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Robustness of a persistent spin helix against a cubic Dresselhaus field in (001) and (110) oriented
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The persistent spin helix (PSH) state in III–V semiconductor quantum wells (QWs) is a promising candidate
for spin-based applications because the PSH state realizes controllable spin orientation with long spin lifetime.
Although the cubic Dresselhaus spin-orbit (SO) interaction is known for breaking the PSH state in both
(001)-oriented and (110)-oriented QWs, it is not well understood how the distinct symmetry of cubic Dresselhaus
terms β3 between (001) and (110) QWs affects the robustness of the PSH state. Here we investigate robustness of
the PSH state between (001) and (110) QWs under various strengths of cubic Dresselhaus SO interaction based
on numerical Monte Carlo approach and magnetoconductance simulation, respectively, representing optical
spin excitation/detection and weak localization/weak antilocalization in magnetotransport. For electron spins
initialized along z ‖ [001] in a (001) QW and x ‖ [001] and y ‖ [11̄0] in a (110) QW, where the spin distribution
is developed with the helical spin mode, a (001) QW shows a more robust PSH state against the increase of
β3 than does a (110) QW. This phenomenon is contrary to numerically computed magnetoconductance, where
weak localization is maintained on the variation of β3 in a (110) QW, whereas weak antilocalization appears
in a (001) QW. By deriving the spin lifetime of the PSH state in a (110) QW from a diffusion equation using a
random-walk approach, we demonstrate that such a difference arises directly from the magnitude and orientation
of third angular harmonics in cubic Dresselhaus fields for (001) and (110) QWs.

DOI: 10.1103/PhysRevB.98.165112

I. INTRODUCTION

Controlling spin states in a solid state is a fundamental
requirement for realizing spintronic devices and for future
quantum computing. In III–V semiconductor heterostructures
such as GaAs/AlGaAs, spin-orbit (SO) interactions of two
types exist: Dresselhaus SO interaction [1] induced by bulk
inversion asymmetry of zinc-blende structure and Rashba SO
interaction [2] induced by structural inversion asymmetry of
a quantum well (QW). Both SO interactions induce effective
magnetic fields for moving electrons, which enables us to
generate and manipulate spin states in semiconductors electri-
cally [3–6]. However, spin randomization is induced simulta-
neously because of the momentum-dependent SO fields. This
so-called D’yakonov-Perel’ spin relaxation plays a prominent
role in losing spin information in III–V semiconductors [7].
Therefore, simultaneous realization of spin manipulation and
long spin transport has been a challenging issue under the
existence of SO interactions.

To overcome this obstacle, the persistent spin helix (PSH)
state has been proposed theoretically [8,9]. The SO field is
aligned in a uniaxial direction satisfying SU(2) symmetry [9],
which creates a robust spin state against all forms of spin
independent scattering. Such a PSH condition can be imple-
mented in two crystal orientations in III–V semiconductor
heterostructures. In a (001)-grown QW, equal strengths of
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Rashba and linear Dresselhaus SO fields enable the uniaxial
SO fields to point to the QW plane. In a (110)-grown QW, the
linear Dresselhaus SO field creates the PSH state with the SO
field pointing perpendicularly to the QW plane. Figures 1(a)
and 1(d), respectively, portray the effective magnetic fields
B(001)

1 and B(110)
1 , which form the PSH states in (001) and

(110) QWs. Once the spin orientation is initialized along the
z direction in a (001) QW, a helical spin mode is evolved
[Fig. 1(b)] and long spin transport as well as controllable spin
orientation are achieved simultaneously. The same situation
for the in-plane spin orientation is implemented in the case of
a (110) QW, as presented in Fig. 1(e). Consequently, the PSH
state in (001) and (110) QWs has potential for realizing spin
functionalities under the suppressed spin decay [10,11].

Experimental realization of the PSH state was first demon-
strated using a transient spin grating technique in (001)
GaAs/AlGaAs QWs [12]. A gate-controlled PSH state was
realized in a (001) InGaAs/InAlAs QW through the crossover
between weak localization and weak antilocalization in the
quantum interference effect [13]. Furthermore, magneto-
optical Kerr microscopy has enabled direct imaging of for-
mation of the PSH state and enhancement of the spin lifetime
by lateral confinement [14,15]. Recently, drift spin transport
under the PSH state has been demonstrated [16] and robust
spin states have also been proposed not only in (110)-grown
QWs but also in other crystal orientations [17]. Consequently,
the physics underlying the PSH state has been studied in-
tensively both theoretically [8,9,17–21] and experimentally
[12–16,22–25].
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FIG. 1. Schematic illustrations of momentum-dependent effec-
tive magnetic fields in a persistent spin helix state, assuming (a)
α > 0, β1 − β3 > 0 in a (001) QW and (d) α = 0, β1 − β3 > 0 in
a (110) QW. (b, e) Helical spin textures with spins initialized along
z ‖ [001] in a (001) QW and x ‖ [001] in a (110) QW. Helical spin
textures are developed in a y-z plane in a (001) QW, whereas they are
developed in a x-y plane in a (110) QW. Third angular harmonics in
a cubic Dresselhaus field are shown for (c) a (001) QW and for (f) a
(110) QW. A (001) QW has three rotation symmetry of the effective
magnetic field with constant SO field strength, whereas a (110) QW
shows uniaxial alignment along the z direction with modulated SO
field strength.

