutual distance of 1/4 wavelength, which enables sound
reflections less. In this way, the traveling wave phase is kept in the location of the regenerator
for the energy conversion. This thermoacoustic system have been applied for converting indus-
trial waste heat into electricity in the framework of a Dutch SBIR program1, and operated as a
cooking device for developing countries which generates 50 W electricity beside hot water.

Unlike the mechanical Stirling-cycle engines, the thermoacoustic Stirling engine converts
heat power to acoustic power with using sound waves in place of mechanical pistons. Delivering
the output power by acoustic waves avoids problems caused by moving parts such as piston
sealing and friction losses from mechanical cranks and rockers. The thermoacoustic engine is
consequently admitted as a highly reliable and low cost engine. Furthermore, the thermoacoustic
engines are free fromFreon gases that can lead to environmental problems. Therefore, the further
development is highly anticipated for the thermoacosutic Stirling engines.

1The Small-Business Innovation Research (SBIR) programme is a Dutch government sub-
sidy for businesses proposing innovative solutions to social issues. The detail can be fined in:
http://startup.ondernemersplein.nl/growth-and-development/innovation-incentive-schemes/small-business-
innovation-research-sbir-programme/.
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1.2 Stacked-screen regenerator

Figure 1.9: The 4-stage traveling wave thermoacoustic engine proposed by de Blok, cited from
Reference 21.

1.2 Stacked-screen regenerator

1.2.1 Required flow properties

The regenerator, having numerous flow channels, is a key component for the thermoacoustic Stir-
ling engine to achieve a high thermal efficiency. A stacked-screen regenerator having tortuous
flow channels as Figure 1.10 (a) is mostly used in practical thermoacoustic Stirling engines, be-
cause the regenerator made of a pile of metallic woven mesh screens of Figure 1.10 (b) achieves
high surface-area-to-volume ratio and an excellent thermal contact. However, complex flow ge-
ometry of flow passages is an obstacle for theoretical understanding of regenerator’s fundamen-
tal characteristics. Therefore, a lot of efforts has been made to characterize the stacked-screen
regenerators, as described below.

1.2.2 Literature review

From Stirling engine studies

Mechanical Stirling engine researchers have long devoted efforts to characterize the stacked
screen regenerator. In early days (1957, 1964), the steady flow experimental investigations [25,

11
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(a) Tortuous flow channels constructed by
stacked mesh screens.

dw

(b) Metallic woven mesh screens.

Figure 1.10: Stacked mesh screens used in regenerators.

26] conducted by Tong, Kays, and London quantified viscous effects and heat transfer rates of
the regenerator with the friction factor 𝑓 and the Nusselt number 𝑁𝑢: The former is defined
as a non-dimensional pressure gradient derived from the phenomenological equation of Darcy-
Weisbach [27]. It is expressed as2 [27, 28]

𝑓 =
ΔP

𝑑
𝑙


𝜌𝑉



, (1.10)

where ΔP signifies pressure difference, 𝑉 denotes the representative velocity of the steady
flow, and 𝑑 and 𝑙 respectively stand for the representative transverse length of the flow channel
and length of the regenerator. The latter is defined as the ratio of convective to conductive heat
transfer rates across (normal to) the boundary between the fluid and solid with [28, 29]

𝑁𝑢 = ℎ𝑑
𝑘 , (1.11)

where ℎ and 𝑘 respectively signify the convective heat transfer coefficient of the flow and thermal
conductivity of the fluid. The steady flow data show that both empirical equations of 𝑓 and
𝑁𝑢 are governed by the Reynolds number 𝑅𝑒 = 𝑉𝑑/𝜈. Later, 𝑓 and 𝑁𝑢 of the stacked-screen
regenerators used in Stirling engines were evaluated in unidirectional steady flow also by Rice et
al. [30] andHamaguchi et al [31]. However, since the Stirling engines employ reciprocating flow,
those empirical equations derived from steady flow experiments would not be able to predict the
realistic performance of the regenerators in the Stirling engine.

The oscillatory flow based measurements were reported in 1990’s. Tanaka et al. (1990) [32]
experimented the stacked-screen regenerators of seven kinds of mesh numbers (#50 meshes
were tested in three different wire diameters) from #15 to #200 in oscillatory flow driven by
reciprocating pistons of maximum of 10 Hz with a fixed flow displacement. Similar to the early
studies, the Reynolds number was the only parameter to summarize their experimental friction

2 Here, the friction factor 𝑓 means the Moody (or Darcy) friction factor. Note that friction factor given by one-
fourth of 𝑓 is called “Fanning friction factor” [28], which is defined as the ratio between the local shear stress and
the local flow kinetic energy with density. Throughout this thesis, the Moody friction factor is used.
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1.2 Stacked-screen regenerator

factor and the Nusselt number, where they used the hydraulic diameter as the characteristic
length of the flow channel in the regenerator, and defined the Reynolds number in the oscillatory
flow by

𝑅𝑒 =
|𝑉|𝑑
𝜈 , (1.12)

where |𝑉| and 𝑑 respectively represent the amplitude of oscillation velocity of the oscillatory
flow in the region of the regenerator and the hydraulic diameter, and the subscript h of 𝑅𝑒
signifies that the Reynolds number is defined by the hydraulic diameter 𝑑. It should be noted
that the Reynolds number𝑅𝑒 in the oscillatory flow is independent of time in periodically steady
states. Based on their measurements, Tanaka et al. also suggested that the friction factor and the
heat transfer coefficient of the oscillatory flow may be higher than those of the unidirectional
flow.

Gedeon and Wood (1996) [33] measured pressure drop and heat transfer rate of stacked-
screen regenerators of threemesh numbers of #80, #100, #200 in oscillatory flowwith oscillation
frequency up to 120 Hz. In contrast to Tanaka’s suggestion, Gedeon and Wood found their
oscillation flow data hardly differed from the steady flow data obtained by Kays and London,
because of no significant frequency dependence in their experimental results. As a result, their
empirical equations of the friction factor and the Nusselt number were also only correlated to
the Reynolds number.

Issiki et al. (1997) [34] reported experimental results of the flow resistance and heat transfer
of stacked-screen regenerators of #20, #42 and #80 meshes tested in the oscillatory flow the
maximum frequency of 8.3 Hz. By comparing their data with published empirical equations,
they observed that their friction factor data were between the prediction from the steady flow
experiments of Hamaguchi et al. and that from the oscillatory flow experiments of Tanaka et
al. In addition, significant inconsistencies of non-dimensional heat transfer rates were observed
between their experiments and published empirical predictions obtained by steady flow data of
Rice and the oscillatory flow data of Tanaka.

Zhao and Cheng (1996) performed experiments for investigating oscillatory pressure drop
[35] (tested in mesh numbers of #100, #150 and #200 meshes with maximum 9 Hz) and heat
transfer characteristics [36] (tested in mesh number of #200 with maximum 9 Hz) of the stacked
screen regenerator. They noticed an importance of the angular frequency 𝜔 in the oscillatory
flow. For isolating respective effects of the oscillation frequency and the flow displacement,
they decomposed the Reynolds number 𝑅𝑒 into a product of a kinetic Reynolds number 𝑅𝑒𝜔(=
𝜔𝑑/𝜈) and a non-dimensional displacement 𝜉 (= 𝜉/𝑑, where 𝜉 is the oscillation displacement
amplitude) with 𝑅𝑒 = 𝜉𝑅𝑒𝜔/2 through |𝑉| = 𝜉𝜔/2.

Swift and Ward (1996) [37] proposed a set of equations of momentum, continuity, and en-
ergy with a simple harmonic analysis for thermoacoustic regenerator made of stacked mesh
screens. by assuming that the steady flow conditions were instantly achieved during the oscil-
lations, friction factor and Nusselt number correlations were respectively obtained from Kays
and London’s plots of the friction factor and heat transfer coefficient versus Reynolds number
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[26]. They obtained the equations of momentum and temperature from those two correlations.
The set of equations proposed by them is incorporated in the well-known thermoacoustic calcu-
lation program—Design Environment for Low-amplitude Thermoacoustic Energy Conversion
(DeltaEC) [38].

Empirical equations proposed for the mechanical Stirling engine are, no matter whether the
experiments are conducted in a steady flow or oscillation flow, generally expressed by using
the Reynolds number, although some of the researchers paid their attentions to the oscillation
frequency.

From acoustics studies on random porous media

A general derivation of viscous loss and thermal conductivity loss for sound propagation in
cylindrical tubes was first theoretically given by Kirchhoff in 1868 [39]. Zwikker and Kosten
simplified the Kirchhoff theory by separately treating the thermal and viscous effects in terms
of the complex density and compression modulus for the case of circular cross-sections in 1949
[40]. They extended the theory to tortuous flow channels, and discussed the experimental data of
porous media like a felt and wood fibers based on the theoretical results of cylindrical tubes. The
treatment of porous media by Zwikker and Kosten can be thought of as a “capillary-tube-based”
modeling, as it assumes tortuous flow channels by a bundle of cylindrical tubes. This type of
modeling has been widely employed to describe sound waves propagation in a random medium
[41–43]. The theory of Zwikker and Kosten, however, only considers the wave propagation in
a uniform temperature flow channel; thus the thermoacoustic power production was out of the
scope of the theory.

For investigating the acoustic waves in porous media, Wilen and Petculescu developed a
volume modulation technique (1998, 2001) [44, 45] and a lumped-element technique (2001)
[46] tomeasure the complex compressibility and density of sound transmission through isotropic
and anisotropic porous media, including stacked woven screens. Their measurement methods
provided a convenient way for the survey a wide range of thermal penetration depths relative to
the pore size.

Roh et al. (2007) [47] theoretically extended the thermoacoustic theory for random porous
media with the capillary-tube-based modeling. Under the framework of the sound theory of
Zwikker andKosten, they introduced the thermal and dynamic shape factors to the dimensionless
viscous wave number (also called as the shear wave number, being equivalent to 𝑟/𝛿𝜈) and the
thermal wave number (also called as the thermal disturbance number, equivalent to 𝑟/𝛿𝛼), and
also tortuosity of complex porous media, for making the theory applicable to complicated flow
channel. For porous media of reticulated vitreous carbon and aluminum foam, a good agreement
between their extended theory and the experimental data measured byWilen and Petculescu was
shown by carefully adjusting parameters of shape factors and tortuosity, in the case of uniform
temperature. In the next year, they also validated their theory on porous media with nonzero
temperature gradients, for the case of a cotton wool stack [48]. They measured specific acoustic
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impedances (= 𝑃/𝑈) at cold side of porous media in order to obtain the velocity gain which is
formulated in the second term of the right hand side of Equation (1.6).

Ueda et al. (2009) [49] used the transfer function technique [50] to experimentally estimate
the characteristic wavenumber and impedance of acoustic propagation in stacked-screen regen-
erators with uniform temperature and small oscillation amplitudes. Without using two charac-
teristic lengths or shape factors and tortuosity, they could explain the experimental results using
a single parameter in the capillary-tube-based modeling. In other words, they modeled the tor-
tuous flow channels as a bundle of cylindrical tubes, and proposed an effective radius 𝑟 that
reproduces the experimental data of the wavenumber and the characteristic impedance.

Obayashi et al. (2012) [51] have experimented the stacked-screen regenerator without the
axial temperature gradients, and measured the acoustic power difference between both ends of
the regenerator. Obayashi et al. have revealed that the acoustic power loss caused by the regen-
erator of the uniform temperature is proportional to cubic of the velocity amplitude. Based on
experimental results of the uniform temperature regenerator, Obayashi proposed a flow resis-
tance empirical equation parameterized by two non-dimensional quantities of Reynolds number
𝑅𝑒 and 𝑟/𝛿𝜈. Their equation includes both the Tanaka’s friction factor and Ueda’s effective
radius.

Guédra et al. (2015) [52] proposed an inverse method for estimating geometrical and ther-
mal parameters of thermoacoustic stacks and regenerators using random porous media. With
the capillary-tube-based modeling for complex pores of the regenerator, the inverse method is
based on the transfer matrix characterized by a simplified version of the extension theory of
Roh et al. without using shape factors. Because the transfer function technique used by Ueda
et al. deals with the symmetry of the two-by-two transfer matrix, the technique is only based
on the reciprocal nature of sound transmission through porous media with uniform temperature.
The inverse method enables numerical estimations of a differentially heated regenerator from
experimental data, which is capable of evaluating the porosity, an average inner radius of the
pores, the tortuosity and the heat exchange coefficient with the walls.

A comprehensive literature review of sound propagation in the regenerator indicates the
importance of the capillary-tube-based modeling. Also, it was found that systematic studies on
heat transfer by oscillatory flow were lacking from acoustical point of view. Thermal effects of
sound or oscillatory flow are problems that became to attract the attention only after the invention
of thermoacoustic engines.

1.3 Dimensional analysis

Comparing both approaches reviewed in the last section, blind spots of respective aspects are
apparent.
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• Researchers of the mechanical Stirling engines usually explain the flow properties of the
stacked-screen regenerator using the Reynolds number, by adopting the concept of a uni-
directional steady flow in oscillation flow studies below 10 Hertz.

• Acousticians who investigate the thermoacoustic regenerator analyze the acoustic wave
propagation in random pores with the capillary-tube-based modeling, by using the char-
acteristic pore size and viscous/thermal penetration depths of the small amplitude gas
oscillations.

We consider here dimensionless quantities that govern an oscillating pipe flow through a
dimensional analysis. Olson and Swift have reported a similitude study for the thermoacoustic
engine [53] in order to reveal the influence of different working gases through the specific heat
ratio and the Prandtl number. They have pointed out several dimensionless groups that are im-
portant in the thermoacoustic engine system. In this section, a dimensional analysis is given for
attaining key dimensionless parameters of a fluid element oscillating with angular frequency 𝜔
in a flow channel, following their study.

The continuity equation, Navier-Stokes equation, and the general equation of heat transfer
are expressed with an ideal gas assumption and ignoring the body force [29] as:

𝜕𝜌
𝜕𝑡 + ∇ ⋅ (𝜌v) = 0, (1.13)

𝜌 
𝜕v
𝜕𝑡 + (v ⋅ ∇)v = −∇P + 𝜇∇v, (1.14)

and

𝜌𝑐 
𝜕P

𝜕𝑡  − 
𝜕P

𝜕𝑡  + 𝜌𝑐 (v ⋅ ∇)T − (v ⋅ ∇)P = ∇ ⋅ (𝑘∇T ) + Φ, (1.15)

where 𝜌, 𝑡, T , and 𝜇 respectively denote the density of the gas, time, temperature, and dynamic
viscosity of the gas. In Cartesian coordinate system, x represents the position vector x = 𝑥𝑖i +
𝑥𝑗j+𝑥𝑘k and the velocity vector v is expressed as v = 𝑣𝑖i+𝑣𝑗j+𝑣𝑘k. The operator ∇ stands for
i 𝜕/𝜕𝑥𝑖+ j 𝜕/𝜕𝑥𝑗+k 𝜕/𝜕𝑥𝑘, and v ⋅∇ is interpreted as 𝑣𝑖 𝜕/𝜕𝑥𝑖+𝑣𝑗 𝜕/𝜕𝑥𝑗+𝑣𝑘 𝜕/𝜕𝑥𝑘.
Also, in Equation (1.15), the term Φ is the rate of work done by the stresses in distorting the
fluid, and this work is dissipated within the fluid as friction heat, which reads [29]

Φ = 𝜇2 
𝜕𝑣𝑖
𝜕𝑥𝑖



+ 2

⎛
⎜⎜⎜⎝
𝜕𝑣𝑗
𝜕𝑥𝑗

⎞
⎟⎟⎟⎠


+ 2 
𝜕𝑣𝑘
𝜕𝑥𝑘




+ 2
⎛
⎜⎜⎜⎝
𝜕𝑣𝑗
𝜕𝑥𝑘

+ 𝜕𝑣𝑘𝜕𝑥𝑗

⎞
⎟⎟⎟⎠


+ 2 
𝜕𝑣𝑘
𝜕𝑥𝑖

+ 𝜕𝑣𝑖
𝜕𝑥𝑘



− 23 (∇ ⋅ v)

 . (1.16)

These equations above can be non-dimensionalized in the following way.

A characteristic transverse length of the flow channel 𝑑 and a reference velocity amplitude of
the oscillating velocity𝑉 are introduced as the representative length and velocity. It is different
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from the Olson and Swift’s study who selected the total length of the thermoacoustic engine 𝐿
and the sound speed 𝑎 at the reference temperature 𝑇 for the whole thermoacoustic engine
system. Because the flow is assumed by a simple harmonic oscillation with 𝜔, a period 1/𝜔 is
utilized as a representative time. In view of the pipe flow, it is reasonable to consider a repre-
sentative temperature difference Θ between the fluid and the solid wall for the normalization of
the temperature T . When the mean pressure is given, intrinsic thermal properties of the gas are
characterized only by the reference temperature 𝑇; 𝜇, 𝑘 and 𝑐,  as a representative dynamic
viscosity, thermal conductivity, and isobaric specific heat are determined by 𝑇. Also, a repre-
sentative density 𝜌 are specified by the mean value of the pressure oscillation 𝑃 and 𝑇 with
the ideal gas law. In this way, dimensionless ratios are then introduced as follows:

𝑥∗ = x

𝑑 , 𝑡∗ = 𝑡𝜔,

𝑃∗ = P

𝜌𝑉

, v∗ = v

𝑉
, 𝑇∗ = T

Θ , 𝜌∗ = 𝜌
𝜌

, (1.17)

𝜇∗ = 𝜇
𝜇

, 𝑘∗ = 𝑘
𝑘
, 𝑐∗ =

𝑐
𝑐, 

,

where physical quantities with superscript ∗ denote a dimensionless form of the respective quan-
tities. Also, a dimensionless operator ∇∗ = ∇𝑑 is introduced. By substituting these dimension-
less ratios, equations of the continuity, momentum, and the general equation of heat transfer are
rewritten as

𝜕𝜌∗

𝜕𝑡∗ +
𝑉
𝑑𝜔∇

∗ ⋅ (𝜌∗v∗) = 0, (1.18)

𝜌∗ 
𝑑𝜔
𝑉

𝜕v∗
𝜕𝑡∗ + (v

∗ ⋅ ∇∗)v∗ = −∇∗𝑃∗ +
𝜇

𝜌𝑑𝑉
𝜇∗∇∗v∗, (1.19)

and

𝜌∗𝑐∗
𝜕𝑇∗
𝜕𝑡∗ −

𝑉


𝑐, Θ
𝜕𝑃∗
𝜕𝑡∗ +

𝑉
𝑑𝜔𝜌

∗𝑐∗ (v∗ ⋅ ∇∗) 𝑇∗ −
𝑉


𝑐, Θ
𝑉
𝑑𝜔 (v∗ ⋅ ∇∗) 𝑃∗

= 1
𝑑

𝑘
𝜌𝜔𝑐, 

∇∗ ⋅ (𝑘∗∇∗𝑇∗) + 𝑉


𝑐, Θ
1
𝑑

𝜇
𝜌𝜔

Φ ∗. (1.20)

The right hand side of Equation (1.20) includes 𝛿𝜈,  = √2𝜇/ 𝜌𝜔 and 𝛿𝛼,  = √2𝑘/ 𝜌𝜔𝑐, ,
which are frequently used in the thermoacoustic theory. Here, 𝑘/(𝜌𝑐, )means the thermal dif-
fusivity 𝛼, and 𝜇/𝜌 means the kinematic viscosity 𝜈. Therefore, non-dimensional parameters
are rewritten as 𝜇

𝜌𝜔
⁄ 𝑑 = (𝑑/𝛿𝜈, )− and

𝑘
𝜌𝜔𝑐, 

⁄ 𝑑 = (𝑑/𝛿𝛼, )−. The non-dimensional

ratio of 𝑉
 / 𝑐, Θ appearing in Equation (1.20) is known as Eckert number 𝐸𝑐, which means

kinetic energy of the flow relative to the boundary layer enthalpy difference between the solid
wall and fluid [29, 54], and it is negligibly small when a representative velocity is much smaller
than the adiabatic sound speed of gas 𝑎 [54]. The dimensionless ratio of𝑉/(𝑑𝜔) occurring in the
left-hand-side of Equations (1.18), (1.19), and (1.20) is seen as a dimensionless displacement,
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which can be rewritten as

𝑉
𝑑𝜔 = 1

2
2𝜇
𝜌𝜔

1
𝑑
𝜌𝑑𝑉
𝜇

= 1
2 𝑑/𝛿𝜈, 

𝑅𝑒. (1.21)

where 𝑅𝑒 = 𝜌𝑑𝑉/𝜇. Therefore, the non-dimensional governing equations for the oscillation
fluid element are now given as:

𝜕𝜌∗

𝜕𝑡∗ +
𝑅𝑒

2 𝑑/𝛿𝜈, 
∇

∗ ⋅ (𝜌∗v∗) = 0, (1.22)

𝜌∗
⎛
⎜⎜⎜⎜⎜⎜⎝
2 𝑑/𝛿𝜈, 



𝑅𝑒
𝜕v∗
𝜕𝑡∗ + (v

∗ ⋅ ∇∗)v∗
⎞
⎟⎟⎟⎟⎟⎟⎠ = −∇

∗𝑃∗ + 1
𝑅𝑒𝜇

∗∇∗v∗, (1.23)

and

𝜌∗𝑐∗
𝜕𝑇∗
𝜕𝑡∗ − 𝐸𝑐

𝜕𝑃∗
𝜕𝑡∗ +

𝑅𝑒
2 𝑑/𝛿𝜈, 

𝜌
∗𝑐∗ (v∗ ⋅ ∇∗) 𝑇∗ − 𝐸𝑐

𝑅𝑒
2 𝑑/𝛿𝜈, 

 (v
∗ ⋅ ∇∗) 𝑃∗

= 1
2 𝑑/𝛿𝛼, 

∇
∗ ⋅ (𝑘∗∇∗𝑇∗) + 𝐸𝑐

2 𝑑/𝛿𝜈, 
Φ

∗. (1.24)

It is found that 𝑅𝑒, 𝑑/𝛿𝜈, , and 𝑑/𝛿𝛼,  are the key parameters of the thermovicous fluid with
nonzero 𝛼 and 𝜈 and oscillating in the flow channel with finite velocity. As mentioned in the
literature review of Subsection 1.2.2, studies of complex porous media from acoustical point
of view only discuss non-dimensional parameters 𝑟/𝛿♯ (♯ = 𝛼 or 𝜈) [41–43, 48, 49, 52], while
Stirling engine studies insist to use 𝑅𝑒 [32–34, 37] by ignoring 𝑟/𝛿♯. Now the need of a more
general treatment is clear. For example, as for the pressure loss in the regenerator, at least two
parameters 𝑅𝑒, 𝑑/𝛿𝜈,  are necessary because the dimensionless equation of motion is expressed
using them.

1.4 Objectives of this study

Based upon the background, overall survey and dimensional analysis in previous sections, the
primary objective of present research is to improve the empirical knowledges of the stacked-
screen regenerator that are used in the thermoacoustic engines. For this purpose, following
sub-objectives have been implemented.

1. To investigate the acoustic power variations Δ𝑊 in the stacked-screen regenerator by
changing the oscillatory flow velocity and the oscillation frequency.

2. To investigate the heat power 𝑄 transmitted through the stacked-screen regenerator with
changing the oscillatory flow velocity and the oscillation frequency.
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3. To validate the empirical knowledges obtained from experiments of𝑊 and𝑄 by predict-
ing the thermoacoustic engine performance and comparing with measurements.

1.5 Thesis outline

The current research aims to experimentally study the stacked-screen regenerator for improve-
ment of the thermoacoustic engine design.

In Chapter 2, acoustic power dissipations across the regenerator are measured for inves-
tigating the flow resistance of the uniform temperature regenerator with varying the velocity
amplitude and the oscillation frequency. Experimentally obtained flow resistance is compared
with three empirical equations frequently used in the thermoacoustic and Stirling engine design.

Chapter 3 derives an effective radius 𝑟 from the flow resistance empirical equation, using
the capillary-tube-based modeling for tortuous flow channels of the stacked-screen regenerator.
The effective radius 𝑟 is further tested by measurements when the regenerator has temperature
gradients. The acoustic power difference Δ𝑊 across the stacked-screen regenerator with and
without temperature gradients is explained by the effective radius of 𝑟, under the framework
of the thermoacoustic theory.

In Chapter 4, the heat flow𝑄 transmitted through the stacked-screen regenerator is measured
and compared with four empirical equations. The results indicate that the simplest formulation
using the effective radius 𝑟 explains the measured heat flow 𝑄 to a similar degree to other
empirical equations parameterized by Reynolds number and Nusselt number.

Chapter 5 proposes a numerical calculation method using two effective radii 𝑟 and 𝑟 and
tests them through measurements of spontaneous gas oscillation induced in the thermoacous-
tic engine equipped with the stacked-screen regenerator. By doing so, the applicability of two
effective radii 𝑟 and 𝑟 is shown.

Chapter 6 concludes the individual chapters and provide an overlook of the current study,
and gives an outlook for the future improvement of this topic.
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Chapter 2

Flow resistance of the stacked-screen
regenerator

2.1 Introduction

When a gas column oscillates in a pipe, the energy dissipation unavoidably takes place due to
the pressure loss, and results in the decrease of the acoustic power

𝑊 = 1
2𝐴Re 𝑃

𝑈  , (2.1)

where 𝐴 is the cross sectional area of the pipe, 𝑃 and 𝑈 denote the complex amplitude of pres-
sure and cross-sectional averaged velocity, Re [⋯] means taking the real part, and 𝑈 stand
for the complex conjugate of 𝑈 . If 𝐴 is constant, the acoustic power change per unit length is
decomposed as

𝑑𝑊
𝑑𝑥 = 1

2𝐴Re 
𝑈 𝑑𝑃
𝑑𝑥  +

1
2𝐴Re 

𝑃 𝑑𝑈𝑑𝑥  . (2.2)

Substitution of 𝑑𝑃/𝑑𝑥 of the equation of motion in Equation (1.1) into the first term of the right-
hand side of Equation (2.2) gives after some algebraic manipulation

1
2𝐴Re 

𝑈 𝑑𝑃
𝑑𝑥  =

𝐴𝜔𝜌
2 Im 

1
1 − 𝜒𝜈

 |𝑈| = −
1
2𝑅𝜈(𝐴 |𝑈|)

, (2.3)

where
𝑅𝜈 = −

𝜔𝜌
𝐴 Im 

1
1 − 𝜒𝜈

 (2.4)

is called the flow resistance caused by the viscous interaction between the gas and the channel
walls, 𝜔 and 𝜌 are respectively the angular frequency and the time-averaged density of the
working gas, and 𝜒𝜈 is the thermoacoustic function of the viscous effect. In the equation, Im [⋯]
means taking the imaginary part. Therefore, the associated acoustic power decrease Δ𝑊 over
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length 𝑙 of the pipe is given by
Δ𝑊 = − 𝑙2𝑅𝜈(𝐴 |𝑈|)

. (2.5)

In the case of the staked screen regenerator, it is often difficult to directly measure the os-
cillation velocity, but we can readily derive it from the velocity outside of it. Considering the
continuity of the volume velocity at the interface between the regenerator and the pipe, the os-
cillation velocities𝑈 in the pipe region and 𝑉 in the regenerator region are related to each other
by 𝐴𝑈 = 𝐴𝜙𝑉 , where 𝜙 is the volume porosity of the regenerator. With this relationship, 𝑅 of
the regenerator is expressed per unit length as

𝑅 = − 2Δ𝑊
𝑙𝐴𝜙|𝑉|

, (2.6)

For tiny flow channels like in the stacked screen regenerator, the contribution from the second
term of Equation (2.2) is negligibly small, and therefore, the acoustic power loss originates from
the flow resistance 𝑅𝜈.

Because the functional form of 𝜒𝜈 is analytically obtainable for regular flow channels [12–
14], it is possible to accurately determine the acoustic power loss once the volume velocity 𝐴𝑈
is given. For the stacked screen regenerators, however, a full theoretical analysis is difficult
because of the complexity of the flow channels. So lots of efforts have been made to experi-
mental derivation of the empirical equation of 𝑅𝜈. Particularly because of the needs of the heat
exchanger and mechanical Stirling engine design [26], many experimental studies have been
conducted using the stacked-screen regenerators. In this chapter, representative empirical equa-
tions of 𝑅𝜈 are introduced, and the acoustic resistance 𝑅𝜈 of the stacked-screen regenerator is
experimentally investigated to verify them.

2.2 Empirical equations of viscous flow resistance

Swift and Ward have provided a flow resistance empirical equation as:

𝑅S =
𝜈𝜌

(𝑑/4)𝐴𝜙
 𝑐3𝜋𝑅𝑒 +

𝑐
8  , (2.7)

where 𝑅𝑒 is defined as 𝑅𝑒 = |𝑉|𝑑/𝜈 by using the oscillation amplitude of the velocity |𝑉| and
the hydraulic diameter 𝑑 of flow channels in the regenerator, and the kinematic viscosity 𝜈 of
the working gas. In this equation, 𝑐 = −2.82+10.7𝜙−8.6𝜙 and 𝑐 = 1268−3545𝜙+2544𝜙.
Equation (2.7) was deduced by assuming that the instantaneous pressure loss is represented
by the steady flow friction factor of Kays and London and by taking time average for a pe-
riod of harmonic oscillation flow. Although Equation (2.7) is incorporated into the well-known
thermoacoustic calculation program—Design Environment for Low-amplitude Thermoacoustic
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Energy Conversion (DeltaEC) [38], the applicability should be further confirmed in oscillatory
flow experiments.

For improvement of mechanical Striling engine design, Gedeon and Wood obtained the em-
pirical equation of the friction factor, which can be written in the form of flow resistance as

𝑅 =
𝜌 |𝑉|
2𝐴𝜙𝑙𝑑


129
𝑅𝑒

+ 2.91𝑅𝑒−. . (2.8)

Their friction factor was obtained from the experiments with rather fine mesh screens ( #80,
#100 and #200 meshes). In the case of coarse mesh screens suitable for thermoacoustic and
mechanical Stirling engine regenerators, the applicability has not yet been verified.

Recently, Obayashi et al. have given an flow resistance empirical equation of

𝑅O = 𝑅𝜈 +
0.8𝜌𝜈
𝐴𝜙𝑑

𝑅𝑒, (2.9)

where 𝑅𝜈 is determined by considering the volume porosity 𝜙 of the stacked-screen regenerator
and replacing 𝑟 of Equation (2.4) with the effective radius 𝑟 of Ueda et al. given as

𝑟 = √𝑑𝑑
2 , (2.10)

where 𝑑 is the wire diameter of the wire woven mesh screen. Equation (2.9) of Obayashi
et al. consists of the flow resistance 𝑅𝜈 obtained from the thermoacoustic theory of the small
oscillation amplitude assumption and the Reynolds-number-dependent term adopted from the
friction factor of Tanaka et al. Because Equation (2.9) was proposed from experiments with
air at atmospheric pressure as the working gas, it should be tested in pressurized gases of low
Prandtl number for practical thermoacoustic engine design.

2.3 Experimental setup

2.3.1 Configuration of loudspeaker for experiment

In the studies of Stirling engine or pulse tube cryocoolers, solid pistons linked with mechanical
cranks [32, 55] or Scotch yokes [35, 36] driven with an electric motor are usually used to gen-
erate the reciprocating flow in a cylindrical tube. Such mechanical drivers can operate only at a
rather low frequency range below 100 Hz, because of friction and vibration problems. Also, be-
cause the piston displacement is often mechanically fixed, the oscillation velocity changes only
in proportional to the oscillation frequency. Therefore, changing arbitralily the velocity ampli-
tude is difficult. In this study, the loudspeaker is employed to excite the oscillatory flow in place
of pistons, in order to attain the acoustic fields with frequencies up to audio frequency range.
However, commercially available loudspeakers are incapable of creating sufficiently large ve-
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locity when pressurized gases are used as the working gas, as they are designed to operate in air
at atmospheric pressure. Therefore, multiple loudspeakers shown in Figures 2.1 (a) and 2.1 (b)
are used to produce acoustic fields with large velocity amplitude.

Figure 2.1 (a) presents a loudspeaker pair in parallel configuration, whereas Figure 2.1 (b)
is in series. An analogous circuit diagram of series configurations is drawn in Figure 2.1 (c).
In the figure, 𝑃 is oscillation pressure produced by the electrodynamic force generating from
the moving-coil and the magnet of the loudspeaker, and 𝑈 is the resulting oscillation velocity
flowing in the resonance tube, 𝑍 and 𝑍 respectively represent impedances of the mechanical
system of the loudspeaker and the acoustical system which will be connected with other acoustic
components. In Figure 2.1 (c), two oscillation pressure sources are arranged in series, so the
pressures are added up, resulting in an enlarged oscillation velocity 𝑈 . This configuration is
particularly useful when the loudspeaker positions are close to the pressure maximum, where
the higher oscillating force is critically important. On the other hand, when the loudspeaker
position is close to the velocity maximum, the parallel configuration is adopted because the
larger volume velocity is more important than the large oscillation force.

Figure 2.2 shows the experimental configuration used in this study. It consists of a 40-mm
inner diameter cylindrical tube containing a 35-mm long regenerator holder in the middle, and
acoustic driver pairs (FW168N; Fostex Co., Tokyo, Japan) at the ends. The past acoustical ex-
perimental studies for investigating porous media used one acoustic driver at one end, while the
other end closed by a rigid plate [44–46, 49, 56]. In such a experimental setup, the length of the
cylindrical tube or the position of the regenerator in the tube are the only parameters to adjust the
acoustic fields. In the experimental configuration, various acoustic fields can be created through
the amplitude ratio and the temporal phase difference between the two loudspeaker pairs. The
experimental setup illustrated in Figure 2.2 enables convenient adjustments of the acoustic field
at the position of the regenerator holder, without changing the length of the tube. Figure 2.3
shows the photo of the experimental setup example, where totally eight loudspeakers were used.
When the stacked-screen regenerator with mesh number of #30 is tested in this experimental
configuration filled with pressurized helium at 0.45 MPa, the highest velocity amplitude attain-
able is about 6 m/s at location of the regenerator holder, while the highest frequency tested is
200 Hz. Both conditions are sufficiently high to discuss the velocity and frequency dependences
of oscillatory flow properties of the stacked screen regenerators.

2.3.2 Experimental procedure

In the experimental setup shown in Figure 2.2, the coordinate 𝑥 was set from left to right of
the tube. Either He or Ar gas fills the cylindrical tube, with a mean pressure of 0.45 MPa at
ambient temperature. 35-mm long randomly stacked woven wire mesh screens were installed
in the regenerator holder which was set in the area from 𝑥 =0.720 m to 𝑥 =0.755 m in the
tube. Also, a 35-mm long cylindrical ceramic honeycomb catalyst having square pores was
used as a reference of a regular flow channel regenerator. Table 2.1 presents parameters of the
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resonance tube 

loudspeakers

(a) loudspeakers in parallel configuration.
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(c) Impedance-type analogus circuit.

Figure 2.1: Loudspeaker configuration.

wire meshes and ceramic honeycomb used for this study. The mesh number of woven screens
means the number of openings per inch, while the cell number of ceramic honeycomb gives
the number of openings per square inch. The volume porosity 𝜙 of regenerator was defined
as a fraction of the void space volume over the total volume of the regenerator holder filled
with regenerator materials, which was determined from the measured weight and the density of
steel and ceramic. For regular flow channel regenerator of ceramic honeycomb, the hydraulic
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diameter 𝑑 was calculated as four times the cross sectional area divided by the perimeter. In
the case of stacked-screen regenerator, the hydraulic diameter is defined as 𝑑 = 𝜙𝑑/1 − 𝜙.

FFT 
analyzer

amp.	 amp.	 amp.	 amp.	

loudspeaker	

stacked-screen regenerator	

pressure  
transducer 	

power amp. 
2ch function 

generator power amp. 

40 mm inner diameter 
cylindrical tube	

0 0.055 m 0.645 m 0.72 m 0.815 m 1.415 m x

Figure 2.2: Schematic diagram of the experimental setup. (Figure adapted from Reference 57
and modified by author.)

Two pairs of pressure transducers (PD104; JTEKT Corp., Osaka, Japan) were mounted on
the cylindrical tube sidewalls for acoustic field measurements. The acoustic pressure amplitude
and phase at the transducer positions were determined using a 24-bit fast Fourier transform
analyzer (DS-3100; Ono Sokki Co. Ltd., Yokohama, Japan). By using the two-sensor method
[58, 59], the acoustic pressure 𝑝(𝑥, 𝑡) = Re𝑃(𝑥) exp(𝑖𝜔𝑡) and the radial average of the axial

acoustic particle velocity 𝑢(𝑥, 𝑡) = Re𝑈(𝑥) exp(𝑖𝜔𝑡) in the regions of 𝑥 ≤ 𝑥 and 𝑥 ≥ 𝑥
were experimentally determined, where ♮ = 1 and 2 respectively denote the inlet-side and the
outlet-side of regenerator at 𝑥 = 0.720 m, and at 𝑥 =0.755 m.

In order to test the regenerator in the traveling-wave field, the specific acoustic impedance
𝑍(𝑥) = 𝑃(𝑥)/𝑈(𝑥) in the region with 𝑥 ≥ 𝑥 was tuned to become equal to the characteristic
specific acoustic impedance 𝜌𝑎 of the working gas, where 𝑎 is the adiabatic sound speed of the
gas. An example of the experimental acoustic field was shown in Figure 2.4.
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regenerator 
 holder

Speaker 
 pair

Speaker 
 pair

Figure 2.3: Photo of experimental configuration, which shows one end of the 40-mm-inner-
diameter cylindrical tube and the regenerator holder. Two series speaker pairs arranged in op-
posite are harnessed in the one end of the cylindrical tube, where total eight loudspeakers were
used in this experimental setup.
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Figure 2.4: Measured acoustic field with #100 mesh, |𝑉| = 0.45m/s, 44 Hz, and argon gas. The
black and blue curves in (a) represent the pressure amplitude |𝑃| and the amplitude |𝑈| of the
cross-sectional averaged velocity, respectively. The black and blue curves in (b) represent the
magnitude of acoustic impedance |𝑍| and its phase arg [𝑍], respectively. Also, black lines shown
in (c) represent acoustic power distributions in the upstream and downstream of the regenerator,
and the acoustic power difference Δ𝑊 between the both ends of the regenerator is determined
with Δ𝑊 = 𝑊 −𝑊.
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Table 2.1: Geometrical properties of regenerators.

Stacked-screen regenerator

Mesh number Wire diameter (mm) Hydraulic diameter (mm) Volume porosity
𝑑 𝑑 𝜙

30 0.22 0.8 0.78
50 0.14 0.47 0.77
60 0.12 0.40 0.77
100 0.1 0.22 0.69

Ceramic honeycomb catalyst

Cell number Hydraulic diameter (mm) Volume porosity
𝑑 𝜙

1200 0.68 0.89

The acoustic power 𝑊♮ at both ends of the regenerator were evaluated from the pressure
𝑝♮ = 𝑝(𝑥♮, 𝑡) and the velocity 𝑢♮ = 𝑢(𝑥♮, 𝑡) as

𝑊♮ =
1
2𝐴 |𝑃♮| |𝑈♮| cos 𝜃♮, (2.11)

where 𝑃♮ and 𝑈♮ are the complex amplitudes of 𝑝♮ and 𝑢♮, whereas 𝜃♮ denotes the phase lead
of 𝑃♮ relative to 𝑈♮. The acoustic power differences Δ𝑊 was derived as Δ𝑊 = 𝑊 − 𝑊,
which is shown in Figure 2.4. Although the acoustic power change can include the acoustic
power dissipation due to the velocity gradient caused by the thermal conductivity of the gas in
Equation (2.2), its contribution is negligibly small in the present experiments because of the
tiny pores in the regenerator and also because of the specific acoustic impedance close to 𝜌𝑎.
Therefore, the measured Δ𝑊 can be seen as the power loss due to the gas oscillations with
velocity amplitude 𝑉 in the regenerator with flow resistance 𝑅.