Cubic Dresselhaus SO interaction influences the spin life-
time of the PSH state differently with (001) and (110) crystal
orientations. Under the spin orientation initialized parallel
to the uniaxial SO fields, although the spin orientation is
randomized by the cubic Dresselhaus field in a (001) QW,
long spin relaxation takes place in the case of a (110) QW
because of the uniaxial alignment of both linear and cubic SO
fields [Figs. 1(d) and 1(f)] [26]. Therefore, the spin state in a
(110) QW is expected to be robust against cubic Dresselhaus
SO interaction when compared with that in a (001) QW
[27]. However, when the helical spin mode is developed by
initializing the spin orientation perpendicularly to the uniaxial
SO fields, the cubic Dresselhaus SO interaction becomes an
obstacle for realizing the SU(2) symmetry [9]. It limits the
spin lifetime in both (001) and (110) QWs. As shown in
Figs. 1(c) and 1(f), cubic Dresselhaus fields (B(001)

3 , B(110)
3 )

hold different symmetries between (001) and (110) QWs. Ac-
tually, B(001)

3 in a (001) QW shows three rotational symmetry
with constant SO-field strength, whereas B(110)

3 in a (110) QW
shows uniaxial alignment along the z direction with modu-
lated SO-field strength. Consequently, the robustness of the
PSH state with different symmetry of cubic Dresselhaus fields
between (001) and (110) QWs remains elusive. However, no

quantitative comparison of the spin lifetime of the PSH state
between two crystal orientations has been reported to date.

Here, we present investigation of the cubic Dresselhaus
field influence on the robustness of the PSH state in (001)
and (110) QWs based on a numerical Monte Carlo approach
and magnetoconductance simulation, which, respectively, rep-
resent optical spin excitation/detection and weak localization
(WL)/weak antilocalization (WAL) in magnetotransport. Al-
though the magnetoconductance simulation exhibits a transi-
tion from WL to WAL against the cubic term in a (001) QW,
WL is observed consistently in the case of a (110) QW, main-
taining a robust spin state against the cubic term. However, in
Monte Carlo simulations, we demonstrate that the lifetime of
the PSH state in a (110) QW is more vulnerable to the cubic
term than that in a (001) QW, being a contrast to the case
of magnetotransport. By deriving the PSH lifetime in a (110)
QW from a diffusion equation using a random-walk approach,
we demonstrate that such a difference arises directly from the
magnitude and orientation of third angular harmonics in cubic
Dresselhaus fields in (001) and (110) QWs.

This paper is organized as follows. In Sec. II we explain
the SO Hamiltonian and effective magnetic field symmetry
in (001) and (110) QWs. Next, in Sec. III, we introduce
models for establishing the spin dynamics simulation based
on numerical Monte Carlo method and the magnetotransport
simulation based on an efficient recursive Green’s-function
algorithm. In Sec. IV, we compare the simulated results
for the PSH states in optical spin excitation/detection and
magnetotransport. Then, the random walk model is introduced
to obtain the life time of helical spin mode in (001) and (110)
QWs and compare with the Monte Carlo simulation. Since
cubic Dresselhaus SO fields exhibit different symmetry in
(001) and (110) QWs, we focus on different spin lifetime
behaviors caused by the symmetry difference in Sec. V. We
close the paper with the conclusions in Sec. VI.

II. PERSISTENT SPIN HELIX STATE IN (001) AND (110)
QUANTUM WELLS

For conduction electrons in a (001) QW, the Hamiltonian
for an electron in x ‖ [11̄0], y ‖ [110], and z ‖ [001] axes is
described as

H = h̄2k2

2m
+ gμB

2
BSO · σ , (1)

where in-plane wave vector k = (kx, ky ), reduced Planck’s
constant h̄, effective mass m, and SO field are used:

B(001)
SO = 2

gμB

⎛
⎝ (

α + β1 + 2β3
k2
x−k2

y

k2

)
ky(−α + β1 − 2β3

k2
x−k2

y

k2

)
kx

⎞
⎠. (2)