The velocity amplitude 𝑉 in the regenerator region is obtained from 𝑈♮ as follows. From
the continuity of the volume velocity, the velocity on each side of the regenerator is given by
𝑉♮ = 𝑈♮/𝜙 (♮ = 1, 2). Figure 2.5 illustrates the relation of velocity 𝑉 in the regenerator and the
velocity 𝑈 in the pipe. The velocity amplitude 𝑉 in the regenerator is then determined by the
average of 𝑉(= 𝑈/𝜙) and 𝑉(= 𝑈/𝜙) as 𝑉 = (𝑉 + 𝑉)/2. By using the measured Δ𝑊 and
|𝑉|, the experimental flow resistance 𝑅 of the regenerator was derived from Equation. (2.6).

2.4 Experimental results

Measurements were repeated four times for each of the regenerators in Table 2.1 under the same
driver settings. Acoustic power decreases Δ𝑊 through the regenerators versus the velocity am-
plitude |𝑉| are plotted in Figure 2.6, where panels (a) and (b) are respectively for Ar and He. In
the figures, the symbols with the error bars are plotted from the mean values and their standard
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Figure 2.5: Schematic diagram of the relation of velocity 𝑉 in the regenerator and the velocity
𝑈 in the pipe. The volume porosity is expressed by 𝜙.

deviations of experiments. The acoustic power decrease Δ𝑊 becomes significant with veloc-
ity amplitude |𝑉| and with increasing the mesh number. The regular pore regenerator of the
ceramic honeycomb of 1200 cell presents the lower acoustic power decreases than the stacked-
screen regenerator of #30, although the hydraulic diameter of the ceramic honeycomb is smaller
than that of #30 regenerator, as listed in Table 2.1. Also, 𝐴𝜙 of #30 regenerator and the ce-
ramic honeycomb respectively give 3.9 × 10− m and 3.2 × 10− m, which means that the the
regenerator presents the larger acoustic power loss than the regular pore regenerator in spite of
almost the same gas-occupied area. Therefore, the tortuous flow channel brings about the larger
dissipations than the regular flow channel.

From the measured acoustic power change Δ𝑊 and the spatial mean velocity amplitude |𝑉|
in the regenerator region, the flow resistance 𝑅 was determined. Figures 2.7 (a) and 2.7 (b) are
the relations between the flow resistance 𝑅 and the velocity amplitude |𝑉| for argon and he-
lium gases, respectively, at a fixed oscillation frequency of 44.0 Hz, which gives the viscous
penetration depth 𝛿𝜈 = 0.15 mm for Ar and 0.45 mm for He. In the case of the ceramic honey-
comb, the experimental resistance𝑅was found to be independent of |𝑉|. Experimental results of
the ceramic honeycomb agree with the theoretical prediction 𝑅𝜈 obtained using Equation (2.4)
by inserting one-half of the hydraulic diameter (𝑑/2 = 340 𝜇m) into 𝑟 and considering the
gas-occupied area 𝜙𝐴. Predictions are shown by the thin lines in Figures 2.7 (a) and 2.7 (b),
which also show the experimental 𝑅 for all the stacked-screen regenerators. The resistance 𝑅
increases linearly with |𝑉|. For verification, the empirical resistances 𝑅S, 𝑅 and 𝑅O obtained
from Equations (2.7), (2.8) and (2.9) are respectively presented by dashed, doted, and solid lines
in Figures 2.7 (a) and 2.7 (b).

Experimental results indicate that 𝑅S based on steady flow data goes below the experimental
values of 𝑅 in Ar for #50 and #60 meshes, and 𝑅 underestimates the 𝑅 in the case of #50 and
#60 meshes of Ar and He. Except for those meshes, 𝑅S, 𝑅, and 𝑅O show good agreement
with 𝑅. As a result, experiments in this chapter lend support to the empirical resistances 𝑅S,
𝑅, and 𝑅O for oscillatory flows of pressurized He and Ar gases. Among them, empirical flow
resistance of Obayashi et al. 𝑅 demonstrated the best accuracy for all tested mesh screens.
The maximum deviations between experimental 𝑅 and empirical equation of 𝑅O for Ar and He
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Figure 2.6: Acoustic power decrease Δ𝑊 versus the velocity amplitude |𝑉| of regenerators.
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gases are, respectively, 11 and 9% in the case of #30 mesh; 14 and 5% in the case of #50 mesh;
4 and 7% in the case of #60 mesh; and 5 and 5% in the case of #100 mesh. Agreement of 𝑅O in
the small velocity region indicates that the stacked screen regenerator can be modeled with the
bundle of cylindrical tubes with the effective radius 𝑟 as proposed by Ueda.

It should be noted that only Equation (2.9) of 𝑅 shows the oscillation frequency depen-
dence among three empirical equations listed in this chapter. It is because the term of 𝑅𝜈 in
Equation (2.9) of 𝑅 comes from the framework of the thermoacoustic theory. To test the
oscillation frequency dependence, 𝑅O and measured 𝑅 of #100 mesh (symbols) with various
oscillation frequencies of 20, 44, and 100 Hz are shown in Figures 2.8 (a) and 2.8 (b) for Ar and
He gases, respectively. Both the empirical equation of Obayashi et al. and experimental resis-
tance are hardly influenced by the frequency, although the term of 𝑅𝜈 in the right hand side of
the Equation (2.9) should cause changes with frequency. It may be explained by the fact that
the flow channel radius of the stacked-screen regenerator is much smaller than the penetration
depth in cases of tested oscillation frequencies. In such cases, the thermoacoustic theory gives
the flow resistance independent of the the frequency. The maximum deviations between the
empirical equation and experimental values are 9 and 11%, respectively, for Ar and He. These
results demonstrate the validity of the empirical equation of Obayashi et al. for air, He, and Ar
as working gases, and for oscillation frequencies from 20 to 100 Hz.

2.5 Conclusions

For the regenerator located in acoustic fileds with the specific acoustic impedance close to 𝜌𝑎,
the flow resistances were experimentally obtained from measurements of the acoustic powers
at both sides of the regenerator. The results were compared with three empirical equations
respectively proposed by Swift & Ward, Gedeon & Wood, and Obayashi et al. Experimental
results lent support to empirical formulation of Obayashi et al. for all mesh screens tested in this
study, and also presented the applicability of the steady-flow-based empirical equation of Swift
& Ward on oscillatory flow. The friction factor of Gedeon & Wood was verified in the limited
cases of fine mesh screens of #100 mesh and coarse mesh screens of #30 mesh. Furthermore,
experiments conducted with various frequencies assured a wide applicability of the formulation
of Obayashi et al.
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(a) Experimental results for 44 Hz and pressurized argon gas having mean pressure of 0.45 MPa.

4x10
7

2

0

R
 (

 P
a
·s

/m
4
)

3210

|V | (m/s)

 No. 30 mesh, Exp.

 No. 50 mesh, Exp.

 No. 60 mesh, Exp.

 No. 100 mesh, Exp.

 Honeycomb, Exp.
He, 0.45 MPa, 44 Hz

 Honeycomb, Theor.

 Obayashi et al.

 Swift and Ward

 Gedeon and Wood

(b)

(b) Experimental results for 44 Hz and pressurized helium gas having mean pressure of 0.45 MPa.

Figure 2.7: Comparisons among the experimental flow resistance 𝑅, empirical Equations (2.7),
(2.8) and (2.9) for the stacked-screen regenerator, and the theoretical calculation for the ceramic
honeycomb. Experimental results are shown by symbols with error bars, resistances given by
Equations (2.7), (2.8) and (2.9) are shown by dashed, doted and solid lines, respectively; the
theoretical resistances for the ceramic honeycomb are shown by thin lines. (Figures adapted
from Reference 57 and modified by author.)
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Flow resistance of the stacked-screen regenerator

(a) Experimental results for pressurized argon gas having mean pressure of 0.45 MPa.

(b) Experimental results for pressurized helium gas having mean pressure of 0.45 MPa.

Figure 2.8: Comparisons between experimental flow resistance 𝑅 and 𝑅O for the stacked-screen
regenerator using No. 100 mesh at various oscillation frequencies of 20, 44 and 100 Hz. Ex-
perimental results are presented by symbols with error bars. Predicted 𝑅O values are shown by
lines. (Figures adapted from Reference 57 and modified by author.)
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Chapter 3

Cylindrical modeling of a stacked-screen
regenerator

3.1 Introduction

The geometry of the pores in the stacked-screen regenerator is tortuous. A direct theoretical
formulation of sound propagations through the regenerator is generally impossible. Modeling
tortuous flow channels with simple regular geometry is an alternative approach from a phe-
nomenological point of view. The effective cylindrical radius of Ueda et al. of Equation (2.10)
has well characterized the flow resistance when the oscillation velocity is extremely small in the
stacked-screen regenerator, as shown in Chapter 2. The formulation of Obayashi et al.

𝑅O = 𝑅𝜈 +
0.8𝜌𝜈
𝐴𝜙𝑑

𝑅𝑒 (3.1)

is an extension of the capillary-tube model of the empirical equation of Ueda et al. to the case
with finite oscillation velocity, where 𝜌 and 𝜈 are respectively the time-averaged density and
kinematic viscosity of the working gas, 𝜙 and 𝑑 respectively signify the volume porosity and
hydraulic diameter of the stacked-screen regenerator. Also, 𝑅𝜈 is determined by considering 𝜙
and using the effective radius 𝑟 = √𝑑𝑑/2 of Ueda et al. with Equation (2.4), and the Reynolds
number 𝑅𝑒 is defined as 𝑅𝑒 = |𝑉|𝑑/𝜈, where 𝑑 stands for the wire diameter of woven mesh
screens, and |𝑉| denotes the spatial mean velocity amplitude in the region of the stacked-screen
regenerator. In consistent with the dimensional analysis in Section 1.3, 𝑅O is parametrized with
two dimensionless quantities 𝑅𝑒 and 𝑟/𝛿𝜈. However, from Equation (3.1) of Obayashi et al.,
only the flow resistance is estimated. To fully characterizing the thermoacoustic behavior of
the stacked-screen regenerator, in this chapter, the capillary-tube model is modified to have an
effective radius 𝑟 that changes with the velocity.

The capillary-tube-basedmodeling is assumed to have the same length 𝑙 as the stacked screen
regenerator and to consist of parallely-aligned 𝑁 identical cylindrical pores with the effective
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Cylindrical modeling of a stacked-screen regenerator

radius 𝑟, as shown in Figure 2.5. We define 𝑟 as that at which the flow resistance𝑅𝜈 summed
over the pores becomes the same as the flow resistance given by the empirical equation of
Obayashi et al. (3.1). The number 𝑁 of the pores is determined by 𝑟, in such a way that
the gas-occupied volume𝑁𝜋𝑟𝑙 becomes equal to that (= 𝜙𝐴𝑙) in the regenerator. The deriva-
tion of the effective radius is given below in more detail. Also, to verify the effective radius
𝑟 thus obtained, this chapter experimentally tests the stacked-screen regenerator that has axial
temperature difference, and compares the results with the effective radius 𝑟.

3.1.1 Derivation of effective radius

The effective radii 𝑟 of Ueda et al. are evaluated as 0.21, 0.13, 0.11, and 0.07 mm for the test
mesh screens with No. 30, 50, 60, and 100 meshes, respectively. These radii are rather small
compared to the viscous penetration depth 𝛿𝜈 = √2𝜈/𝜔 (𝜔 stands for the oscillation angular
frequency), as it is 0.15 mm for Ar and 0.45 mm for He when the oscillation frequency is 44
Hz. Furthermore, if the increase of the flow resistance associated with the velocity increase is
attributed to the decrease of the regenerator channel size, the effective radius should satisfy the
condition 𝑟/𝛿𝜈 < 𝜋. With this condition, 1/ (1 − 𝜒𝜈) in the flow resistance 𝑅𝜈 of the cylindrical
pore is approximately written by using 𝑟/𝛿𝜈 as [13]

1
1 − 𝜒𝜈

= 4
3 − 𝑖

4
(𝑟/𝛿𝜈)

, (3.2)

where 𝜒𝜈 is the thermoacoustic function of the viscous effect, defined by Equation (1.4). As-
suming the flow resistance of Equation (2.4) for the stacked screen regenerator with the porosity
𝜙, we have

𝑅𝜈 = −
𝜔𝜌
𝐴𝜙 Im 

1
1 − 𝜒𝜈

 , (3.3)

where Im [⋯] means taking the imaginary part. By inserting Equation (3.2) into the equation
above, we obtain the relation between 𝑅𝜈 and the characteristic radius 𝑟 as


𝑟
𝛿𝜈


= 4𝜔𝜌
𝐴𝜙𝑅𝜈

, (3.4)

and therefore,
𝑟 = 2𝛿𝜈

√
𝜔𝜌
𝐴𝜙𝑅𝜈

. (3.5)

Since the empirical equation of Obayashi et al. reproduces the flow resistance of the stacked-
screen regenerator in Chapter 2, the velocity-dependent effective radius 𝑟 can be obtained from
Equation (3.5) by replacing 𝑅𝜈 with 𝑅O. Namely,

𝑟 = 2𝛿𝜈 
0.8𝜈
𝜔𝑑

𝑅𝑒 +
16𝛿𝜈
𝑑𝑑


− 

, (3.6)
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3.1 Introduction

where Equation (3.2) is also used in Equation (3.1). It should be noted that the effective radius
𝑟 of Equation (3.6) changes with Reynolds number 𝑅𝑒 = |𝑉| 𝑑/𝜈 through the velocity am-
plitude |𝑉|; 𝑟 is a function of 𝑅𝑒. When 𝑅𝑒 is negligibly small, 𝑟 reduces to the effective
radius of Ueda et al. 𝑟0 = √𝑑𝑑/2 [49], whereas the finite𝑅𝑒 values decrease 𝑟. Because 𝑟
is derived from the flow resistance of regular cylindrical pores, Equation (3.6) can be seen as an
extension of the capacity of the capillary-tube-based modeling. It is valid at least when the re-
generator temperature is uniform. Following sections will test the applicability of Equation (3.6)
when temperature gradients are imposed on the regenerator.

3.1.2 Use of effective radius

Once the effective radius is established by the capillary-tube-based modeling, a variety of im-
portant quantities such as the flow resistance and the thermoacoustic power production, can be
predicted using the basic equations of the thermoacoustic theory [72, 60–62]. The equations of
momentum and continuity shown in Section 1.1.2 is rewritten for a single cylindrical pore with
the cross-sectional area 𝐴 as [12, 13]

𝑑𝑃
𝑑𝑥 = −Z (𝐴𝑈) , (3.7)

𝑑 (𝐴𝑈)
𝑑𝑥 = −Y𝑃 +G (𝐴𝑈) . (3.8)

In Equations (3.7) and (3.8), Z, Y, and G are respectively given by

Z = 𝑖𝜔𝜌𝐴
1

1 − 𝜒𝜈
, (3.9)

Y = 𝑖𝜔
𝐴 1 + (𝛾 − 1) 𝜒𝛼

𝛾𝑃
, and (3.10)

G = 𝜒𝛼 − 𝜒𝜈
(1 − 𝜒𝜈) (1 − 𝜎)

1
𝑇

𝑑𝑇
𝑑𝑥 , (3.11)

where 𝑃, 𝑇, 𝛾, and 𝜎 respectively denote the mean pressure, the mean temperature, the ratio
of specific heats, and the Prandtl number of the working gas. In equations above, 𝜒𝛼 is the
thermoacoustic function of the thermal effect. CoefficientsZ,Y, andG are in general dependent
on the mean temperature through temperature-dependent gas thermal properties, but it can be
seen as constants for a short segment of length Δ𝑥. In such a case, the governing equations
of Equations (3.7) and (3.8) become coupled ordinary differential equations of 𝑃 and 𝑈 with
respect to 𝑥 and can be solved as [62]

⎛
⎜⎜⎜⎝

𝑃(𝑥 + Δ𝑥)
𝐴𝑈(𝑥 + Δ𝑥)

⎞
⎟⎟⎟⎠ = 𝑀

⎛
⎜⎜⎜⎝

𝑃(𝑥)
𝐴𝑈(𝑥)

⎞
⎟⎟⎟⎠ , (3.12)
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where the transfer matrix𝑀 is presented as

𝑀 = exp
GΔ𝑥
2 

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−G𝜏 sinh (𝜆) + cosh (𝜆)
2Z
𝜏 sinh (𝜆)

2Y
𝜏 sinh (𝜆) G

𝜏 sinh (𝜆) + cosh (𝜆)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, (3.13)

with 𝜏 = √G + 4YZ and 𝜆 = 𝜏Δ𝑥
2 .

When the flow channel is made of a bundle of cylindrical pores with the radius 𝑟 as in the
capillary-tube-based modeling, one can rewrite Equations (3.12) and (3.13) by replacing 𝐴 and
𝑈 with 𝐴𝑟 = 𝑁𝜋𝑟, and 𝑉 = 𝑈/𝜙, respectively, where 𝑁 denotes the number of tubes. Also,
the thermoacoustic functions 𝜒♯ (♯ = 𝛼, 𝜈) should be evaluated by replacing 𝑟 with the effective
radius 𝑟. By Equation (3.13), the axial evolution of the amplitude and temporal phase of 𝑃 and
𝑈 , and therefore the acoustic power, are analytically determined. In the next section, 𝑟 will be
compared with the experiments of the stacked-screen regenerators with temperature gradients
in order to ascertain the applicability of Equation (3.6).

3.2 Experimental procedure

Experiments in this chapter is based on the experimental apparatus used in Chapter 2. To provide
an axial temperature difference on the regenerator, an ambient heat exchanger and a hot heat
exchanger were installed on the sides of the regenerator holder, as shown in Figure 3.1. Heat
exchangers were fin-and-tube type, and internal fins weremade of parallel plates 20mm in length
and 0.5 mm in thickness with the plate spacing 2𝑟 of 1.0 mm. 𝑥 = 0.720 m indicated the place
of left side of the ambient heat exchanger, as 𝑥. Also, the right end of the hot heat exchanger
was placed at 𝑥 = 0.795 m, as 𝑥. The electrical cartridge heater and cooling water pipes were
respectively inserted into fins of the hot and ambient heat exchangers. A 50-mm long thermal
buffer tube was placed next to the hot heat exchanger. The the ambient heat exchanger and one
end of the thermal buffer tube were maintained at room temperature of 293 K. Temperature at
both ends of the regenerator were measured by Type-K thermocouples which were located at the
circumference and the center of the heat exchangers. Furthermore, temperature discrepancies
between the the internal wall and the center of the heat exchanger was less than 20 K when the
temperature of center of the hot heat exchanger was increased to 573 K. 𝑇R and 𝑇H respectively
represent as the center temperatures of the ambient heat and hot heat exchangers. Temperature
difference (Δ𝑇 = 𝑇 − 𝑇) between the ends of the regenerator was varied from 0 to 250 K on
the central axis of the regenerator.

A traveling-wave field with a specific acoustic impedance close to 𝜌𝑚𝑎was modulated in the
downstream area of the regenerator of 𝑥 ≥ 0.795 m, as in the Chapter 2. Two-sensor method
was employed to determine the acoustic filed of oscillation pressure 𝑃♮ = 𝑃(𝑥♮) and the axial
acoustic particle velocity 𝑈♮ = 𝑈(𝑥♮) at 𝑥 = 𝑥♮ (♮ = 1, 2).
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Figure 3.1: Schematic diagram of the experimental setup. (Figure adapted from Reference 57
and modified by author.)

A typical example of the acoustic field is shown in Figure 3.2, which was obtained with
temperature difference Δ𝑇 = 250 K. Because of the temperature difference, the acoustic power
𝑊 increases as it flows down the regenerator. This result is clearly different from Figure 2.6
of Chapter 2, where 𝑊 is decreased in the regenerator region. The acoustic power difference
Δ𝑊 = 𝑊−𝑊 between the regenerator ends was measured with varying the velocity amplitude
|𝑉|. The results are summarized in Figure 3.3 for the the stacked-screen regenerator of #30mesh.
As can be seen, Δ𝑊 is negative when the axial temperature differences Δ𝑇 are 0 K and 50 K,
but Δ𝑊 becomes positive when the axial temperature differences Δ𝑇 >100 K. The positive
Δ𝑇 represents the acoustic power production in the stacked-screen regenerator because of the
thermoacoustic energy conversion. In the following sections, the discussion is made on how to
predict the acoustic power production in the stacked screen regenerator by using 𝑟.
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Figure 3.2: Acoustic field obtained with |𝑉| = 0.6 m/s, Δ𝑇 = 250 K and oscillation frequency
= 44 Hz for Ar with mean pressure of 0.45 MPa. The black and blue curves in (a) represent
the pressure amplitude |𝑃| and the amplitude |𝑈| of the cross-sectional averaged velocity, re-
spectively. The black and blue curves in (b) represent the magnitude of acoustic impedance
|𝑍| and its phase arg [𝑍], respectively. Also, black lines shown in (c) represent acoustic power
distributions in the upstream and downstream of the regenerator, and the thermoacoustic power
production is observed between the both ends of the regenerator.
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Figure 3.3: Examples of experiments of acoustic power conducting through the regenerator.
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3.3 Derivation of experimental effective radius

The effective radius of the stacked-screen regenerator can be determined from the measured 𝑃
and 𝑈 , independently of Equation (3.6). Therefore, the effective radius thus determined can be
used to judge the applicability of Equation (3.6) in the cases with temperature gradients. The
hot heat exchanger, regenerator, and ambient heat exchanger are considered as the regenerator
unit as following discussion. The derivation of experimental effective radius is given as follows.

The stacked-screen regenerator is assumed as a bundle of cylindrical tubes with an unknown
radius 𝑟. So, acoustic fields of oscillation pressure and volume velocity at both sides of the
regenerator unit is related as

⎛
⎜⎜⎜⎝
𝑃
𝐴𝑈

⎞
⎟⎟⎟⎠ = 𝑀𝑀𝑀

⎛
⎜⎜⎜⎝
𝑃
𝐴𝑈

⎞
⎟⎟⎟⎠ , (3.14)

where𝑀,𝑀, and𝑀 respectively represent the transfer matrices of the ambient heat ex-
changer, regenerator, and hot heat exchanger. the interface losses, caused by the abrupt change
in the cross section, at the boundary between the regenerator and heat exchangers are ignored.
𝑀,𝑀, and𝑀 are formulated by the thermoacoustic governing equations, as described in
Section 3.1.2. The transfer matrix of the regenerator was divided into 100 segments for taking
into account the temperature dependence of the thermal properties of the gas with a linear tem-
perature distribution in the regenerator region. Therefore, the transfer matrix of the regenerator
𝑀 was represented by a product of the matrices 𝑀,† († = 1, 2, ..., 100), where 𝑀,†
stands for the transfer matrix of the †-th segment determined by the thermal properties of the gas
with the local temperature. Preliminary calculation confirmed that the results were unchanged
when the number of divisions were increased more than 100. Also, Uniform temperatures (𝑇
or 𝑇) were assumed in heat exchangers. As a result of G = 0 in Equation (3.13), 𝑀 is
expressed as

𝑀 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cosh �̀�
√

Z

Y
sinh �̀�

√
Y

Z
sinh �̀� cosh �̀�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (3.15)

where �̀� = 𝑙√YZ, and 𝑙 is the length of the heat exchanger. Due to the heat exchangers
consist of parallel plates, the thermoacoustic function 𝜒♯ (♯ = 𝜈, 𝛼) is evaluated using the plate
distance 2𝑟 as [12, 13]

𝜒♯ =
tanh (1 + 𝑖)

𝑟
𝛿♯


(1 + 𝑖) 𝑟𝛿♯

. (3.16)
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By substituting experimental values of 𝑃 and 𝑈 into the left side of the Equation (3.14),
𝑃 and 𝑈 can be analytically obtained as

⎛
⎜⎜⎜⎝
𝑃, 
𝐴𝑈, 

⎞
⎟⎟⎟⎠ = 𝑀𝑀(𝑟)𝑀

⎛
⎜⎜⎜⎝
𝑃, 
𝐴𝑈, 

⎞
⎟⎟⎟⎠ , (3.17)

where the subscripts cal and exp respectively stand for the calculated and experimental values.
In the equation, the transfer matrix 𝑀 is represented as 𝑀(𝑟) to emphasize that 𝑀
is a function of radius 𝑟 of the regenerator. When the characteristic pore radius 𝑟 of a regular
flow channel regenerator is known for determining𝑀(𝑟), measured acoustic field of 𝑃, 
and 𝑈,  must be agreed with calculation of 𝑃,  and 𝑈, . If a stacked-screen regenerator
indeed has a characteristic pore size 𝑟, the acoustic field difference between calculation and
experiment would be minimized when 𝑟 = 𝑟. Likewise, the inverse of the transfer matrices of
Equation (3.14) also yields 𝑃,  and 𝑈,  from experimental values of 𝑃,  and 𝑈, , as
shown below. ⎛

⎜⎜⎜⎝
𝑃, 
𝐴𝑈, 

⎞
⎟⎟⎟⎠ = 𝑀 H𝑀(𝑟)𝑀

−
⎛
⎜⎜⎜⎝
𝑃, 
𝐴𝑈, 

⎞
⎟⎟⎟⎠ (3.18)

Obtained 𝑃,  and 𝑈,  are also compared with 𝑃,  and 𝑈,  for verification. If a
stacked-screen regenerator is indeed characterized with the effective radius 𝑟 obtained by the
cylindrical tube modeling of Equation (3.6), the difference between calculation and experiment
would become zero or minimized when the value of 𝑟 is set to the effective radius 𝑟.

The acoustic powers between calculations of𝑊♮,  and experiments of𝑊♮,  (♮ = 1, 2) at
both sides of the regenerator unit are employed to determine the value of 𝑟 that minimizes the
difference between the calculation and experiments; 𝑊♮,  is the acoustic power obtained by
𝑃♮,  and𝑈♮, , whereas𝑊♮,  denotes that derived using𝑃♮,  and𝑈♮,  in Equations (3.17)
and (3.18). The relative error 𝜀♮ between𝑊♮,  and𝑊♮,  is given as

𝜀♮ =
𝑊♮,  −𝑊♮, 

𝑊♮, 
. (3.19)

The average error 𝜀 is thus calculated as

𝜀 =
|𝜀| + |𝜀|

2 . (3.20)

Various values of 𝑟 are calculated for plotting 𝜀 vs 𝑟, as shown in Figure 3.4. As can be seen,
Figure 3.4 presents a minimum 𝜀. The corresponding radius was thus selected as the experimen-
tal effective radius 𝑟, . In this case, the effective radius is obtained as 𝑟,  = 167 𝜇m,
which gives a minimum 𝜀 of 0.1%. Throughout this chapter, the minimum 𝜀, though it tended
to increase with Δ𝑇 , was always determined less than 6%.
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Figure 3.4: Error 𝜀 vs the radius 𝑟 for the stacked-screen regenerator when the working gas is
Ar. The oscillating frequency is 44.0 Hz. The mesh number is 30. The temperature difference
is 100 K and |𝑉| = 0.427 m/s. (Figure adapted from Reference 57 and modified by author.)
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Figure 3.5: Comparison of the experimental effective radius 𝑟,  and the actual flow channel
size of the ceramic honeycomb. Experimental results are shown by symbols. The horizontal line
represents one-half of the hydraulic diameter (= 340 𝜇m). (Figure adapted from Reference 57
and modified by author.)
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3.4 Comparisons of effective radii

In the case of regular pore regenerator of the ceramic honeycomb, Figure 3.5 shows the ef-
fective radius 𝑟,  vs |𝑉|. The temperature difference Δ𝑇 was changed from 0 to 250 K with
every 50 K, and the working gases were either He or Ar. In Figure 3.5, the horizontal line repre-
sents one-half of the actual hydraulic diameter (𝑑/2 = 340 𝜇m). Comparisons between 𝑟, 
and the line shows the maximum deviation of 18%, which guarantees the validity of the method.
The following section will discuss the case of stacked-screen regenerator and the proposed ef-
fective radius 𝑟 of Equation (3.6) by comparisons between experiments and predictions using
various mesh numbers of woven screens.

3.4 Comparisons of effective radii

Figures 3.6(a)-3.6(d) and Figures 3.7(a)-3.7(d) summarize the experimental effective radii 𝑟, 
respectively for Ar and He tested with the oscillation frequency of 44.0 Hz. The temperature
difference Δ𝑇 across the stacked-screen regenerator was varied from 0 to 250 K with every
50 K. The average of four measurements is expressed by the symbol, while the size of the error
bar denotes standard deviations of 𝑟, . Curves shown in Figures 3.6 and 3.7 are predictions
of effective radius 𝑟 obtained using Equation (3.6), which were determined with the physi-
cal properties of the working gas at the average temperature between 𝑇 and 𝑇. Figures 3.6
and 3.7 express that both effective radii of experiments and predictions decrease with |𝑉| and
Δ𝑇 . The maximum discrepancies between experiments 𝑟,  and predictions of 𝑟, in Fig-
ures 3.6 and 3.7, are respectively 13% and 7% for Ar and He. Maximum deviations of respective
mesh numbers are summarized in Table 3.1. Thus, experimental results prove that 𝑟 of Equa-
tion (3.6) based on the empirical equation of Obayashi et al. proposed from uniform temperature
experiments is able to predict the acoustic fields when the temperature difference existed in the
stacked-screen regenerator.

Table 3.1: Maximum deviations between predictions and experiments of 𝑟 in the case of 44
Hz.

working gas oscillation frequency #30 #50 #60 #100
error 𝜀 (%)

Ar 44 Hz 7 12 13 3
He 5 9 7 5
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Figure 3.6: Comparison between the experimental effective radius 𝑟,  with error bars and
the predicted 𝑟 obtained using the empirical equation of Obayashi et al. for stacked-screen
regenerators, where (a)–(d) show the results for Ar. Experimental results are shown by symbols
with error bars; predicted values are shown by curves. (Figures adapted from Reference 57 and
modified by author.)
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Figure 3.7: Comparison between the experimental effective radius 𝑟,  with error bars and
the predicted 𝑟 obtained using the empirical equation of Obayashi et al. for stacked-screen
regenerators, where (a)–(d) show the results for He. Experimental results are shown by symbols
with error bars; predicted values are shown by curves. (Figures adapted from Reference 57 and
modified by author.)
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Table 3.2: Maximum deviations between predictions and experiments of 𝑟 in cases of 20.0
and 100 Hz.

#100

oscillation frequency Ar He
error 𝜀 (%)

20 Hz 7 6
100 Hz 5 5

The applicability of 𝑟 of Equation (3.6) is further tested in oscillation frequencies of 20.0
and 100 Hz using #100 mesh screens. Figures 3.8 and 3.9 compare the effective radius 𝑟 with
experimental value 𝑟,  respectively for Ar and He. Also, panels (a) and (b) respectively
show cases of frequencies of 20.0 and 100 Hz. From the experimental results of 20-100 Hz,
it is found that frequency dependence is not significant in the case #100 mesh screens. For
instance, focusing on |𝑉| = 0.5 m/s in Ar gas, the range of the effective radii in the case of
44.0 Hz is over 62 < 𝑟,  (𝜇m) < 68, which is similar to 62 < 𝑟,  (𝜇m) < 68 at
20.0 Hz, and over 68 < 𝑟,  (𝜇m) < 72 at 100 Hz. Absence of the frequency dependence
in both cases of experiments and predictions using #100 mesh screens is already described in
Chapter 2. The effective radius obtained using the empirical equation of Obayashi et al., also
presents the same tendency. Consequently, the maximum discrepancies shown in Figures 3.8
and 3.9 are respectively 7 and 5% for Ar and He. The detail deviations are listed in Table 3.2.
Based upon experimental evidences, 𝑟 of Equation (3.6) is applicable for the frequency range
from 20.0 to 100 Hz.

As can be seen in Figures 3.6–3.9, the velocity-independent part of the effective radius 𝑟 of
Equation (3.6) diminishes when |𝑉| → 0. The extrapolation of the experimental radius plotted
by symbols coincide with 𝑟 of Equation (3.6) in the limit of zero velocity, which verifies the
applicability of the effective radius 𝑟 of Ueda et al. for the stacked-screen regenerator with
temperature gradients as long as the velocity is small. On the other hand, use of 𝑟 would
be more suited for the prediction of thermoacoustic Stirling engine performance with nonzero
velocity amplitude. Therefore, the design methods based on 𝑟 [72, 60–62] would be improved
by replacing 𝑟 with 𝑟.
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Figure 3.8: Comparison between the experimental effective radius 𝑟,  of #100 mesh screens
with error bars and predicted 𝑟 obtained using the empirical equation of Obayashi et al. at
oscillation frequencies of 20 and 100 Hz, in (a) and (b), respectively, for Ar. Experimental
results are shown by symbols with error bars. Predictions are shown by the curves. (Figures
adapted from Reference 57 and modified by author.)
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Figure 3.9: Comparison between the experimental effective radius 𝑟,  of #100 mesh screens
with error bars and predicted 𝑟 obtained using the empirical equation of Obayashi et al. at
oscillation frequencies of 20 and 100 Hz, in (a) and (b), respectively, for He. Experimental
results are shown by symbols with error bars. Predictions are shown by curves. (Figures adapted
from Reference 57 and modified by author.)
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3.5 Conclusions

Based on the cylindrical-tube-modeling, the flow resistance empirical equation of Obyayashi
et al. of Equation (3.1) was converted to a form of the effective radius 𝑟 of Equation (3.6)
which was parameterized with 𝑅𝑒 and 𝑟/𝛿𝜈. To ascertain the applicability of the effective
radius 𝑟, the stacked-screen regenerators were tested in the presence of the axial temperature
differences from 0 K to 250 K. The results demonstrated good agreements between predictions
and experiments of 𝑟, which means that the effective radius 𝑟 is capable of estimating the
thermoacoustic engine performance such as the acoustic power production, even the stacked-
screen regenerator is employed.
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Chapter 4

Measurement of heat flow transmitted
through regenerators

4.1 Introduction

When the gas oscillates in a channel with maintaining thermal contacts with the channel wall,
the gas entropy oscillates with time through the heat exchange with the wall. When the entropy
oscillations of the gas are combined with the displacement oscillations of the gas, it becomes
possible that the entropy goes up at the maximum displacement, while the entropy goes down at
theminimumdisplacement. The resulting bucket brigade of entropy causes themacroscopic heat
transport along the channel. In a regenerator of mechanical Stirling engines and thermoacoustic
engines, the acoustically induced heat flow 𝑄 is generated in such a way, and it goes from hot
to cold. The heat flow 𝑄 is responsible for the thermal loss, and hence it should be minimized
for a better engine performance. Although the thermoacoustic theory explains the mechanism
of the heat flow 𝑄 in a regular flow channel, it is not directly applicable to the stacked-screen
regenerators. Therefore, the researchers have challenged the problems of the heat flow in the
regenerators of Stirling engines and thermoacoustic engines from the experimental point of view.

Recently, the cylindrical tube modeling with the effective radius 𝑟 of Ueda et al. was applied
for characterizing the acoustic heat flow 𝑄. Hasegawa et al. [63] measured experimentally 𝑄
with different frequencies but with a fixed oscillatory velocity amplitude (= 2 m/s) in the air
at atmospheric pressure. The agreements between the estimation based on the model and the
experimental results were satisfactory, but the further applicability of 𝑟 is should be tested with
varying the velocity amplitude. By assuming that the friction factor and heat transfer coefficient
obtained from the steady-flow plots of Kays and London [26] are applicable to the gas harmon-
ically oscillating with time, Swift and Ward [37] provided a set of equations for characterizing
the stacked-screen regenerator. The equation of the temperature oscillation were applied to esti-
mate the heat transfer properties of the regenerator. Although these equations are already used in
the thermoacoustic calculation code—Design Environment for Low-amplitude Thermoacoustic
Energy Conversion (DeltaEC) [38], they are based on steady-flow data. So the applicability is

53



Measurement of heat flow transmitted through regenerators

questionable in the real thermoacoustic engines oscillating with a few hundred hertz at the most.
In a practical Stirling engine design, several empirical equations have been used for heat trans-
fer processes between the flowing gas and solid wall of the stacked-screen regenerator, which
are only parameterized by non-dimensional Nusselt number 𝑁𝑢. The effect of the oscillation
frequency must be taken into consideration.

This chapter attempts to experimentally clarify the velocity and frequency dependences of
the axial heat flow introduced by gas oscillations in the stacked-screen regenerator, which is
compared with the representative empirical equations, to ascertain their applicability.

4.2 Axial heat flow estimated by empirical equations

Consider axial gas oscillations with angular frequency 𝜔 in a flow channel. The thermoacous-
tic theory [12–14] gives the time-averaged heat flow as a result of hydrodynamic transport of
entropy by

𝑄 = 1
2𝜌𝑇Re 𝑠U 𝑑𝐴, (4.1)

where 𝑠 and U denote complex amplitudes of entropy and velocity oscillations, and 𝜌 and 𝑇,
respectively, represent the temporal mean density and temperature. In the equation, Re [⋯] and
⋯ , respectively, stand for the real part and conjugate of a complex number. Also, the surface
integration∫⋯𝑑𝐴 is done over the cross-sectional area of the flow channel. It should be noticed
that, in the equation above, the axial velocity oscillationsU of the gas in pipe is functions of 𝑟 and
𝑥withU = U (𝑟, 𝑥)whose cross-sectional average is as ⟨U(𝑟, 𝑥)⟩ = 𝑈(𝑥), where ⟨⋯⟩ denotes the
cross-sectional average. The complex amplitude 𝑠 in Equation (4.1) is represented by complex
amplitudes 𝑃 and T of the gas pressure and temperature as

𝑠 = − 𝛽
𝜌

𝑃 +
𝑐
𝑇

T, (4.2)

where 𝛽 stands for the coefficient of thermal expansion and 𝑐 signifies the isobaric heat capacity
per unit mass. The complex amplitude T of temperature oscillations is also functions of 𝑟 and
𝑥 with T = T (𝑟, 𝑥). As like velocity oscillations, the cross-sectional average of temperature
oscillations is expressed as ⟨T (𝑟, 𝑥)⟩ = 𝑇(𝑥). By carefully taking the cross-sectional average of
the right-hand side of Equation (4.1), the heat flow is obtained with an ideal gas assumption as

𝑄 = 𝑄 + 𝑄, (4.3)

where𝑄 and𝑄 are respectively the compression- and advection-driven heat flows [65]. Here,
we aim to estimate the het flow transmitting through a regenerator having numerous tiny flow
channels. For such a regenerator installed in a wide pipe as illustrated in Figure 2.5, cross-
sectional-averaged oscillation velocities 𝑈 and 𝑉 respectively in the pipe and regenerator re-
gions are related to each other by𝐴𝑈 = 𝐴𝜙𝑉 , where𝜙 is the volume porosity of the regenerator
and 𝐴 is the cross-sectional area of the wide pipe. For the heat flow transmitting through the
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regenerator, 𝑄 is given as

𝑄 = −
1
2𝐴Re𝑔𝑃

𝑉  with 𝑔 = 𝜒𝛼 − 𝜒𝜈
(1 + 𝜎) 1 − 𝜒𝜈 

, (4.4)

and 𝑄 is expressed as

𝑄 =
1
2𝐴

𝜌𝑐
𝜔 Im𝑔

𝑑𝑇
𝑑𝑥 |𝑉| with 𝑔 =

𝜒𝛼 + 𝜎𝜒𝜈
1 − 𝜎 |1 − 𝜒𝜈|

 , (4.5)

where 𝜎 represents the Prandtl number of the gas. Also, |⋯| and Im [⋯] signify taking the ab-
solute value and imaginary part of a complex number. The heat flow is therefore obtainable if 𝑃
and𝑉 are determined by experiments, because other quantities are specified by the experimental
conditions.

In the following section, the applicability of effective radius of Ueda et al. 𝑟 = √𝑑𝑑/2
will be tested using the equation above by comparing with the measured value.