In the equation above, g is the electron’s g factor, μB

represents the Bohr magneton, and σ are Pauli matrices. The
magnitudes of Rashba, linear, and cubic Dresselhaus SO fields
are characterized, respectively, by α, β1 = −γ 〈k2

z 〉, and β3 =
−γ k2/4. Also, 〈k2

z 〉 is the expected value of the wave function
confined in the QW; γ is the bulk Dresselhaus coefficient,
with a sign defined as negative (γ < 0). In Eq. (2), by defining
θ as the counterclockwise (ccw) angle from the x axis in
the x-y plane, i.e., kx = kcosθ and ky = ksinθ , the effective
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magnetic field is written simply by angular harmonics as

B(001)
SO = k

gμB

⎡
⎣
⎛
⎝ 2(α + β1 − β3)sinθ

2(−α + β1 + β3)cosθ
0

⎞
⎠ +

⎛
⎝ 2β3sin3θ

−2β3cos3θ

0

⎞
⎠
⎤
⎦

= B(001)
1 + B(001)

3 . (3)

For the PSH state in which α = β1 − β3 is satisfied, as
we described above, first angular harmonics B(001)

1 form a
unidirectional effective magnetic field with SU(2) symmetry
[Fig. 1(a)], protecting spins from all forms of spin independent
scattering events. However, the third angular harmonics B(001)

3
originated from the cubic Dresselhaus field destroy the PSH
state. By following the same steps for a (110) QW, the
effective magnetic field B(110)

SO is described as

B(110)
SO = k

gμB

⎡
⎣

⎛
⎝ 2αsinθ

−2αcosθ
(β1 − β3) sin θ

⎞
⎠ +

⎛
⎝ 0

0
3β3 sin 3θ

⎞
⎠

⎤
⎦

= B(110)
1 + B(110)

3 . (4)

The coordinates for crystal directions are x ‖ [001], y ‖
[11̄0], and z ‖ [110] in the case of a (110) QW. When the QW
potential becomes symmetric, where the coefficient of Rashba
SO interaction disappears (α = 0), electron spins initially
aligned along x ‖ [001] or y ‖ [11̄0] develop the helical spin
mode and form the PSH state because of the SU(2) symmetry
of B(110)

1 [Figs. 1(d) and 1(e)]. The induced PSH state is
destroyed by third angular harmonics B(110)

3 [Fig. 1(f)]. Both
B(001)

3 and B(110)
3 show threefold symmetry in the x-y plane, as

portrayed in Figs. 1(c) and 1(f). It is noteworthy that the B(001)
3

strength remains constant in the x-y plane, but that of B(110)
3

depends on the in-plane direction. Such different symmetry
of cubic SO fields affects breaking of the PSH state between
(001) and (110) QWs.

III. SIMULATION MODELS FOR OPTICAL SPIN
EXCITATION/DETECTION AND MAGNETOTRANSPORT

In a simple spin-diffusion model without considering the
interference effect, i.e., optical pump and probe measurements
of electron spins, an electron spin can be regarded as a clas-
sical spin vector [28]. We consider a degenerate electron gas
with kBT � h̄2k2

F /2m, where kF is the Fermi wave number
and kB is Boltzmann’s constant. We assume that SO splitting
is slight compared to the Fermi energy and that the initial spin
polarization density is lower than the electron sheet carrier
density Ns. Then the relevant electronic states are centered at
the Fermi energy. All k in equations and in definition of β3 can
be replaced by the Fermi wave number kF . Electrons in the
QWs move with Fermi velocity and experience momentum-
dependent SO fields during the scattering events. Therefore,
spin dynamics is governed by the following expression using
� = (gμB/h̄)B(001),(110)

SO :

∂

∂t
s = � × s. (5)

In our Monte Carlo simulations, electron spins s are
initialized along z ‖ [001] [s = (0, 0, Sz0)] in a (001) QW

and x ‖ [001] or y ‖ [11̄0] [s = (Sx0, 0, 0), s = (0, Sy0, 0)]
in a (110) QW at time t = 0 with a Gaussian distribution,
corresponding to the optical excitation of electron spins by
circularly polarized light. Wave numbers are distributed on the
Fermi circle. The spot size of the excited spin distribution is
defined by Gaussian sigma width as w = 1 μm at time t = 0.
We solve Eq. (5) at each discrete time step and update the spin
orientation and spatial coordinate, i.e., sn = (Sx,n, Sy,n, Sz,n)
and (xn, yn), where n is the increment number. Scattering
events are translated as completely random variation of elec-
tron momenta to represent the proper spin-diffusion constant
Ds . The spin-diffusion constant is set to Ds = 0.012 m2/s.
The sheet carrier density is Ns = 5.0 × 1015 m−2, which
is related with kF = √

2πNs. To compare robustness of the
PSH state in different crystal orientations, we define the
value of the SO coefficient in the PSH state as MPSH =
12 × 10−13 eVm and set MPSH as equal for both (001)
and (110) QWs, i.e., 2[α(001) + β