By the simple harmonic analysis using the heat transfer coefficient of the steady flow, Swift
and Ward [37] derived their cross-sectional-averaged oscillation complex amplitude 𝑇 of tem-
perature in the stacked-screen regenerator, which is given as

𝑇 =
𝛽𝑇
𝜌𝑐

𝑌𝑃 −
1
𝑖𝜔
𝑑𝑇
𝑑𝑥 𝐺𝑉 , (4.6)

with
𝑌 =

𝜀 + (𝑔𝑐 + 𝑒𝑖𝜃𝑃𝑔𝑣)𝜀
1 + 𝜀 + (𝑔𝑐 + 𝑒𝑖𝜃𝑇𝑔𝑣)𝜀

, 𝐺 =
𝜀 + (𝑔𝑐 − 𝑔𝑣)𝜀

1 + 𝜀 + (𝑔𝑐 + 𝑒𝑖𝜃𝑇𝑔𝑣)𝜀
,

𝜀 =
𝜙𝜌𝑐

(1 − 𝜙)𝜌𝑐
, 𝜀 =

𝑖
2𝑏𝜎/ 

𝑑
𝛿𝛼


,

𝑏 = 3.81 − 11.29𝜙 + 9.47𝜙,
𝜃𝑃 = phase [𝑉] − phase [𝑃] , 𝜃𝑇 = phase [𝑉] − phase [𝑇] ,

𝑔𝑐 =
2
𝜋 

𝜋/


𝑑𝑧

1 + 𝑅𝑒/ cos/(𝑧)
, and 𝑔𝑣 = −

2
𝜋 

𝜋/


cos 2𝑧𝑑𝑧

1 + 𝑅𝑒/ cos/(𝑧)
,

(4.7)

where both the density 𝜌 and heat capacity 𝑐 of the channel walls are assumed to be much larger
than those of the gas; 𝑅𝑒 stands for the Reynolds number given as𝑅𝑒 = |𝑉| 𝑑/𝜈 (|𝑉| represents
the magnitude of the complex velocity 𝑉). The equation above is based on an assumption of

⟨temperature oscillation⟩ = ⟨velocity oscillation × temperature oscillation⟩
⟨velocity oscillation⟩ . (4.8)
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Under the same assumption, the heat flow in Equation (4.1) for the case of the stacked-screen
regenerator is given for an ideal gas as

𝑄 ≈ 1
2𝐴𝜌𝑇Re ⟨𝑠⟩

𝑉  , (4.9)

with

⟨𝑠⟩ = − 1
𝜌𝑇

𝑃 +
𝑐
𝑇

𝑇. (4.10)

The heat flow 𝑄 given by Equation (4.9) will also be compared with the value obtained from
experimentation.

Tanaka et al. and Gedeon & Wood proposed the Nusselt number 𝑁𝑢 from experiments in
oscillatory flows of the frequency range of the mechanical Stirling engine. Tanaka et al. deter-
mined the Nusselt number frommeasurements conducted with amaximum oscillation frequency
of 10 Hz [32], which is written as

𝑁𝑢T = 0.33𝑅𝑒.. (4.11)

Gedeon and Wood also obtained their 𝑁𝑢-𝑅𝑒 correlation equation [33] from measurements
with oscillation frequency up to 120 Hz. Stirling machine design software code—Sage [65]
incorporated the empirical correlation. It is expressed as

𝑁𝑢G = 1 + 0.99 (𝑅𝑒𝜎). 𝜙.. (4.12)

The applicability of these empirical equations for the Stirling engines should be tested. How-
ever, incorporating them into the thermoacoustic theory is a difficult problem for several reasons
[37]. Therefore, as a tentative method, the complex oscillation temperature 𝑇 using the Nusselt
number is determined by

𝑇𝑁𝑢 = 𝜌𝑐 +
16
𝑖𝜔
𝑘𝑁𝑢
𝑑


−
𝑃 − 𝑖𝜔 +

16
𝜌𝑐

𝑘𝑁𝑢
𝑑


− 𝑑𝑇

𝑑𝑥 𝑉 , (4.13)

which was obtained by introducing complex notation for 𝑇 and by replacing the heat transfer
coefficient ℎwith ℎ = 4𝑘𝑁𝑢/𝑑 while using thermal conductivity 𝑘 of the gas into Equation (27)
of Reference 37. Substituting 𝑇𝑁𝑢 into Equation (4.10) and then using Equation (4.9) yield the
heat flow based on Nusselt number correlations.

4.3 Experimental procedure

A stainless steel cylindrical tube with a radius of 20 mmwas installed with a 35-mm-long regen-
erator and two 20-mm-long heat exchangers. Two acoustic driver pairs made of four loudspeak-
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ers was connected to the tube ends, as schematically illustrated in Figure 4.1. The working gas
used in this chapter was argon gas with the mean pressure of 0.45 MPa. Two regenerator types
were tested: randomly stacked stainless-steel woven wire mesh screens (with mesh number of
#20, #30, #50, #60, and #80) and a cylindrical ceramic honeycomb catalyst of 1200 cell. The
detailed geometrical parameters of regenerators used in this chapter are presented in Table 4.1.
Three electrical heater rods were used to heat the hot heat exchanger, and the cooling water at
293 K were circulated to maintain the ambient heat exchanger temperature 𝑇. Type-K thermo-
couples were placed on the central axis and at the regenerator ends for measuring temperatures
𝑇 of the hot heat exchanger and 𝑇 of the ambient heat exchanger, from which the axial tem-
perature difference Δ𝑇 = 𝑇 − 𝑇 across the regenerator was determined. Also, one end of a
50-mm-long thermal buffer tube on the side of the hot heat exchanger was maintained at room
temperature by cooling water.

Table 4.1: Geometrical properties of regenerators.

Stacked-screen regenerator

Mesh number Wire diameter (mm) Hydraulic diameter (mm) Volume porosity
𝑑 𝑑 𝜙

#20 0.2 1.30 0.87
#30 0.22 0.80 0.78
#50 0.14 0.47 0.77
#60 0.12 0.40 0.77
#80 0.12 0.28 0.70

Ceramic honeycomb catalyst

Cell number Hydraulic diameter (mm) Volume porosity
𝑑 𝜙

1200 0.68 0.89

In order to measure the oscillation-induced heat flow, the experiment was performed as
follows. First, the necessary heat power for establishing a steady non-oscillating state with
Δ𝑇=250 K was recorded, in the absence of acoustic oscillations, as 𝑄. The amount of
heat power 𝑄 was turned out to be 75 ± 4 W, for a variety of the mesh numbers and the
surrounding temperatures. Secondly, in the presence of acoustic oscillations excited by two
acoustic drivers at ends, the heat power 𝑄 was carefully adjusted by voltage and current of
the cartridge electrical heater, so that the same Δ𝑇=250 K was maintained. Finally, the rate of
heat flow passing through the regenerator was determined as

|𝑄| = 𝑄 − 𝑄. (4.14)

Experiments were repeated four times for each of experimental conditions, and the mean value
and the standard deviation of |𝑄| were employed as the experimental results of this chapter.
It should be noted that the absolute value of the heat flow rate |𝑄| was intentionally used in
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Figure 4.1: Schematic diagram of the experimental setup. (Figure adapted from Reference 64
and modified by author.)
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Equation (4.14), because the heat flow𝑄 goes in the negative 𝑥 direction and hence it is expressed
by a negative value. To avoid confusion, the heat flow was expressed by its flow rate.

Pressure oscillationsweremonitored using two pairs of pressure transducers (PD104; JTEKT
Corp., Osaka, Japan) mounted on the sidewall of the cylindrical tube at the positions presented in
Figure 4.1. Based on the pressure amplitudes and phases obtainedwith a 24 bit fast Fourier trans-
form analyzer (DS-3100; Ono Sokki Co. Ltd.), the acoustic pressure field 𝑝(𝑥, 𝑡) = Re [𝑃(𝑥)exp (𝑖𝜔𝑡)]
and the radial average of the axial acoustic particle velocity 𝑢(𝑥, 𝑡) = Re [𝑈(𝑥)exp (𝑖𝜔𝑡)] were
determined in the 40-mm tube region by the two-sensor method [58, 59]. From the continuity
of volume velocity at the interface between diameter 40 mm tube and the regenerator unit, The
complex amplitude 𝑉 of the cross-sectional average velocity in the hot end of the regenerator
was derived as 𝑉 = 𝑈/𝜙, where subscript H denotes the location at the hot end of the tube.

Throughout the experiments in this chapter, the specific acoustic impedance at the hot end
of the regenerator 𝑍 = 𝑃/𝑈 was adjusted to have the magnitude of 0.3𝜌𝑎±20% and phase
angle of 0∘ ± 30∘. |𝑍| = 0.3𝜌𝑎 enables us to simplify the first term of the right-hand side of
Equation (4.3). Namely, when Equation (4.3) is as 𝑄 = 𝑄 + 𝑄, the ratio of 𝑄/𝑄 is given
as

𝑄
𝑄

=
Re 𝑔
Im 𝑔

0.3𝑎𝜔
𝑐 (𝑑𝑇/𝑑𝑥)

, (4.15)

which can be evaluated if the experimental conditions such as 𝑑𝑇/𝑑𝑥, 𝜔, gas type, and the flow
channel geometry. In the case of the present ceramic honeycomb catalyst, the ratio 𝑄/𝑄 was
always less than 0.09. Thus, the heat flow 𝑄 can be safely approximated by 𝑄. Therefore, one
can expect that |𝑄| becomes a quadratic function of |𝑉| by Equation (4.3). When the effective
radius 𝑟 of Ueda et al. is used to evaluate the ratio 𝑄/𝑄 in Equation (4.3), it was found
to satisfy 𝑄/𝑄 < 0.1 for all of mesh numbers of screens tested in this chapter. The ratio
is expected to further decrease as the effective radius decreases with increasing the velocity
amplitude. Therefore, the experimental 𝑄 would be approximated by 𝑄 if the thermoacoustic
theory for the regular pores is valid in the case of the stacked-screen regenerator.

4.4 Results and Discussion

4.4.1 Regular flow channel regenerator

For the regular pore regenerator made of the ceramic honeycomb catalyst, the relations between
the heat flow rate |𝑄| and the oscillation velocity amplitude |𝑉| are illustrated in Figure 4.2,
when the oscillation frequencies are 5 Hz and 200 Hz. As expected in the previous section, the
measured |𝑄| shows a quadratic growth with |𝑉|. For comparison, the heat flow rate |𝑄| and
|𝑄| were evaluated by inserting into Equation (4.3) the present experimental conditions and
the half of the hydrodynamic diameter 𝑑/2 = 0.34 mm of the regular pore regenerator. Good
agreements of heat flow between the theoretical predictions and measurements are observed.
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Figure 4.2: Comparison between the experimental heat flow rate |𝑄| and theoretical calculations
is given by Equation (4.3) for the ceramic honeycomb catalyst, where experimentally obtained
results are shown as symbols with error bars. The theoretical calculations of |𝑄| and |𝑄| are
shown respectively as solid and dashed curves. (Figure adapted from Reference 64 and modified
by author.)

The thermoacoustic theory for estimating the heat flow is thus confirmed by these results. The
heat flow rate |𝑄| of theoretical prediction agrees with experimental value when |𝑉| ≈1 m/s
with 5 Hz. The displacement of the gas parcel (|𝑉|/𝜔) is as large as the regenerator length (=
35 mm). The thermoacoustic theory assumes a small amplitude oscillations in principle, but
this result indicates that it is applicable even when the displacement amplitude is not so small,
relatively to the regenerator size.

4.4.2 Stacked-screen regenerator

For stacked-screen regenerator listed in Table 4.1, the experimental relation between the heat
flow rate |𝑄| and the velocity amplitude |𝑉| for 200 Hz frequency of the oscillatory flow are
presented in Figure 4.3. Four panels (a)–(d) of Figure 4.3 compare the measured |𝑄| and each
of the empirical equations listed in this chapter. A quadratic increase with |𝑉| is observed for
the measured |𝑄| as in the case of the regular pore regenerator.

The measured |𝑄| compared with that obtained using the effective radius of Ueda et al. 𝑟
to Equation (4.3) are plotted in Figure 4.3 (a). Predictions resulted from 𝑟 well agree with
experimental |𝑄| of cases of #50, #60, and #80 meshes, and slight deviations are also visible for
#20 and #30 meshes. Even though the effective radius 𝑟 was proposed from experiments with
uniform temperature, the present measurements support the usefulness for estimating the heat
flow rate |𝑄| when Ar is the working gas.

Figure 4.3(b) presents the comparison with estimated results from the simple harmonic anal-
ysis derived by Swift and Ward, where predictions are show by curves using Equations (4.6),
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Figure 4.3: Experimental heat flow rate |𝑄| and predictions given by respective empirical equa-
tions cited in this study for stacked-screen regenerators tested in pressurized helium gas with
0.45 MPa and with oscillation frequency of 200 Hz. Each panel presents identical experimen-
tally obtained results by symbols with error bars. The empirical predictions are given respec-
tively as (a) for Ueda et al.; (b) for Swift and Ward; (c) for Tanaka et al.; (d) for Gedeon and
Wood. (Figures adapted from Reference 64 and modified by author.)

(4.7), (4.9), and (4.10). Note that 𝜃𝑇 in Equations (4.7) was determined from Equation (4.68) of
Reference 12 using 𝑑/2. Except for the #80 mesh, good agreement is obtained in Figure 4.3 (b),
although Swift and Ward assumed a good thermal contact between the oscillation gas and the
solid wall of the flow channel [38] for the derivation of Equation (4.6). The thermal penetra-
tion depth 𝛿𝛼 = √2𝛼/𝜔 is 0.15 mm when the frequency is 200 Hz for Ar gas with the mean
pressure of 0.45 MPa. Therefore, the present results demonstrates the applicability of the em-
pirical expression of Swift and Ward, when 𝑑/(2𝛿𝛼) is in the range of 𝑑/(2𝛿𝛼) > 1, rather than
𝑑/(2𝛿𝛼) ≪ 1.

Comparisons of the empirical equations of Tanaka et al. and Gedeon & Wood are respec-
tively presented in Figures 4.3 (c) and (d), where Equations (4.11) and (4.12) are used to derive
the temperature 𝑇𝑁𝑢 in Equation (4.13). Then Equations (4.9) and (4.10) are used to estimate
|𝑄|. All predictions presented by curves in Figure 4.3(c) show good agreement with the mea-
sured |𝑄|, to a similar degree to those plotted in Figures 4.3 (a) and 4.3 (b). Consequently, for
thermoacoustic Stirling engines operating at higher oscillation frequencies than the mechanical
Stirling engines [32, 33], their empirical equations are still applicable.

The heat flow rate𝑄 transmitted through the regenerator stacked with #30mesh screens was
further measured with frequencies of 140 Hz and 180 Hz in the same experimental conditions
above to check the frequency dependence.
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Figure 4.4: Comparisons between the experimental heat flow |𝑄| and predictions given by the
empirical equations. The mesh number of the stacked screens is #30. The working gas is Ar gas
with 0.45 MPa. The test frequencies are 140, 180, and 200 Hz. Every panel presents the same
experimentally obtained results by symbols with error bars, and empirical predictions are given
respectively as the following: (a) for Ueda et al.; (b) for Swift and Ward; (c) for Tanaka et al.;
(d) for Gedeon and Wood. (Figures adapted from Reference 64 and modified by author.)

Results are portrayed in Figures 4.4 (a)–4.4 (d), where the experimental heat flow |𝑄| in-
creases with the decrease of the frequency. Figures. 4.4 (a) and (b) present satisfactory agree-
ments respectively for the effective radius of Ueda et al. and the Swift–Ward formulation. The
empirical equation of Tanaka et al. compared with the measured |𝑄| in (c) also works well. In
the case of the empirical equation of Gedeon & Wood as shown in (d), however, it seems that
only the tendency of |𝑄| for the frequency change is reproduced.

4.4.3 Discussion

Through comparisons with measured heat flow rate |𝑄|, the empirical formulations have been
found to be useful as a a first approximation of |𝑄| in the stacked-screen regenerators. The
simplest formulation among them is the effective radius of Ueda et al., because it is independent
of the Nusselt number 𝑁𝑢, which changes with the Reynolds number 𝑅𝑒 through the velocity
amplitude |𝑉|. So, we focus on 𝑟 and test the further applicability. For this purpose, the term
of Im 𝑔 in Equation (4.3) is analyzed by using the experimental |𝑄|.

As described in the last paragraph of Section 4.3, the heat flow component 𝑄 is negligibly
small compared to𝑄. Therefore, Im 𝑔 can be experimentally determined by approximating
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𝑄 with 𝑄 as
Im 𝑔 =

2
𝐴

𝜔
𝜌𝑐

𝑄
(𝑑𝑇/𝑑𝑥) |𝑉|

 . (4.16)

The measured values and the thermal properties of the gas at the hot end of the regenerator
(𝑇=543 K) are used to evaluate all the quantities in Equation (4.16). Figure 4.5 presents the
estimated Im 𝑔, where 𝑟/𝛿𝛼 values in the horizontal axis of experimental results were de-
termined from 𝑟 and the thermal properties with hot end temperature of the regenerator of
𝑇=543 K, and the curve shows the theoretical Im 𝑔 when 𝜎 = 0.66. In the figure, symbols
show themean values over different |𝑉|, while the error bars attached on the symbols signify the
standard deviations for showing the degree of the influence of |𝑉|. Results show that Im 𝑔
in Equation (4.16) determined from measured heat flow rate |𝑄| approximates the theoretical
value predicted from the cylindrical flow channel. This results demonstrates that the mecha-
nism of oscillation-induced heat flow in the stacked-screen regenerator is mainly governed by
the non-dimensional quantity 𝑟/𝛿𝛼 through the thermoacoustic theory. This observation agrees
with previous report of Hasegawa et al. [63] using air at atmospheric pressure as the working
gas. Consequently, 𝑟/𝛿𝛼 would be the key parameter for the local heat transfer between the
screen meshes and the oscillatory flow.
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Figure 4.5: Relation between Im 𝑔 and 𝑟/𝛿𝛼. The curve of Im 𝑔 was calculated from the
thermoacoustic theory. The symbols represent the experimental values evaluated from Equa-
tion (4.16) with measured data and the thermal properties of the gas at the hot end of the regen-
erator (𝑇=543 K). (Figure adapted from Reference 64 and modified by author.)

In Chapter 2, the flow resistance of the stacked-screen regenerator was found to have a ve-
locity dependence, which was consistent with the earlier experiments of acoustic propagations
through porous media with tortuous flow channels [66–68] and the friction factor of stacked
screen meshes [25, 32–34, 69]. In Chapter 3, from comparison with the measured acoustic
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fields, the effective radius 𝑟 was proposed as

𝑟 = 
0.8𝜈

4𝛿𝜈𝜔𝑑
𝑅𝑒 + 𝑟−

− 
. (4.17)

In the equation, 𝑟 reduces to 𝑟 when the velocity goes to zero, and decreases with increasing
the velocity amplitude. We present here the applicability of 𝑟 using the experimental results
of this chapter.

The experimental effective radius 𝑟, was obtained from the measured acoustic fields of
#30 and #80 in the same way as with in Chapter 3. Figure 4.6 presents 𝑟, thus obtained and
the effective radii in Equation (4.17), where the horizontal axis represents the average velocity
amplitude over the regenerator. The experimental effective radius 𝑟,, estimated from error
< 8% between the measured and calculated acoustic powers, is not constant against the velocity,
but decreases with it. As a result, we see that the acoustic field at both sides of the regenerator
unit is better estimated by using the effective radius 𝑟 than 𝑟.

The heat flow rates |𝑄| estimated from using 𝑟 and 𝑟 in Equation (4.3) are compared in
Figure 4.7. Because of the decrease due to the increase of |𝑉|, 𝑟 gives the smaller |𝑄| than 𝑟.
As 𝑟 reproduces well the heat flow rates |𝑄|, it is concluded that 𝑟 should be employed instead
of 𝑟 for better estimation of heat flow, while the acoustic field is better described by 𝑟.

The necessity of two effective radii for explaining sound propagation behaviors due to ther-
mal conductivity and viscosity in tortuous porousmedia has been also pointed out in other studies
[67, 47] made in the uniform temperature condition. They attributed the narrower regions of the
channel to the viscous effects and the wider regions to the thermal effects [40, 46]. The result of
this chapter indicates the need of the effective thermal radius to explain the axial heat transport,
in addition to the effective viscous radius revealed in Chapters 2 and 3.
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4.5 Conclusions

Heat flow rate |𝑄| transmitted through the stacked screen regenerators was measured in oscil-
latory flow using pressurized argon gas with the mean pressure of 0.45 MPa. Experimentally
obtained |𝑄| was compared with predictions estimated from four empirical equations which was
expressed in terms of by 𝑟/𝛿𝛼 and/or 𝑅𝑒. All of empirical equations reproduced the measured
heat flow rates to the similar extent to each other. The Ueda’s formulation using the effective
radius 𝑟 would be useful for designing thermoacoustic engines, because of its simplicity. The
acoustic field, however, was better explained by the effective radius 𝑟 than 𝑟. This results
mean that the effective radius 𝑟 should be used to describe the acoustic field, and then 𝑟
should be used to determine the acoustic heat transport in the stacked screen regenerators.
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Chapter 5

Experimental verification of the effective
radii

5.1 Introduction

For thermoacoustic oscillation systems consisting of regular flow channels, a linear stability
analysis has been successfully demonstrated to predict a critical temperature ratio of hot to cold
parts at the onset of gas oscillations. Rott [5–10] derived linearized basic equations of hydrody-
namics for a circular flow channel to determine a neutral stability curve of Taconis oscillations
[11] occurring in a gas-filled tube with a very steep temperature gradient. While Rott assumed a
step-function like temperature distribution, Sugimoto [70] reconsidered the stability problem by
assuming a more realistic temperature profile without discontinuity. The linear stability analy-
sis has been carried out for predicting the critical temperature ratio of various thermoacoustic
engines [71–74], and the availability was confirmed by experiments as long as the flow channel
shapes are regular in all the components. Therefore, if one can extend this analysis to ther-
moacoustic engines having stacked-screen mesh regenerators, a useful design method would be
gained for developing practical thermoacoustic engines, as they employ stacked-screen meshes
instead of stack of plates [19, 22].

In previous chapters, the effective radius 𝑟 was proposed based on measurements of the
acoustic fields, which gave reasonable prediction of the acoustic power difference Δ𝑊 across
the stacked-screen regenerator with and without the axial temperature difference. Also from
measurements of the heat flow transmitted through the regenerator, the effective radius 𝑟, orig-
inally proposed by Ueda [49], was shown to better describe the heat flow rate than 𝑟. The
effective radii 𝑟 and 𝑟 are respectively written as:

𝑟 = 
0.8𝜈

4𝛿𝜈𝜔𝑑
𝑅𝑒 + 𝑟−

− 
, (5.1)
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and
𝑟 = √𝑑𝑑

2 . (5.2)

In these two effective radii, 𝜔 stands for the oscillation angular frequency, 𝛿𝜈 and 𝜈 respec-
tively denote the viscous penetration depth and kinematic viscosity of the working gas, 𝑑 and
𝑑 respectively signify the wire diameter of woven mesh screens and hydraulic diameter of the
stacked-screen regenerator. Also, the Reynolds number 𝑅𝑒 is defined as 𝑅𝑒 = |𝑉|𝑑/𝜈, where
|𝑉| denotes the spatial mean velocity amplitude in the region of the stacked-screen regenerator.
As can be seen in Equation (5.1), 𝑟 decreases from 𝑟, when the velocity increases from zero
to finite value through the Reynolds number dependent term. As the thermoacoustic oscillation
spontaneously grows from a small disturbance, it would be reasonable to consider that 𝑟 char-
acterizes the onset conditions of the thermoacoustic engine. After the engine onset, however,
𝑟 would come to play as the acoustic amplitude increases in the regenerator. Finally the steady
oscillations would be achieved when the engine becomes neutrally stable with 𝑟 for a given
temperature ratio. That temperature ratio should be greater than the critical one, because the
viscous loss is increased by the reduction of 𝑟. In the steady state, the heat flow due to gas
oscillations would be estimated by using 𝑟. By using the acoustic power increase Δ𝑊 in the
stacked-screen regenerator, the thermal efficiency could be calculated as Δ𝑊/𝑄, where 𝑄
includes the heat flow due to gas oscillations and the conduction heat given by thermal conduc-
tivity of the gas and the solids.

In this chapter, model thermoacoustic engines of a looped tube type and a straight tube are
tested. A calculation method of the performances is proposed by incorporating the effective
radii 𝑟 and 𝑟 into the linear analysis of thermoacoustic oscillations. The calculation results
are compared with measurements of the critical temperature ratio for the onset of oscillations,
saturation pressure amplitude at the steady oscillation state, and the thermal efficiency given by
Δ𝑊/𝑄, to see the applicability of a design method of thermoacoustic engines using stacked-
screen regenerators.
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5.2 Experimental method

5.2.1 Model thermoacoustic engines
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Figure 5.1: Schematic diagram of the experimental setups of the looped tube engine (top) and
the straigh tube engine (bottom).

Figure 5.1 presents two types of model thermoacoustic engines employed in this study. One is
the looped tube engine [18]. The loop was made of 40-mm inner diameter cylindrical tubes and
elbows of the same internal cross-sectional area. The average length of the loop is 𝐿 = 2.15 m.
The loop contained a regenerator unit consisting of an ambient heat exchanger, a stacked-screen
regenerator, a hot heat exchanger, and a thermal buffer tube. Metallic woven mesh screens of
#30, #40, #50, and #60, listed in Table. 5.1 with the detailed information, were tested as the
regenerator material. The engine was filled with different working gases and mean pressures, as
listed in the Table 5.2.

The other is the straight tube engine [16], whose regenerator material and working gas are
also listed in the Table 5.2. The tube consisted of 40-mm inner diameter cylindrical tubes. The
tube length was also 𝐿 = 2.15 m. The same regenerator unit as the looped tube engine was
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inserted in the straight tube. In order to achieve the same working frequency, the regenerator
unit was intentionally placed at a position 3𝐿/8 away from one end of the tube, with facing the
ambient side to that end. By doing so, the second mode oscillations, or the one-wavelength
mode oscillations, was introduced in the straight tube engine. This oscillation mode has the
same wavelength and the same frequency as the fundamental mode of the looped tube.

For the straight thermoacoustic engine, the axial coordinate 𝑥was taken to the right along the
central axis with 𝑥 = 0 at the left end; for the looped thermoacoustic engine, the axial coordinate
𝑥 (0 ≤ 𝑥 (m) ≤ 2.15) was directed from cold to hot in the regenerator, and the origin 𝑥 = 0 was
taken in the way that regenerator unit was placed in the same region of 0.825 < 𝑥 (m) < 0.860
as the straight tube engine.

These two engines can be divided into six components as: waveguide tube 1 (0 < 𝑥 (m) <
0.805), ambient heat exchanger (0.805 < 𝑥 (m) < 0.825), stacked-screen regenerator (0.825 <
𝑥 (m) < 0.86), hot heat exchanger (0.86 < 𝑥 (m) < 0.88), thermal buffer tube (0.88 < 𝑥 (m) <
0.93 ), and waveguide tube 2 (0.93 < 𝑥 (m) < 2.15). Here, the heat exchangers and the thermal
buffer tube in the experimental setup of this chapter were identical to those used in previous
chapters. The hot heat exchanger was heated by three identical electrical cartridge heaters con-
nected to a DC power supply. The heat power 𝑄 to the engine is given by the total heat input
from those electrical heaters. The ambient heat exchanger and one end of the thermal buffer
tube were maintained at 293 K by cooling water circulating around them. Type-K thermocou-
ples were inserted at 𝑥 = 0.825m and 𝑥 = 0.86m to determine temperatures at both ends of the
regenerator. The ambient end temperature is denoted as 𝑇 and the hot end temperature as 𝑇.
The temperature ratio 𝑇/𝑇 between two ends of the regenerator were recorded.

Table 5.1: Geometrical properties of regenerators used in the thermoacoustic engines.

Mesh number Wire diameter (mm)
𝑑

Hydraulic diameter (mm)
𝑑

Volume porosity
𝜙

#30 0.22 0.8 0.78
#40 0.2 0.63 0.82
#50 0.14 0.47 0.77
#60 0.12 0.28 0.77

5.2.2 Experimental procedure

The model thermoacoustic engines were tested in the following way. Heat power 𝑄 was sup-
plied from the hot heat exchanger to the regenerator, and it was kept until the steady state was
achieved. When the heat power exceeded a threshold value, the gas column started to oscillate
spontaneously. The oscillation mode was of the fundamental mode in the looped tube engine
and of the second mode in the straight tube engine, so the oscillation frequencies were essen-
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Table 5.2: Experimental conditions for testing the thermoacoustic engines.

Working gas Mean pressure
(MPa) Engine type Mesh number

Ar 0.45 straight #30, #40, #50
loop #30, #60

N
0.6 straight #30, #40, #50
0.65 loop #40

tially the same as each other. The temperature ratio 𝑇/𝑇 between the ends of the regenerator
at the threshold heat power was measured as the critical temperature ratio of the engine, which
is used to plot the stability curve of the engine.

The acoustic pressures at the steady oscillation state were measured by using two pairs of
pressure transducers flush mounted on the tube walls of waveguide tubes 1 and 2 shown in
Figure 5.1. Pressure signals of 8192 sampling points were sampled at a sampling frequency
800 Hz, from which the amplitude spectrum and phase spectrum were determined via a fast-
Fourier-transform algorithm. The two-sensormethodwas then adopted to determine the acoustic
fields of acoustic pressure 𝑝(𝑥) = Re𝑃(𝑥) exp(𝑖𝜔𝑡) and the radial average of the axial acoustic

particle velocity 𝑢(𝑥) = Re𝑈(𝑥) exp(𝑖𝜔𝑡) in the region of waveguide tubes 1 and 2. The
acoustic field measurements were carried out for 𝑇/𝑇 values above the onset temperature
ratio, to observe the evolution of steady pressure oscillations with 𝑇.

The thermal efficiency of the energy conversion in the regenerator was determined using the
heat power 𝑄 by the heater and the acoustic power increase Δ𝑊 across the regenerator as

𝜂 = Δ𝑊
𝑄

. (5.3)

The heat power𝑄 was determined from the measured voltage and current of the heaters, while
the acoustic power increase Δ𝑊 was measured from acoustic powers at both ends of the regen-
erator. If the electroacoustic transducer (electric alternator) or a acoustic cooler is connected to
the model engines, the acoustic power is supplied from the model engines to them. The max-
imum available acoustic power is given by Δ𝑊 , and therefore it is used to define the thermal
efficiency of the engine.
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5.3 Calculation method

5.3.1 Transfer matrices

This section introduces the method of using transfer matrices described in Chapter 3 for the
stability analysis of the thermoacoustic engines, and explain how to modify it to be applicable
to the engines having stacked-screen regenerators. The acoustic pressure 𝑃(𝑥) and the volume
velocity, 𝐴𝑈(𝑥), given by a product of the flow channel cross-sectional area 𝐴 and the radial
average 𝑈(𝑥) of the axial acoustic particle velocity at position 𝑥 is related to those 𝑃(𝑥 + Δ𝑥)
and 𝐴𝑈(𝑥 + Δ𝑥) at position 𝑥 + Δ𝑥 in the following equations. For components having the
temperature gradient, such as the regenerator𝑀 and thermal buffer tube𝑀, the transfer
matrix is expressed as

𝑀 = expGΔ𝑥2 

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−G𝜏 sinh (𝜆) + cosh (𝜆)
2Z
𝜏 sinh (𝜆)

2Y
𝜏 sinh (𝜆) 𝐺

𝜏 sinh (𝜆) + cosh (𝜆)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, (5.4)

with 𝜏 = √G + 4YZ and 𝜆 = 𝜏Δ𝑥/2, where Δ𝑥 represents the length of the component. In
the equation, definitions of G, Z, Y, and 𝜏 are the same as those in Section 3.1.2, which are
characterized by thermoacoustic functions of

𝜒♯ =
2𝐽 (𝑖 − 1)

𝑟
𝛿♯


(𝑖 − 1) 𝑟𝛿♯
𝐽 (𝑖 − 1)

𝑟
𝛿♯


(5.5)

for cylindrical flow channels with radius 𝑟, as components of the regenerator and thermal buffer
tube. For components with uniform temperature, like ambient and hot heat exchanger, and
waveguide tube, the transfer matrix is formulated as

𝑀,   =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cosh �̀�
√

Z

Y
sinh �̀�

√
Y

Z
sinh �̀� cosh �̀�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (5.6)

where �̀� = Δ𝑥√YZ. For heat exchangers made of parallel plates with spacing 2𝑟, thermoa-
coustic functions are given by

𝜒♯ =
tanh (1 + 𝑖)

𝑟
𝛿♯


(1 + 𝑖) 𝑟𝛿♯

. (5.7)

A linear temperature distribution was assumed in regions of the regenerator and the thermal
buffer tube. The transfer matrices𝑀 and𝑀 were divided into 100 segments with respect
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to 𝑥 direction, in the same way as in Section 3.2. The products of the divided matrices𝑀,† and
𝑀,† are respectively used as the transfer matrices of the regenerator 𝑀 and 𝑀, where
subscript † represents the transfer matrix of the †-th segment specified by the thermal properties
of the gas at the local temperature. The effective radius 𝑟 is employed as the regenerator pore
channel radius for the discussion of the onset temperature ratio. Later, the velocity dependent
effective radius 𝑟 is incorporated in the calculation.

The two thermoacoustic engines illustrated in Figure 5.1 are expressed with the transfer
matrices as

𝑀 = 𝑀,𝑀𝑀𝑀𝑀𝑀,, (5.8)

where subscripts tube,1 or 2, R, REG, H, TBT of matrices 𝑀, respectively, stand for the 40-
mm-diameter waveguide tube, cold heat exchanger, regenerator, hot heat exchanger, and thermal
buffer tube. The transfer matrix𝑀 relates the acoustic states between both ends of the ther-
moacoustic engine as follows:

⎛
⎜⎜⎜⎝
𝑃
𝐴𝑈

⎞
⎟⎟⎟⎠ = 𝑀

⎛
⎜⎜⎜⎝
𝑃
𝐴𝑈

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝
𝐹 𝐹
𝐹 𝐹

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝
𝑃
𝐴𝑈

⎞
⎟⎟⎟⎠ , (5.9)

where subscripts o and L of 𝑃 and 𝑈 respectively denote locations at 𝑥 = 0 and 𝑥 = 2.15 m in
Fig 5.1, and 𝐹∨,∧ (∨, ∧ = 1, 2) stands for the matrix components of𝑀.

The boundary conditions required for 𝑃 and𝑈 are different in the looped tube engine and the
straight tube engine. For the looped tube thermoacoustic engine, a periodic boundary condition
of 𝑃 = 𝑃 and 𝑈 = 𝑈 should be satisfied. Therefore, Equation (5.9) is rewritten as

𝑃
𝐴𝑈

= 𝐹
1 − 𝐹

= 1 − 𝐹
𝐹

. (5.10)

In order to have nonzero 𝑃 and 𝑈, the following relation must be satisfied.

(1 − 𝐹)(1 − 𝐹) − 𝐹𝐹 = 0. (5.11)

For the straight thermoacoustic engine with both ends closed, the boundary conditions are given
as 𝑈 = 0 and 𝑈 = 0. Therefore, the following relation must be satisfied.

𝐹 = 0. (5.12)

5.3.2 Calculation of stability curve

The onset conditions of the looped tube engine and the straight tube engine are numerically
solved with respect to the angular frequency by assuming the temperature ratio 𝑇/𝑇 in Equa-
tions (5.11) or (5.12), respectively. The Newton-Raphson method with an initial angular fre-
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quency of 2𝜋𝑎/𝐿 was used for a complex angular frequency 𝜔 = 𝜔 + 𝑖𝜔, where 𝑎 is the
adiabatic speed of sound of the working gas. It should be noted here that the acoustic pressure
is expressed as

𝑝(𝑥, 𝑡) = Re𝑃 (𝑥) exp (𝑖𝜔𝑡) (5.13)

= Re exp (−𝜔𝑡)𝑃 (𝑥)  exp (𝑖𝜔𝑡),

which means that 𝑝(𝑥, 𝑡) is temporally oscillating with the angular frequency𝜔 while changing
the instantaneous amplitude exponentially in time with attenuation/growth constant 𝜔. There-
fore, the system is stable (non-oscillating) if 𝜔 > 0; unstable if 𝜔 < 0, and at the onset of
oscillation (neutrally stable) if 𝜔 = 0.

In this study, the onset of the thermoacoustic engine was judged whether the relation |𝜔| <
10− is achieved for a certain value of 𝑇/𝑇. Because the thermoacoustic oscillations start
from a small fluctuation, the onset condition is calculated using the effective radius of Ueda et
al. 𝑟 for𝑀. Thus, the stability curve was created by plotting the critical value of 𝑇/𝑇 for
a given value of 𝑟.

5.3.3 Calculation of oscillation amplitude

When the imaginary part𝜔 of the angular frequency becomes negative for a given value of Δ𝑇 ,
the linear theory states that the oscillation amplitude should grow infinitely large after a time.
In reality, however, the amplitude saturates at a certain value. The plausible reasons for the
amplitude saturations are the velocity-dependent losses in the stacked screen regenerator, minor
losses at elbows [75], tees [76], and cross-sectional area change [77, 78], wave distortion due to
excitation of higher harmonics [79, 80], acoustic streaming [81–83] such as Rayleigh type [4]
and Gedeon type [84], and heat exchanger performance that limits the absorption rate of heat
from outside [85]. At the present understanding of thermoacoustics, the contribution of these
mechanisms are unclear. We assume here that the amplitude saturation is solely caused by the
velocity-dependent power losses in the stacked screen regenerator described in Chapter 2, and
try to estimate the oscillation amplitude at steady oscillation state.

First, for a given value of 𝑟 and the corresponding value of 𝑇/𝑇 that makes |𝜔| < 10−,
all the matrix components of 𝑀 are determined. By assuming a small 𝑃, 𝑈 is obtained
as 𝑈 =

𝑃
𝐴
1 − 𝐹
𝐹

for the looped tube engine, whereas 𝑈 = 0 for the straight tube engine’s
boundary condition. The acoustic fields at both ends of the regenerator are calculated from
following equations

⎛
⎜⎜⎜⎝
𝑃
𝐴𝑈

⎞
⎟⎟⎟⎠ = 𝑀𝑀, 

⎛
⎜⎜⎜⎝
𝑃
𝐴𝑈

⎞
⎟⎟⎟⎠ (5.14)
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and
⎛
⎜⎜⎜⎝
𝑃
𝐴𝑈

⎞
⎟⎟⎟⎠ = 𝑀

⎛
⎜⎜⎜⎝
𝑃
𝐴𝑈

⎞
⎟⎟⎟⎠ , (5.15)

where 𝑀 is evaluated using the effective radius 𝑟. From above equations, the velocity
amplitude in the regenerator is determined as |𝑉| = |𝑉 + 𝑉| /2, where 𝑉 = 𝑈/𝜙 and
𝑉 = 𝑈/𝜙 with the volume porosity 𝜙.

Secondly, 𝑇/𝑇 is set at the value greater than the onset temperature ratio. The resulting
solution 𝜔 of Equations (5.11) or (5.12) should possess a negative 𝜔. Considering that the
pressure is given as 𝑝 (𝑡) = Re exp (−𝜔𝑡)𝑃 exp (𝑖𝜔𝑡) in the time domain, 𝑝(𝑡+𝔱)would
be amplified by a factor of exp (−𝜔𝔱) after a short time interval 𝔱, where 𝔱 was chosen as 𝑎/𝐿.
The increased pressure thus obtained is used to calculate𝑈 and then the velocity amplitude |𝑉|
in the regenerator. From the velocity amplitude |𝑉|, the velocity-dependent effective radius 𝑟
is calculated and it is used to update the transfer matrix𝑀.

Thirdly, by using the updated transfer matrix𝑀,𝜔 is determined, which is again used to
change the value of 𝑃, and then the velocity amplitude in the regenerator |𝑉|. These processes
are repeated until |𝜔| < 10− is satisfied for the assumed value of 𝑇/𝑇.

The final value of 𝑃 is associated with the steady oscillation state with the oscillation fre-
quency 𝜔. The acoustic fields can be calculated from Equation (5.9). By using the acoustic
fields thus obtained, Equations (5.14) and (5.15) enable to calculate acoustic power at both ends
of the regenerator. The acoustic difference Δ𝑊 across the regenerator is thus given as

Δ𝑊 = 1
2𝐴Re 

𝑃𝑈 − Re 𝑃𝑈 . (5.16)

Also, the heat 𝑄 transmitted through the regenerator is calculated by

𝑄 = −12𝐴Re𝑔𝑃
𝑉  + 12𝐴

𝜌𝑐
𝜔 Im𝑔

𝑑𝑇
𝑑𝑥 |𝑉| (5.17)

with 𝑔 = 𝜒𝛼 − 𝜒𝜈
(1 + 𝜎) 1 − 𝜒𝜈 

and 𝑔 =
𝜒𝛼 + 𝜎𝜒𝜈

1 − 𝜎 |1 − 𝜒𝜈|
 .