(001)
1 − β

(001)
3 ] = β

(110)
1 −

β
(110)
3 = MPSH, corresponding to |B(001)

1 | = |B(110)
1 |. This set-

ting gives an identical spin precession period in space when
electron spins propagate with the helical spin mode. Factor 2
derives from the definition of SO fields in (001) and (110)
QWs as B(001)

PSH = (2k/gμB)(α + β1 − β3)sinθ and B(110)
PSH =

(k/gμB)(β1 − β3)sinθ , respectively, representing the maxi-
mum strength of the SO field in the PSH state. To elucidate
the effect of the cubic term on the robustness of the PSH
state, we keep MPSH constant and change the magnitude of
β3 independently from MPSH. Such a condition corresponds
to the case of using samples that host different widths of QW
[29] with appropriate carrier density because the change of
QW width modulates the value of 〈k2

z 〉, i.e., β1 = −γ 〈k2
z 〉,

and carrier density controls α and β3 = −γ k2/4. As a result,
constant MPSH with different β3 can be realized to compare
the PSH state in (001) and (110) QWs. It is noteworthy that
β1 − β3 in MPSH is fixed as constant under the variation of β3

in B(001), (110)
3 .

To compare the effects of cubic terms observed in the
Monte Carlo simulations, we numerically computed the mag-
netoconductance for disordered mesoscopic conductors using
the KWANT code [30], which is based on an efficient recur-
sive Green’s-function algorithm within Landauer formalism.
We consider a two-dimensional diffusive conductor with the
SO Hamiltonian based on Eq. (1) in (001) and (110) QWs and
calculate the total quantum transmission probability T (EF )
at Fermi energy, which yields conductance in linear response
within the Landauer approach: G = G0T (EF ) (G0 is 2e2/h).
Also, G is computed as a function of the perpendicular mag-
netic field to observe WL/WAL under various � = β3/MPSH

ratios. Because of time limitations for the numerical simula-
tion, we chose a system size and energy scales smaller than
the realistic Fermi energies and set the ratio of SO parameters
as comparable to the Monte Carlo simulation, which was
useful for describing the SO parameter dependence in mag-
netoconductance [13,23]. Our KWANT simulation used the
following parameters: phase coherence length Lϕ = 600 nm,
mean free path Lel = 69 nm, conductor width W = 184 nm,
Fermi energy EF = 23.8 meV, and g factor g = − 0.28.
We define the SO parameters normalized by hopping energy
Eh = h̄2/2ma2, where a is the lattice constant.
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FIG. 2. (a, c) Simulated spatial maps of spin polarization for (001) and (110) QWs at time t = 2 ns after the spin excitation under different
strengths of β3 = 0.5, 1.0, and 1.5 (10−13 eV m). Red and blue colors denote the magnitude of positive and negative spin polarizations along
the z (x) direction for a (001) [(110)] QW. The PSH states in both QWs are degraded as β3 increases. (b, d) Magnetoconductance as a function
of perpendicular external magnetic field calculated using recursive Green’s-function method. Magnetoconductance under various values of the
normalized cubic Dresselhaus term, � = β3/MPSH, is calculated for both QWs. Crossover from WL to WAL is observed clearly in a (001)
QW, although WL states are preserved entirely for a variation of � in a (110) QW.

IV. ROBUSTNESS OF PERSISTENT SPIN HELIX STATE

As presented in Fig. 2, we simulated a spatial map of spin
polarization at t = 2 ns [Figs. 2(a) and 2(c)] and magneto-
conductance G [Figs. 2(b) and 2(d)], respectively, under the
PSH state with different β3 and � = β3/MPSH. In a (001) QW,
WAL [red circles in Fig. 2(b)] emerges via WL (blue circles)
with increasing � from 0 to 0.09. This result is consistent
with the degraded PSH states in the Monte Carlo simulation
[Fig. 2(a)] as the magnitude of β3 increased, with induced
symmetry breaking of SU(2). In contrast to a (001) QW, WL
remains under strong � in a (110) QW [Fig. 2(d)], although
the WL amplitude decreases. The preserved WL indicates
a robust spin state in a (110) QW under β3, which shows
good agreement with results obtained in an earlier study [27].
However, as presented in Fig. 2(c), the helical spin mode in
a (110) QW becomes more degraded by β3 than that in a
(001) QW [β3 = 1.5 in Figs. 2(a) and 2(c)], implying a rather
fragile PSH state for a (110) QW, in contrast to results of
magnetoconductance simulation [Fig. 2(d)]. This implication
is surprising because a (001) QW shows consistent degrada-
tion of spin states by the cubic term between Monte Carlo and
magnetoconductance simulations.