In the equation, thermoacoustic functions 𝜒♯ (♯ = 𝜈, 𝛼) are estimated from 𝑟, based on the fact
that 𝑟 gave a better estimation of 𝑄 than 𝑟 in Chapter 4. The total heat power 𝑄 is assumed
as the sum of𝑄 and the conduction heat through the gas and solids, and therefore, it is expressed
as

𝑄 = |𝑄| + 𝐴𝑘 𝜙 |
𝑑𝑇,
𝑑𝑥 | + |

𝑑𝑇,
𝑑𝑥 | (5.18)

+ 𝑘 ksFrac𝐴 1 − 𝜙 + 𝐴 |
𝑑𝑇,
𝑑𝑥 | + 𝐴 |

𝑑𝑇,
𝑑𝑥 | ,
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where 𝑑𝑇𝑑𝑥 with subscripts of REG and TBT respectively denote axial temperature gradients
along the regenerator and thermal buffer tube, 𝑘 is the thermal conductivity of the working gas,
and 𝐴 and 𝑘 are respectively the cross-sectional area and the thermal conductivity of the solid
pipe. In the equation, a reduction factor ksFrac accounting for the solid heat conduction of the
stacked-screen regenerator is used [86], which was determined as 0.3 in the calculation example
of the thermoacoustic Stirling engine developed by Backhaus and Swift [76] shown in DeltaEC
[38]. Also, ksFrac = 0.3 reproduced 𝑄 (Exp.: 75±5 W; Cal.: 78 W) of experimentations
in Chapter 4, by the last two terms of the left-hand-side of Equation (5.18). Finally, the thermal
efficiency 𝜂 of the thermoacoustic engine is calculated as

𝜂 = Δ𝑊
𝑄

. (5.19)

5.4 Experimental result and discussion

5.4.1 Stability curve

Figures 5.2 (a) and 5.2 (b) respectively present the critical temperature ratio for the looped tube
engine and the straight tube engine. Here, the effective radius 𝑟 and the thermal diffusivity 𝛼
at the spatial mean temperature of the regenerator are used to evaluate 𝑟/𝛿𝛼 in the horizontal
axis. The spontaneous oscillation frequency of both looped and straight engine are quantita-
tively agreed to the solution of 𝜔 given by 2𝜋𝑎/𝐿. The experimental critical temperature ratio
ranged from 2.1 to 2.5 in the looped tube engine, whereas from 1.6 to 2.3 in the straight tube
engine. The calculated critical temperature ratio showed a minimum for a given working gas
in both engines. The minimum onset temperature ratios are achieved at 𝑟/𝛿𝛼 ≈ 1.1 for the
looped engine and 𝑟/𝛿𝛼 ≈ 1.9 for the straight engine. The agreements between calculations and
experimentations for the case of the straight tube engine filled with N at the mean pressure of
0.6 MPa, the agreement was good; 𝑇/𝑇 = 1.51 by calculation and 1.65 by experiments for the
regenerators of #40, and 𝑇/𝑇 = 1.65 by calculation and 1.77 by experiments for #50. In other
conditions, however, the agreement is only qualitative, as reported in the cases for the regular
flow channels in literatures [72, 73]. The relevant results are shown in Figures 5.3 and 5.4. Dis-
crepancy between experimental and calculation results would indicate that the startup process of
thermoacoustic oscillations are not yet fully understood by 𝑟, although previous Chapters 2 and
3 convince the applicability of 𝑟 for predicting the viscous loss and the thermoacoustic power
production in small oscillation amplitude.
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Figure 5.2: Comparisons of stability curves between experiments and calculations.
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Figure 5.3: Comparisons of stability curves between experiments and calculations for the regular
flow channel regenerator, reported by Ueda et al. [72].

Figure 5.4: Comparisons of stability curves between experiments and calculations for the regular
flow channel regenerator, reported by Guédra et al. [73].
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5.4.2 Evolution of pressure amplitude

In this section, the relation between the pressure amplitude |𝑃| and the temperature difference
across the regenerator Δ𝑇 are examined based on the experimental and calculation results. For
the case of the loop tube engine tested in the working gases N and Ar, experimental pressure
amplitude at 𝑥 = 0.935 m and the results of the calculation described in Subsection 5.3.3 using
𝑟 are plotted in Figure 5.5. Also, for the case of the straight tube engine tested in the working
gasN, experimental pressure amplitude at 𝑥 = 0.155m and the results of the calculation using
𝑟 are plotted in Figure 5.6. In the figures, symbols and error bars are respectively represent the
mean values and standard deviations obtained from the same experimental conditions repeated
four times, whereas curves presents the calculation results.

As can be seen in Figure 5.6, both calculation and experiment results present a growth of
pressure amplitudes when Δ𝑇 goes beyond the threshold temperature difference of the straight
thermoacoustic engine. The result verifies the extension of the linear thermoacoustic theory to
describe the nonlinear process due to the velocity-dependent flow resistance; if the velocity-
independent effective radius 𝑟 is used, the amplitude becomes infinitely large without showing
saturation behavior when 𝑇/𝑇 exceeds the critical value. Therefore, use of 𝑟 is a great
advancement from the previous calculation method.

The calculation results of looped tube are far from satisfactory, although the predicted am-
plitudes of the order of 10 Pa are in accordance with the measurements. It would be attributed
to several nonlinear effects mentioned in Subsection 5.3.3 which are not considered in calcu-
lation transfer matrices of whole thermoacoustic engine system of the looped tube. In the case
of the straight tube, the calculation results for #40 and #50 regenerators shows good agreement
with the experimental results. The deviation of the calculation result of #30 regenerator would
be attributable to the relatively larger error for the prediction of the onset of thermoacoustic
instability.
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Figure 5.5: Growth of saturation pressure amplitude |𝑃| at 𝑥 = 0.935 m of the loop tube engine
as a function of the temperature difference Δ𝑇 .
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Figure 5.6: Growth of saturation pressure amplitude |𝑃| at 𝑥 = 0.155 m of the straight tube
engine as a function of the temperature difference Δ𝑇 .

80



5.4 Experimental result and discussion

5.4.3 Thermal efficiency of thermoacoustic engine and acoustic field

In the last subsection, the best agreement of the pressure evolution is presented in the case of #50
regenerator. For this particular case, the thermal efficiency 𝜂(= Δ𝑊/𝑄) vs the temperature
difference Δ𝑇 across the regenerator is presented by Figure 5.7 for comparison between the
experimental and calculation results. In Figure 5.7, 𝜂 increases with increasing Δ𝑇 . Although
the larger discrepancies are shown near the onset of the engine, good agreements are observed
in the range of 280 K < Δ𝑇 < 310 K within maximum deviations < 30%.

Figure 5.8 illustrates acoustic field distributions in the straight thermoacoustic engine for
the maximum value of the tested temperature difference of Δ𝑇 = 306 K, where Figure 5.8 (a)
shows distributions of oscillation amplitudes of 𝑃(𝑥) and𝑈(𝑥) with solid line for measurements
and dashed line for calculations, Figure 5.8 (b) presents the distribution of the specific acoustic
impedance argument arg𝑍(𝑥) = arg𝑃(𝑥)/𝑈(𝑥), and Figure 5.8 (c) plots the distribution of

the acoustic power 𝑊(𝑥) = 1
2|𝑃(𝑥)||𝑈(𝑥)| cos  arg 𝑍(𝑥). Good agreements of oscillation

amplitudes and the phase between calculations and measurements are presented, including a
rapid increase of the velocity amplitude at the location of the regenerator. These results indicate
that the calculation method using the transfer matrix of Equation (5.8) is applicable for the esti-
mation of thermal efficiency and the acoustic field of the thermoacoustic engine equipped with
the stacked-screen regenerator if the effective radius 𝑟 is used to describe the regenerator.
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Figure 5.7: Thermal efficiency determined by experiments and calculation.
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Figure 5.8: Comparisons of acoustic field distribution between experimentations and calcula-
tions for the Standing wave thermoacoustic engine.
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5.4.4 Discussion

The thermoacoustic calculation code DeltaEC [38] developed by Ward, Clark, and Swift has
been used in the thermoacoustic community for engine design. It utilizes empirical formulations
of Equations (2.7) and (4.6) respectively for the flow resistance and temperature oscillation to
formulate a set of equations of momentum, energy, and mass conservation in order to character-
ize the stacked-screen regenerator. As mentioned in previous chapters, 𝑟 and 𝑟 predict Δ𝑊
and 𝑄 more accurately than empirical formulations of Swift and Ward. DeltaEC would be im-
proved to give better estimations of the performance of thermoacoustic devices equipped with
the stacked-screen regenerator if the effective radii concluded in this thesis is used.

Furthermore, 𝑟 can be used to significantly modify the transfer matrix method [72, 61,
60, 87–90]. Although the critical temperature ratio was evaluated for various thermoacoustic
engines, and even the design of thermoacoustic engines were attempted using the transfer ma-
trix method, estimation of the saturation amplitude at the steady oscillation state and hence the
thermal efficiency is difficult in principle, because this method is basically a linear analysis. If
one uses the velocity-dependent effective radius 𝑟, the engine performance can be deduced as
described in the previous subsections.

Some calculation algorithm conduct the iteration process of “guesses and targets” until cer-
tain boundary conditions or criteria are satisfied [38, 88]. In contrast to such methods, the
method presented in this study provides an intuitive and simple numerical calculation method,
which should save the calculation time required for the convergence.

5.5 Conclusions

To verify effective radii of 𝑟 and 𝑟 for the practical engine design, performances of two ther-
moacoustic engines of the looped tube and the straight tube equipped with the stacked-screen
regenerators were experimentally obtained. The critical temperature ratio of thermoacoustic in-
stability, saturation pressure amplitude, thermal efficiency, and acoustic field distributions were
determined. The numerical calculation was proposed, which estimated the acoustic fields above
the critical temperature ratio, in addition to the critical temperature ratio itself. Calculations
gave good agreement in the case of stacked-screen regenerators of #50 and #40 mesh numbers
tested in the straight thermoacoustic engine filled withN. Therefore, we consider that the con-
ventional design method of thermoacoustic engine would be improved by using the effective
radii 𝑟 and 𝑟.
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Chapter 6

Conclusions and recommendations for
future work

The experimental study presented in this thesis aimed at a better understanding of the stacked-
screen regenerator which plays a critical role of the energy conversion in the thermoacoustic
engine. In this chapter, the individual chapters are concluded in Sections 6.1–6.4, and a outlook
of this research topic is provided in the last section for recommendations of further research.

6.1 Acoustic power dissipation with uniform temperature

The flow viscous resistance of the regenerator was measured in forced oscillatory flows with
helium and argon gases at the mean pressure 0.45 MPa, from 20 to 100 Hz. In contrast to the
Stirling engine studies which characterized the viscous effect by merely measuring pressures
drop across the regenerator, the flow viscous resistance was experimentally determined from
the acoustic power difference across the regenerator located at an acoustic field of the specific
impedance close to 𝜌𝑎with the uniform room temperature, where 𝜌 stands for time-averaged
density of the working gas and 𝑎 signifies the adiabatic sound speed. Various regenerators made
of stackedmesh screens were tested, and the velocity dependence of the flow resistancemeasure-
ments was observed, whereas the regular channel regenerator showed a constant flow resistance
against the velocity. The flow resistance of stacked-screen regenerator tested in a single oscilla-
tion frequency was proportional to the spatial mean velocity amplitude of the regenerator region,
and varied with mesh numbers. The dependences of velocity and mesh number were organized
with two non-dimensional ratios of 𝑅𝑒 and 𝑟/𝛿𝜈, where 𝑅𝑒 is the Reynolds number, 𝑟 is the
effective radius of Ueda et al., and 𝛿𝜈 is the viscous penetration depth. The results were well
characterized by the empirical equation of Obayashi et al., although the equation was originally
obtained from experiments using air at atmospheric pressure as the working gas. Thus, the wide
applicability to various gases of He, Ar, and air was ascertained by this study. The measured
flow resistance were also compared with other two empirical equations respectively proposed by
Swift & Ward and Gedeon &Wood, whose equations respectively aimed at thermoacoustic and
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Stirling engines. Both of them presented the worse agreements than the Obayashi’s empirical
equation.

6.2 Effective radius

A capillary-tube-based modeling, assuming the tortuous pores by a bundle of cylindrical tubes,
was applied to the stacked-screen regenerator. The empirical equation of Obayashi et al. pa-
rameterized by 𝑅𝑒 and 𝑟/𝛿𝜈 was converted to the expression for the effective radius 𝑟. In
order to verify the validity of 𝑟, the differentially heated regenerators were experimented in
oscillatory flow using helium and argon gases at the mean pressure 0.45 MPa, with changing the
velocity amplitude and the oscillation frequency. The measured acoustic fields at both ends of
the regenerator were used to estimate the experimental radius, and compared with the proposed
𝑟. The result indicated that the cylindrical modeling was capable of describing the stacked-
screen regenerator with and without the temperature gradients, as the effective radius 𝑟 well
agreed with the experimentally determined one. Therefore, the effective radius derived from the
flow resistance was concluded to adequately characterize the thermoacoustic power production
conducted in the stacked-screen regenerator.

6.3 Heat transportation by oscillation flow

The oscillation-induced heat flow transmitted through the differentially heated regenerator was
measured in forced oscillatory flow with argon gas at the mean pressure of 0.45 MPa. Stacked-
screen regenerators made of five different mesh numbers of and one regular pore regenerator
were tested. Measurements were conducted with keeping a constant temperature difference of
250 K and the specific impedance around 0.3𝜌𝑎. The velocity amplitude was the main exper-
imental parameter. Experimental results on the stacked-screen regenerator was compared with
four different empirical equations derived from: (1) the effective radius of Ueda et al. based on
measurements of the characteristic wavenumber and impedance of acoustic propagation through
the stacked-screen regenerator with the uniform temperature, (2) oscillating temperature formu-
lation derived from steady flow data of Kays and London with a simple harmonic analysis by
Swift and Ward, (3) Nusselt-Reynolds number correlation proposed by Tanaka et al. conducted
the oscillatory flow experiments of maximum 10 Hz, and (4) Nusselt-Reynolds number correla-
tion given by Gedeon and Wood for direct Stirling engine design which was proposed from the
oscillatory flow of maximum 120 Hz. The effective radius of Ueda et al. 𝑟 was concluded as
the formulation that was able to give essentially the same heat flow with the simplest formula-
tion without using Nusselt number. Additionally, comparison with the effective radius 𝑟 was
made with respect to both the acoustic field and the axial heat transport. The results showed that
two effective pore radii of 𝑟 and 𝑟 were necessary to account for the heat transport and the
acoustic field, respectively.
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6.4 Usage of imaginary oscillation frequency

The calculation method of the onset temperature and the oscillation amplitude saturation was
proposed such as the critical temperature ratio of thermoacoustic engines. For verifying the
method, two thermoacoustic engines of the looped type and straight type with the same length
were built and tested. Performances of the thermoacoustic engines, such as the thermoacoustic
instability, the evolution of pressure amplitude, thermal efficiency, and acoustic field distri-
butions, were compared with the calculation results. Good agreements were achieved in the
cases of the standing wave engine filled with the pressurized nitrogen gas and equipped with
two regenerators respectively stacked with mesh screens #40 and #50. The result guarantees the
applicability of the proposed method. However, poor agreements were obtained in the looped
thermoacoustic engines and in the standing wave engine with #30 mesh screens, which were
attributed to a high specific acoustic impedance in the location of the regenerator.

6.5 Outlook

In this study, the viscous dissipation (Chapter 2), thermoacoustic power production (Chapter 3),
oscillation-driven heat flow (Chapter 4) caused by the stacked-screen regenerator were clarified
by experimental investigations, and characterized by the effective radii of 𝑟 and 𝑟. Under
the framework of the thermoacoustic theory, using two effective radii to determine the onset
temperature and the oscillation amplitude saturation for the thermoacoustic engine system was
also proposed (Chapter 5). However, there are still some issues to be continuously investigated
in the stacked-screen regenerator for practical thermoacoustic engine design.

The detail study of the traveling wave engine [76] designed by Backhaus and Swift [19]
has reported that the spontaneous oscillation of the engine induces the velocity amplitudes at
the ambient end of the regenerator with 0.53∼2 m/s while the specific acoustic impedance at
the location of the regenerator is about 30 times 𝜌𝑎. In such acoustic fields of large velocity
amplitudes as well as high acoustic impedances at the location of the stacked-screen regenerator,
the thermal-relaxation loss is supposed to become comparable to the viscous loss. Still, the loss
due to thermal conductivity between gas and solid walls of tortuous flow channels made of
stacked mesh screens remains still unclear.

Chapter 4 reported that the heat flow under the condition of negligibly small heat flow com-
ponent𝑄. This heat flow𝑄 can become also considerably high when the regenerator imposed
by a large velocity amplitude with a high acoustic impedance. So it should be studied further.

Also, notably hydrodynamic/thermal entrance effects (vortex shedding [91], transitional tur-
bulence [92], and nonlinear temperature fluctuations [93]) occurring at the ends of the regen-
erator or stack with regular pores have been reported theoretically and experimentally. The
complexity of those phenomena is not very well understand in the case of the stacked-screen
regenerator with complex flow channels. Furthermore, acoustic streaming directly brings about
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unsteady heat and mass transfer passing through the regenerator. Characterization of these non-
linear phenomena is future challenges of experimental investigations.

The experimental setup in this study has been developed for broad ranges of the oscillation
frequency and velocity with acoustic fields of low impedances. It should be improved to gen-
erate the large velocity amplitude with high acoustic impedances for investigating the thermal-
relaxation loss and the compression-driven heat flow induced in the stacked-screen regenerator.
Meanwhile, development of an optical technique enabling direct measurement for those nonlin-
ear phenomena relating to the regenerator termination is urgent.

88



Appendix A

Experimental investigation of
stacked-screen regenerator located in a
high impedance acoustic field

A.1 Introduction

A thermoacoustic Stirling heat engine developed by Backhaus and Swift attained a high thermal
efficiency of 30 %, equivalent to 41 % of the Carnot efficiency [19], which is comparable to the
efficiency of conventional internal combustion engines. They attributed such a high efficiency
to the stacked-screen regenerator which satisfies two conditions: the thermodynamic Stirling
cycles conducted by oscillation gas parcels through excellent thermal contacts with the mesh
screens, and a low viscous dissipation realized with a high specific acoustic impedance of 15-30
times of 𝜌𝑎 at the regenerator position. So far, the flow resistance and the axial heat transport
in the stacked regenerator were investigated in the acoustic fields with |𝑍| ≈ 𝜌𝑎, where 𝑍
is the specific acoustic impedance. It would be worth to test the performance of the stacked
screen regenerator in the acoustic field with a high acoustic impedance for the development of
thermoacoustic engine with high thermal efficiency.

There is another reason to study the stacked screen regenerator with the elevated acoustic
impedance. In Chapter 5, certain deviations between calculations and experiments of the onset
temperature ratio were observed in cases of the coarse mesh screens. Because the onset of ther-
moacoustic oscillations is triggered by an extremely small fluctuation when the thermoacoustic
power production overtakes acoustic power dissipations, it is possible that unknown effects exist
in the second term of the right hand side of Equation (2.2) expressed as

𝑑𝑊
𝑑𝑥 = 1

2𝐴Re 
𝑈 𝑑𝑃
𝑑𝑥  +

1
2𝐴Re 

𝑃 𝑑𝑈𝑑𝑥  , (A.1)

as its contribution was neglected in Chapter 2 yet not fully clarified in Chapter 3, in which the
specific acoustic impedance was tuned as 𝑍 ≈ 𝜌𝑎 at the location of the regenerator. In the
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Equation, 𝑊 is the acoustic power, 𝐴 is the cross-sectional area of the flow channel, 𝑃 and 𝑈
respectively denote the complex amplitude of pressure and cross-sectional averaged velocity,
Re [⋯] means taking the real part, and ⋯ stands for taking the complex conjugate.