To elucidate the PSH stability between (001) and (110)
QWs quantitatively, we evaluate the spin lifetime by simulat-
ing the time evolution of spin polarization with different β3 in
Monte Carlo simulations. Figures 3(a) and 3(b) depict the time
decay of spin polarization at the center coordinate for (001)
and (110) QWs under spin excitation along z ‖ [001] and x ‖
[001]:sz,x (0, 0, t ) with β3 = 0, 0.5, 1.0, and 1.5 × 10−13

(eVm). For the quantitative evaluation of the spin lifetime
from Figs. 3(a) and 3(b), we derive the expression of the spin
mode dynamics as well as the spin lifetime in a (110) QW
based on a random-walk approach [19]. By consideration of
the series expansion of Eq. (5) up to second order, the profile
of spin polarization s at arbitrary position r = (x, y ) and
time t satisfies the following equation of motion [Appendix
A presents a detailed derivation for a (110) QW]:

∂

∂t
s(r, t ) = �(110)s(r, t ), (6)

with

�(110) =
⎛
⎝Ds∇2 0 0

0 Ds∇2 0
0 0 Ds∇2

⎞
⎠ − Ds

m2

h̄4

⎛
⎜⎜⎝

4α2 + (
β2 + 9β2

3

) − 2h̄2

m
β ∂

∂y
4h̄2

m
α ∂

∂x
− 2αβ

2h̄2

m
β ∂

∂y
4α2 + (

β2 + 9β2
3

) − 2h̄2

m
α ∂

∂y

− 4h̄2

m
α ∂

∂x
− 2αβ 2h̄2

m
α ∂

∂y
8α2

⎞
⎟⎟⎠. (7)
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As shown here, ∇2 = (∂2/∂x2 + ∂2/∂y2) and β = β1 − β3. By reflecting α = 0 for a PSH state in a (110) QW,

�(110) =

⎛
⎜⎝

Ds∇2 0 0

0 Ds∇2 0

0 0 Ds∇2

⎞
⎟⎠ − Ds

m2

h̄4

⎛
⎜⎝

(
β2 + 9β2

3

) − 2h̄2

m
β ∂

∂y
0

2h̄2

m
β ∂

∂y

(
β2 + 9β2

3

)
0

0 0 0

⎞
⎟⎠. (8)

Two-dimensional Fourier transformation of Eq. (8) enables us to ascertain the solution of the spin profile in q space by
the replacement of (∂/∂r ) → −iq:s̃(q, t ) = ∫∞

−∞ ∫∞
−∞ s(r, t )e−i(qxx+qyy )dqxdqy . By applying inverse Fourier transformation

s(r, t ) = (1/4π2) ∫∞
−∞ ∫∞

−∞ s̃(q, t )ei(qxx+qyy )dqxdqy , s̃(q, t ) returns the spin polarization along x ‖ [001] in arbitrary position
r as

sx (x, y, t ) = Sx0
w2

w2 + 2Dst
e
−

1
2 (x2+y2 )

w2+2Ds t e
− t

τ
(110)
PSH e

−Ds
w2

w2+2Ds t
q2

0 t cos

(
2Dst

w2 + 2Dst
q0y

)
, (9)

1/τ
(110)
PSH = 9Ds

m2

h̄4 β2
3 . (10)

In these equations, q
(110)
0 = m(β1 − β3)/h̄2. Cosine oscilla-

tion in Eq. (9) shows the helical spin mode generated along the
y direction because Dresselhaus SO interaction between β1

and β3 has a positive sign (γ < 0). τ
(110)
PSH is a spin lifetime of

the PSH state in the case of a (110) QW; it is dominated by β3.
For a (001) QW, according to [20], the spin dynamics

of the PSH state at the center coordinates is governed by
[Appendix B presents matrix elements in a (001) QW]

sz(0, 0, t ) = Sz0
w2

w2 + 2Dst
e
− t

τ
(001)
PSH e

−Ds
w2

w2+2Ds t
q2

0 t
, (11)

with
1

τ
(001)
PSH

= 6Ds

m2

h̄4 β2
3 , (12)

where q
(001)
0 = 2m(α + β1 − β3)/h̄2. We fit spin decay at the

center of the PSH state in (001) and (110) QWs using Eqs. (9)
and (11). The results are presented as black solid lines in
Figs. 3(a) and 3(b), in which the spin dynamics in both QWs
simulated by the Monte Carlo method are well described by
the derived Eqs. (9) and (11), enabling us to evaluate spin
lifetime τ