The velocity gradient 𝑑𝑈/𝑑𝑥 in Equation (A.1) is expressed for a regular flow channel by the
thermoacoustic theory of Equation (1.6) which is given as

𝑑𝑈
𝑑𝑥 = −𝑖𝜔

1 + (𝛾 − 1) 𝜒𝛼
𝛾𝑃

𝑃 + 𝜒𝛼 − 𝜒𝜈
(1 − 𝜒𝜈) (1 − 𝜎)

1
𝑇

𝑑𝑇
𝑑𝑥 𝑈 , (A.2)

where 𝜔 denotes the oscillation angular frequency, 𝛾 and 𝜎 respectively signify the ratio of
specific heats and Prandtl number, and 𝑃 and 𝑇 respectively stand for the time-averaged
pressure and temperature. In the equation, 𝜒♯(♯ = 𝜈, 𝛼) are the thermoacoustic functions of the
viscous (𝜈) and thermal (𝛼) effects, which are given by Equations (5.5) or (5.7) depending on
shape types of the regular flow channel. Inserting 𝑑𝑃/𝑑𝑥 of Equation (1.1) of the momentum
and 𝑑𝑈/𝑑𝑥 above into Equation (A.1) gives

𝑑𝑊
𝑑𝑥 = −12𝐴𝑅𝜈 |𝑈|

 − 12
1
𝑅

|𝑃| + 12𝐴Re [G] |𝑃| |𝑈| cos 𝜃, (A.3)

In the equation, the first term was derived from the momentum equation as already shown in
Chapter 2, and the second term represents the thermal-relaxation dissipation caused by the non-
uniformity of pressure-induced temperature oscillations in the cross-section of the flow channel,
whereas the third term stands for the thermoacoustic power production when the temperature
gradient is imposed on the flow channel. The factors 1/𝑅 and G are respectively given as

1
𝑅

= 𝛾 − 1
𝛾

𝜔𝐴Im −𝜒𝛼
𝑃

and (A.4)

G = 𝜒𝛼 − 𝜒𝜈
(1 − 𝜒𝜈) (1 − 𝜎)

1
𝑇

𝑑𝑇
𝑑𝑥 . (A.5)

Considering the regenerator placed in a pipe, and the relationship between velocities𝑈 in the
pipe region and 𝑉 in the regenerator region with 𝐴𝑈 = 𝐴𝜙𝑉 (𝜙 is the volume porosity of the
regenerator.) as shown in Figure 2.5, the acoustic power difference Δ𝑊 across the regenerator
of the length 𝑙 can be given by

Δ𝑊 ≈ 𝑊𝜈 +𝑊 +𝑊, (A.6)
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with

𝑊𝜈 = −
𝑙
2𝐴𝜙𝑅𝜈|𝑉|

, (A.7)

𝑊 = −
𝑙
2
1
𝑅𝑃
|𝑃|, and (A.8)

𝑊 =
𝑙
2𝐴𝜙G|𝑃||𝑉| cos 𝜃, (A.9)

where𝑊𝜈 and𝑊 respectively denote the viscous and the thermal-relaxation power dissipation
resulted from 𝑅𝜈 and 1/𝑅. In the equation, 𝑊 stands for the thermoacoustic power produc-
tion/dissipation associated with 𝑔. For the stacked-screen regenerators, experimental investiga-
tions of𝑊 and𝑊 are still few at the moment. This appendix experimentally investigates the
acoustic power difference Δ𝑊 across the stacked-screen regenerator by focusing on 1/𝑅.

A.2 Experimental procedure

The experimental setup is the same as those used in the experiments of Chapters 2 and 3, as
shown in Figures 2.2 and 3.1. The regenerator was made of randomly stacked stainless-steel
wire mesh screens with a mesh number of 100, a wire diameter 𝑑 =0.1-mm and volume poros-
ity of 𝜙 =0.69. The hydraulic diameter of stacked wire mesh screens is 0.22-mm. The re-
generator was sandwiched by the fin-type hot heat exchanger and ambient heat exchanger and
positive temperature gradient was imposed by them. The hot heat exchanger having the cartridge
electrical heater inside was connected with a regenerator holder and a thermal buffer tube. The
cooling water circulated the ambient heat exchanger and one end of the thermal buffer tube to
maintain the room temperature (293 K). Type-K thermocouples were used to measure the tem-
peratures at the centers of the hot and cold surfaces of the regenerator for determining 𝑇 and
𝑇. The temperature differenceΔ𝑇(= 𝑇−𝑇) between the ends of the regenerator was changed
from 0 K to 250 K with every 50 K, by adjusting electrical power to the cartridge heater. The
working gas contained in the tube was either Ar or He gas with a mean pressure of 0.45 MPa.
Loudspeaker pairs located at ends of the cylindrical tube introduced acoustic oscillations of the
gas in the experimental setup. The acoustic field of 𝑃(𝑥) and 𝑈(𝑥) in the cylindrical tube was
monitored by two pairs of pressure transducers mounted on the sidewall of the cylindrical tube,
and determined with the two-sensor method [58, 59]. From the measured 𝑃(𝑥) and 𝑈(𝑥), the
acoustic power difference across the regenerator Δ𝑊 = 𝑊 −𝑊 was determined in the various
experimental conditions of the temperature difference Δ𝑇 and the specific acoustic impedance
𝑍 = 𝑃/𝑈 , where the subscripts 1 and 2 denote the positions of cold and hot end of the regenerator
in the same way as the previous chapters.

In the first experiment of this appendix, The regenerator was tested in the acoustic field with
the impedance ranging from 𝜌𝑎 to 50𝜌𝑎, while keeping the spatial average velocity amplitude
|𝑉| at a constant value; |𝑉| was 0.02 m/s for Ar and 0.05 m/s for He. These small velocity
amplitudes were chosen to make the viscous dissipation as small as possible. Because of the
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Figure A.1: Measured acoustic field with #100 mesh, 44 Hz, Δ𝑇 = 250 K, and argon gas. In
(a), the black curve represents the pressure amplitude |𝑃|, whereas the blue curve represents the
radial averaged velocity amplitude |𝑈|. In (b), the black curve represents the magnitude |𝑍|, and
the blue curve presents the phase arg [𝑍]
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relatively small velocity amplitude, the velocity-dependent effective radius 𝑟 hardly changes
from 𝑟, as can be seen from Figures 3.6 and 3.7 of Chapter 3.

Figure A.1 shows an example of experimental acoustic fields of the high specific acoustic
impedance 50𝜌𝑎, where the regenerator was placed at the pressure maximum. Throughout the
study of this appendix , the phase difference between pressure and velocity 𝜃 = arg [𝑍] was
adjusted to become close to zero in the outlet side of the regenerator.

In the second experiment, the velocity dependence of𝑊 is addressed. For this purpose, the
uniform temperature regenerator was tested at a constant acoustic impedance but with changing
the oscillation amplitude. From the measured acoustic power decreaseΔ𝑊 (without𝑊) across
the regenerator, the experimental𝑊 was estimated from Δ𝑊 −𝑊𝜈, where𝑊𝜈 was calculated
from Equation (A.7) whose 𝑅𝜈 is estimated by using the empirical flow resistance formulation
of Obayashi et al. of Equation (2.9). Based on Equation (A.8), the experimental 1/𝑅 was then
obtained as

1
𝑅

= − 2𝑊

𝑙 |𝑃|
 , (A.10)

where |𝑃| (= |𝑃 + 𝑃| /2) is the spatial mean pressure amplitude in the regenerator region.

A.3 Experimental results and discussion

A.3.1 Constant velocity amplitude

Experimental results of the acoustic power differenceΔ𝑊 are plotted by symbols in Figures A.2
andA.3 for Ar andHe gases, respectively. The oscillation frequencywas 44.0Hz. The horizontal
axis is |𝑍|/ 𝜌𝑎, which means the magnitude of the spatial averaged acoustic impedance
|𝑍| (= |𝑍 + 𝑍| /2) normalized with respect to the characteristic acoustic impedance 𝜌𝑎.
Because the velocity amplitude is constant in present experiments, |𝑍|/ 𝜌𝑎 varied through
the pressure amplitude |𝑃| at the regenerator position. So, Figures A.2 and A.3 can be seen as
the pressure amplitude dependence of Δ𝑊 .

In the case of the uniform temperature regenerator (Δ𝑇 = 0), the measured Δ𝑊 was always
negative, which means the occurrence of acoustic power dissipation in the regenerator. For com-
parison, the sum of𝑊𝜈 and𝑊 estimated by inserting |𝑉| and |𝑃| into Equations (A.7) and (A.8)
(using the relationship of 𝑃 = 𝑍𝑈) are shown in Figures A.2 and A.3 by solid curves. Here, by
assuming the effective radius 𝑟 of Ueda et al., 𝑅𝜈 was obtained from Equation (2.4) and 1/𝑅
from Equation (A.4). Although the calculated𝑊 changes in proportional to |𝑃|, its contribu-
tion is so small that the curves in Figures A.2 and A.3 are presented almost as horizontal lines,
with small offsets corresponding to the viscous dissipation𝑊𝜈. Although we have reported that
𝑟 provides good predictions of 𝑅𝜈 for small |𝑉|, discrepancies between the solid curves and the
experimental results are obvious and increases with |𝑍|. This result indicates that the factor
1/𝑅 obeys the different mechanism from 𝑅𝜈.
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Figure A.2: Experimental results of Δ𝑊 in the case of Ar. The velocity amplitude was kept at
0.02 m/s. Colors represent the temperature difference Δ𝑇 of the regenerator. (Figure adapted
from Reference 94 and modified by author.)
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In the case of the regenerator with positive temperature differences, the measured Δ𝑊 can
become positive, showing the thermoacoustic power production with a sufficiently high Δ𝑇
values. In order to extract the contribution of 𝑊 from Δ𝑊 with Δ𝑇 ≥ 0, the experimental
Δ𝑊 with Δ𝑇 = 0 was fitted to a curve Δ𝑊 = 𝑒 |𝑍| /𝜌𝑎

 + 𝑒 |𝑍| /𝜌𝑎 + 𝑒, (=
𝑊𝜈+𝑊, estimated from least-square fitting). The fitting results are shown by the dashed curves
in Figures A.2 and A.3, and the coefficients 𝑒, 𝑒, and 𝑒 are tabulated in Table A.1.

Table A.1: Coefficients of polynomial fit.

Working gas 𝑒 𝑒 𝑒
Ar −0.79 × 10− −1.15 × 10− −1.15 × 10−
He −1.36 × 10− −1.20 × 10− −4.23 × 10−

The contribution of the temperature difference to the acoustic power production,𝑊, is ob-
tained by 𝑊 = Δ𝑊 − (𝑊𝜈 +𝑊), namely by subtracting Δ𝑊 with Δ𝑇 = 0 from Δ𝑊 with
nonzero Δ𝑇 . Figures A.4 and A.5 present𝑊 by symbols for Ar and He, respectively. Almost
linear relationships between 𝑊 and |𝑍| / 𝜌𝑎 plotted are observed. Furthermore, 𝑊 is
well reproduced by Equation (A.9) (using the relationship of 𝑃 = 𝑍𝑈) by inserting the effective
radius 𝑟 of Ueda et al. intoG of Equation (A.5). Good agreements between experimental results
and predictions gave the maximum deviation of 5 % and 14 % respectively for Ar and He. It
reveals that the thermoacoustic power production 𝑊 achieved by the stacked-screen regener-
ator is characterized by the effective radius 𝑟 given by Equation (2.10), although inserting the
effective radius 𝑟 gives essentially the same results because of the small velocity amplitude of
the experiments.

A.3.2 Constant acoustic impedance

This section further investigates the oscillation amplitude dependence of 1/𝑅 of the uniform
temperature stacked-screen regenerator, where 1/𝑅 was obtained from 𝑊 by using Equa-
tion (A.8). Figure A.6 shows 1/𝑅 of the uniform temperature regenerator of #30 tested in
pressurized Ar at 0.45 MPa of 100 Hz. In Figure A.6, the same 1/𝑅 are shown in panels of
A.6 (a) and A.6 (b) whose horizontal axes are respectively represented by spatial mean ampli-
tude of pressure |𝑃| and velocity |𝑉|. As can be seen in Figure A.6, the measured 1/𝑅 of the
stacked-screen regenerator dotted by symbols presents an oscillation amplitude dependence, al-
though the results of the thermoacoustic theory provide the horizontal line that was given using
Equation (A.4) and 𝑟. Moreover, comparing experimental data in panels of A.6 (a) and A.6 (b),
1/𝑅 of the stacked-screen regenerator seems to be proportional to the velocity amplitude be-
cause the symbols fall onto a single lie with a constant slope in Figure A.6 (b).

1/𝑅 is further investigated with various oscillation frequencies and relatively low specific
acoustic impedances of 9 and 5 𝜌𝑎 with the larger velocity amplitude. But the velocity and the
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(a) Experimental results plotted in pressure amplitude.

6x10-7

4

2

0

1/
R P

 (P
a·

s/
m

4 )

1.510.50
|V | (m/s)

Ar, 0.45 MPa, 100 Hz, #30  ||Zave|=5 ma  
 |Zave|=15 ma 
 |Zave|=30 ma  
 |Zave|=40 ma  
 |Zave|=60 ma  
 1/RP, predicted from r0

(b)

1/
R P

 (m
2 /(

Pa
·s

))

(b) Experimental results plotted in velocity amplitude.

Figure A.6: Experimental results of 1/𝑅 tested with #30 regenerator. Panels (a) and (b) are
plotted with identical measured data with respective horizontal axes of |𝑃| and |𝑉|.
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oscillation frequency are apparently responsible for the change of measured 1/𝑅 values of #100
mesh experimented in pressurized Ar at 0.45 MPa, as shown in Figure A.8. The result presents
a demand of an empirical equation parameterized by the dimensionless velocity and oscillation
frequency for capturing the thermal-relaxation resistance of the stacked-screen regenerator at
high acoustic impedance.

A.3.3 Discussion

Liu and Garrett [95] have analytically discussed the relation between Nusselt number and the
thermoacoustic function, and provided a relation between𝑁𝑢 and 𝜒𝛼 in the case of the uniform
temperature flow channel as follows:

̇𝜒𝛼 =
𝑁𝑢

𝑖
8 
𝑑
𝛿𝛼


+ 𝑁𝑢

, (A.11)

where dotted ̇𝜒𝛼 is the thermoacoustic function 𝜒𝛼 rewritten by 𝑁𝑢. If the relation of Equa-
tion (A.11) is used in Equation A.4, 1/𝑅 becomes a function of the velocity amplitude.

For stacked-screen regenerator, empirical equations of Nusselt number had been provided
by Swift & Ward [37], Tanaka et al. [32], and Gedeon &Wood [33]. Those empirical equations
are respectively expressed as follows:

𝑁𝑢 = 3.81 − 11.29𝜙 + 9.47𝜙 𝜎

 1 + 𝑅𝑒/  , (A.12)

𝑁𝑢 = 0.33𝑅𝑒., and (A.13)
𝑁𝑢 = 1 + 0.99 (𝑅𝑒𝜎). 𝜙., (A.14)

where subscripts S, T, and G of 𝑁𝑢 denote empirical equations of Nusselt number respectively
propused by Swift & Ward, Tanaka et al., and Gedeon. With the relation between 𝑁𝑢 and 𝜒𝛼
of Equation (A.11), the thermal-relaxation resistance 1/𝑅 of Equation (A.4) is thus able to be
given by Nusselt number equations listed above.

Figure A.7 plots experimental data of 1/𝑅 of the uniform temperature regenerator of #30
tested in pressurized Ar at 0.45 MPa of 100 Hz again, which shows comparisons between ex-
perimental results of 1/𝑅 and predictions based on those 𝑁𝑢 − 𝑅𝑒 correlations. Comparisons
are unsatisfactory in both tendency and accuracy. It is obvious that experimental 1/𝑅 coin-
cide with a certain non-zero value when velocity amplitude |𝑉| is extremely small. However,
All of the predictions based on proposed empirical equations of Nusselt number is started from
exceedingly small 1/𝑅 with the increase of |𝑉|. Also, general trends along the velocity ampli-
tude of those predictions are totally different from obtained experimental results. The result of
Figure A.7 indicates that listed Nusselt number correlations above are incapable of evaluating
the thermal-relaxation loss of the stacked-screen regenerator. A new empirical formulation for
evaluating the thermal-relaxation resistance of the stacked-screen regenerator is urgent.
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Because obtained experimental results of thermal relaxation resistance presents a linear ve-
locity dependence with a intercept in the plot of 1/𝑅 vs |𝑉|, the thermoacoustic function 𝜒𝛼
is supposed to be parted to two for respectively describing the intercept and the velocity ampli-
tude dependence, in order to empirically formulate 1/𝑅 of the stacked-screen regenerator. The
thermal relaxation resistance is therefore given as follows:


1
𝑅

.

= 𝛾 − 1
𝛾

𝜔𝐴
𝑃

Im 𝜒𝛼 + Im  ̇𝜒𝛼 . (A.15)

By fitting the equation above to present experimental data, 𝜒𝛼 in Equation (A.15) is estimated
from cylindrical flow channelswith radius 𝑟, using an empirical radius determined as√𝔭 + 𝑑/3,
and Nusselt number used in ̇𝜒𝛼 is substituted by the form of an empirical equation proposed by
Hilpert [28] as 𝑁𝑢 = 0.001𝑅𝑒𝜎/, where 𝔭 signifies the lattice pitch of the wire screen of
square mesh. Equation (A.15) with attempted empirical radius and Nusselt number correlation
demonstrates good empirical fittings to the regenerator of #100 for cases of 120, 160, and 200
Hz, while larger deviations are observed in cases of 44, 60, and 80 Hz. As a result, more ex-
periments with wider ranges of the oscillation frequency, velocity amplitude, and mesh number
should be tested for confirming correct parameters and Nusselt number in Equation (A.15).

A.4 Conclusions

The acoustic power dissipation/production across the stacked-screen regenerator was measured
in acoustic fields of the elevated specific acoustic impedance. Comparisons between the mea-
sured acoustic power dissipation/production and predictions estimated from the cylindrical tube
modeling of 𝑟 with the thermoacoustic theory indicated that the effective radius 𝑟 successfully
captured the nature of thermoacoustic power production, but failed to estimate the thermal-
relaxation dissipation of the stacked-screen regenerator in high specific acoustic impedance. By
testing the stacked-screen regenerator in the high specific acoustic impedance, measurements
of the thermal-relaxation resistance of 1/𝑅 revealed both dependences on the oscillation fre-
quency and the velocity amplitude.Using the thermoacoustic theory with adjusting the charac-
teristic radius of tortuous flow channels would capable of empirically interpret the oscillation
frequency dependence, and Nusselt number formulation may possible to practically realize the
velocity amplitude dependence of 1/𝑅 of the regenerator. However, more experiments with
various mesh number, different frequency, and larger velocity amplitude should be conducted
for characterizing this property.
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Figure A.7: Experimental results of 1/𝑅 tested with stacked-screen regenerator of #30 mesh.
Symbols are measured data, and curves are predictions using empirical equations of Nusselt
number respectively proposed by Swift & Ward, Tanaka et al., and Gedeon & Wood.
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erator of thermoacoustic engine.” Appl. Sci., 7, 303, 2017. dx.doi.org/10.3390/app7030303

2. S. H. Hsu, T. Biwa “Modeling of a stacked-screen regenerator in an oscillatory flow.” Jpn.
J. Appl. Phys., 56, 017301, 2016. dx.doi.org/10.7567/JJAP.56.017301

3. ⼤林敦，許書涵，琵琶哲志 “積層ワイヤーメッシュの熱⾳響特性の振幅依存性”
低温⼯学 , 47, 562-567, 2012. dx.doi.org/10.2221/jcsj.47.562

B.2 Proceedings papers
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2. S. H. Hsu, T. Biwa “Measurement of axial heat transport in stacked-screen regenerator of
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3. S. H. Hsu, T. Biwa “Experimental investigation of stacked-screen regenerator located in a
high impedance acoustic field” The 22nd International Congress of Sound and Vibration,
Florence, Italy, 2015.

4. S. H. Hsu, T. Biwa “Experiments on thermoacoustic properties of stacked mesh screen”
The 24th International Symposium on Transport Phenomena, Yamaguchi, Japan, 2013.
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