(001), (110)
PSH . It is noteworthy that decay in the early

time window [t < 0.5 ns in Figs. 3(a) and 3(b)] is attributable
to terms exp(−Ds

w2

w2+2Dst
q2

0 t ) and w2

w2+2Dst
originating from

the transition to the PSH eigenmode and diffusive dilution
[20]. Figure 3(c) presents the lifetime of the PSH state in (001)
and (110) QWs as a function of β3 (filled circles and squares,
respectively). We also conducted the same procedures against
spins initialized along y ‖ [11̄0] in a (110) QW, shown as
filled triangles in Fig. 3(c), and found that the expression of
spin dynamics takes the same form as that of x ‖ [001] in a
(110) QW. The extracted spin lifetime τ

(110)
PSH in different β3

values clearly reflects the shorter spin lifetime of the PSH
state in a (110) QW to a (001) QW. Solid lines in Fig. 3(c)
correspond to theoretical results suggested by Eqs. (10) and
(12), describing the evaluated τ

(001)
PSH and τ

(110)
PSH very precisely

and being consistent with the spatial map of spin polarization
in Figs. 2(a) and 2(c). The obtained τPSH increases quadrat-
ically as the cubic term decreases. Because β3 is less than
1.0 × 10−13 (eVm) in typical III–V semiconductor QWs [29],
the difference of the spin lifetime becomes more relevant in
time for weak β3 values.

V. ORIGIN OF DIFFERENT SPIN LIFETIME BEHAVIORS

We next consider the reason for the contrasting spin
lifetime behaviors of Monte Carlo and magnetoconductance
simulations in a (110) QW shown in Figs. 2(c) and 2(d).
The distinct β3 contribution to the spin-relaxation process
originates from the fact that the strength of B3 dominates
the randomization of spin orientation in the optical excitation,
i.e., Monte Carlo method, although the direction of B3 to the

0 1 2 3 4 5 6

3
 (10-13 eVm)

0

1

2

3

P
S

H
 (

ns
)

(001) initialized along z
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0 1 2 3 4
t (ns)

10-4

10-2

100

s z(0
,0

,t
) 

(a
.u

.)

0 1 2 3 4
t (ns)

s x(0
,0

,t
) 

(a
.u

.)

(a) (b)

(001) QW (110) QW

(c)

FIG. 3. Time evolution of spin polarization at coordinate
(x, y) = (0, 0) with different β3 = 0, 0.5, 1.0, and
1.5 (10−13 eVm), respectively, in (a) a (001) QW and (b) a
(110) QW. Solid lines are fitted curves using Eq. (11) for a (001)
QW and Eq. (9) for a (110) QW. (c) Extracted lifetime of the
PSH state under various strengths of β3. Filled circles represent a
(001) QW with spins initialized along z ‖ [001]. Filled squares and
triangles, respectively, represent a (110) QW with spins initialized
along x ‖ [001] and y ‖ [11̄0]. Black solid lines are full calculations
of the theoretical PSH lifetime [Eqs. (10) and (12)].
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uniaxial SO field on the PSH state becomes more important
for spin interference representing the magnetoconductance. In
the random-walk approach [19,21], the spin-relaxation rates in
(110) and (001) QWs shown as Eqs. (10) and (12) are derived,
respectively, from the following spin decay expressions:

exp
{−〈

�2
z

〉
τ t

}
, (13)

exp
{−(〈

�2
x

〉 + 1
2

〈
�2

y

〉)
τ t

}
, (14)

where �i (i = x, y, and z) represents the spin precession
frequency by the SO field along the i direction and where
τ denotes the elastic electron-scattering time. When the
electron spins experience the SO fields in different paths
during their diffusion [Fig. 4(b)], accumulated spin phases
are mutually incoherent, with the result that the total spin
precession phase is determined by the sum of �i . This result
reflects the expected value of the squared spin precession
frequency. In such a case, the strength of B3 averaged over
k space determines the spin relaxation and becomes more
important than the direction of B3.

However, in the case of WL/WAL originated from the
spin interference, the induced quantum correction of conduc-
tance relies on the electron propagating in a time-reversal-
symmetric path [Fig. 4(a)] because of the wave nature of an
electron. Resultant spin phases are oppositely accumulated
because of SO fields in two partial waves for the electron
propagating on the same path in the opposite direction. The
expected value for the induced spin interference at the original
point [R1 in Fig. 4(a)] for clockwise (cw) and counterclock-
wise propagating paths is described as

〈fccw|fcw〉 = 〈is |R2|is〉, (15)

R =
n∏

i=1

Ri (θi, φi ). (16)

Here, Ri depicts the spin rotation operator between the
scattering event, n corresponds to the number of scattering,
θi and φi , respectively, denote the spin precession angles for
the y and z axes, and |is〉 is the initial spin vector. Rotation

(a) (b)

R8

R1

R2R3R4

R5

R6

R7

FIG. 4. (a) Time-reversal-symmetric trajectories for an electron
moving clockwise (black solid arrows) and counterclockwise (pink
dotted arrows) through impurity positions R1 to R8. During the
scattering events, spins precess around the momentum-dependent
spin-orbit field with opposite directions for the clockwise and
counterclockwise trajectories. (b) Three independent trajectories for
electrons traveling the same distance with scattering and arriving
at an identical point at time t , corresponding to optically injected
electrons.

operator R for 1/2-spin is

R(θ, φ) =
(

e−i
φ

2 cos
(

θ
2

) −e−i
φ

2 sin
(

θ
2

)
ei

φ

2 sin
(

θ
2

)
ei

φ

2 cos
(

θ
2

)
)

. (17)

In a general assumption under WL/WAL measurements,
the spin interference takes place because of SO fields during
the time-reversal-symmetric path, which depends on the SO
field direction. For a (001) QW, both B(001)

1 and B(001)
3 are

oriented in plane. Consequently, the spin precession angles
are expected to satisfy θ �= 0 and φ �= 0. However, for a (110)
QW, spin precession angles exhibit θ = 0 and φ �= 0 because
both B(110)

1 and B(110)
3 are perpendicular to the QW plane.

By considering this, we calculate the expected value for spin
interference in the time-reversal-symmetric path by taking the
arbitrary initial spin orientation as well as the average over
scattering angles as

〈Ã〉 =
∫∫ 2π

0 〈is |R2|is〉dθdφ∫∫ 2π

0 〈is |is〉dθdφ
, (18)

|is〉 =
(

e−i
η

2 cos
(

δ
2

)
ei

η

2 sin
(

δ
2

)
)

. (19)

Here, η and δ are the initial angles of a spin in the
Bloch sphere. For a (001) QW, 〈Ã〉 becomes the negative
value of −1/2, resulting in the suppression of localization,
i.e., WAL. However, we obtain 〈Ã〉 = 0 for a (110) QW,
indicating that the spin precession does not contribute to
antilocalization [31]. This general argument well explains
the transition from WL to WAL in a (001) QW and the
consistent observation of WL in a (110) QW under various
cubic terms presented in Fig. 2. For spin interference, the
direction of SO fields is significant in the time-reversal-
symmetric path. Therefore, the magnitude and orientation
of cubic terms contribute differently to the spin phase for
incoherent and coherent scattering paths, which, respectively,
describe optical excitation/detection and quantum interference
on magnetoconductance.

VI. CONCLUSION

We investigated the robustness of the PSH state on the cu-
bic Dresselhaus SO interaction in (001) and (110) QWs based
on numerical Monte Carlo simulations, with comparison to
the calculated quantum interference in magnetotransport. For
electron spins initialized along z ‖ [001] in a (001) QW and
x ‖ [001] and y ‖ [11̄0] in a (110) QW, where the spin distri-
bution is developed with the helical spin mode, a (001) QW
shows a more robust PSH state against the increase of β3 than
does a (110) QW. This result is contrary to the numerically
computed magnetoconductance, where the WL is maintained
on the variation of β3 in a (110) QW, although the WAL
appears in a (001) QW. Such a difference between optical and
transport properties arises from the magnitude and orientation
of the cubic Dresselhaus field. Because experimental investi-
gation of the PSH states is still in progress, our demonstration
of the distinctive spin-relaxation process because of the cu-
bic Dresselhaus field provides important insights supporting
the exploration of spin-relaxation suppression as well as the
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application of the PSH state for future spintronics and quan-
tum information technology.
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APPENDIX A: DERIVATION FOR THE EQUATION OF
MOTION TO THE HELICAL SPIN MODE IN A (110) QW

Series expansion of Eq. (5) up to second order corre-
sponds to

sn+1 ≈ sn + τ�n × sn + τ 2

2
�n × (�n × sn). (A1)

Letting P (r; s) be the joint probability that after n steps of
random walk the electron arrives at position r and letting its
spin be s, the profile of magnetization at r is obtainable using
the integral on the Bloch sphere:

mn(r ) =
∫

sPn(r; s)d�. (A2)

Joint probability satisfies the recursion relation Pn+1(r ) =
〈Pn(r − vnτ ; s − �sn)〉, leading to

mn+1(r ) = 〈∫ sn+1Pn(r − vnτ ; s − �sn)d�〉, (A3)

with Fermi velocity in n step, vn and �sn = sn+1 − sn, where
〈· · · 〉 denotes 1

2π
∫2π

0 (· · · )dθ . By substituting Eq. (A1) into
Eq. (A3) and considering Taylor expansion up to second order
again, we obtain the spin polarization profile as

∂

∂t
s(r, t ) = �s(r, t ), (A4)

� =
⎛
⎝�1 �2 �3

�4 �5 �6

�7 �8 �9

⎞
⎠. (A5)

Here matrix elements are followed by ∇2
v =

〈v2
x〉(∂2/∂x2) + 〈v2

y〉(∂2/∂y2). We reread m as spin
polarization s in Eq. (A4):

�1 = τ∇2
v − τ

(〈
�2

y

〉 + 〈
�2

z

〉)
, (A6)

�2 = 〈�z〉 + 2τ

(
〈�zvx〉 ∂

∂x
+ 〈�zvy〉 ∂

∂y

)
+ τ 〈�x�y〉,

(A7)

�3 = 〈�y〉 − 2τ

(
〈�yvx〉 ∂

∂x
+ 〈�yvy〉 ∂

∂y

)
+ τ 〈�x�z〉,

(A8)

�4 = 〈�z〉 − 2τ

(
〈�zvx〉 ∂

∂x
+ 〈�zvy〉 ∂

∂y

)
+ τ 〈�x�y〉,

(A9)

�5 = τ∇2
v − τ

(〈
�2

x

〉 + 〈
�2

z

〉)
, (A10)

�6 = −〈�x〉 + 2τ

(
〈�xvx〉 ∂

∂x
+ 〈�xvy〉 ∂

∂y

)
+ τ 〈�y�z〉,

(A11)

�7 = −〈�y〉 + 2τ

(
〈�yvx〉 ∂

∂x
+ 〈�yvy〉 ∂

∂y

)
+ τ 〈�x�z〉,

(A12)

�8 = 〈�x〉 − 2τ

(
〈�xvx〉 ∂

∂x
+ 〈

�xvy

〉 ∂

∂y

)
+ τ 〈�y�z〉,

(A13)

�9 = τ∇2
v − τ

(〈
�2

x

〉 + 〈
�2

y

〉)
. (A14)

It is noteworthy that vx and vy are the velocity components
for electron spin; �x,y,z are the corresponding components of
the precession vector.

In a (110) QW, �z does not disappear. The corresponding
terms drop to zero, producing the matrix

�(110) = τ

⎛
⎜⎝

∇2
v − 〈

�2
y

〉 − 〈
�2

z

〉
2〈�zvy〉 ∂

∂y
−2〈�yvx〉 ∂

∂x
+ 〈�x�z〉

−2〈�zvy〉 ∂
∂y

∇2
v − 〈

�2
z

〉 − 〈
�2

x

〉
2〈�xvy〉 ∂

∂y

2〈�yvx〉 ∂
∂x

+ 〈�x�z〉 −2〈�xvy〉 ∂
∂y

∇2
v − 〈

�2
x

〉 − 〈
�2

y

〉
⎞
⎟⎠. (A15)

Under the PSH situation in a (110) QW, because the Rashba term α disappears, 〈�2
x〉 = 〈�2

y〉 = 〈�x�z〉 = 〈�yvx〉 =
〈�xvy〉 = 0. Therefore calculated Eq. (A15) corresponds to Eq. (8) via Eq. (7) in the main text. Two-dimensional Fourier
transformation of Eq. (A4) with a matrix for a (110) QW [Eq. (8)] enables us to ascertain the solution of the spin profile in q
space as described in the main text.
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APPENDIX B: MATRIX ELEMENTS FOR A (001) QW

For a (001) QW, corresponding averages vanish. Therefore,

�(001) = τ

⎛
⎜⎝

∇2
v − 〈

�2
y

〉
0 −2〈�yvx〉 ∂

∂x

0 ∇2
v − 〈

�2
x

〉
2〈�xvy〉 ∂

∂y

2〈�yvx〉 ∂
∂x

−2〈�xvy〉 ∂
∂y

∇2
v − 〈

�2
x

〉 − 〈
�2

y

〉
⎞
⎟⎠. (B1)

In the PSH state,

�(001) =
⎛
⎝Ds∇2 0 0

0 Ds∇2 0
0 0 Ds∇2

⎞
⎠ − 4Ds

m2

h̄4

⎛
⎜⎝

β2
3 0 0

0
[
(α + β )2 + β2

3

] − h̄2

m
(α + β ) ∂

∂y

0 h̄2

m
(α + β ) ∂

∂y
2
(
α2 + β2 + β2

3

)
⎞
⎟⎠. (B2)

In this equation, ∇2 = (∂2/∂x2 + ∂2/∂y2) and β = β1 − β3. Therefore, the solution for a (001) QW is

sz(x, y, t ) = Sz0
w2

w2 + 2Dst
e
−

1
2 (x2+y2 )

w2+2Ds t e
− t

τ
(001)
PSH e

−Ds
w2

w2+2Ds t
q2

0 t cos

(
2Dst

w2 + 2Dst
q0y

)
, (B3)

where q0 = 2m(α + β1 − β3)/h̄2. Cosine oscillation in Eq. (B3) shows helical texture and evolves only in the y direction in
contrast to a (110) QW because we consider the positive sign of α.
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