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In this paper we study the asymptotic behavior of second-order uniformly elliptic operators on weighted
Riemannian manifolds. They naturally emerge when studying spectral properties of the Laplace—Beltrami operator
on families of manifolds with rapidly oscillating metrics. We appeal to the notion of H-convergence introduced by
Murat and Tartar. In our main result we establish an H-compactness result that applies to elliptic operators with
measurable, uniformly elliptic coefficients on weighted Riemannian manifolds. We further discuss the special case
of “locally periodic” coefficients and study the asymptotic spectral behavior of compact submanifolds of R" with
rapidly oscillating geometry.
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1. Introduction

We study the asymptotic behavior of elliptic operators on families of weighted Riemannian manifolds that might
feature fast oscillations. In this introduction we survey the results and the structure of this paper without going into
detail. The precise definitions and statements can then be found in Sect. 2.

Convergence of metric measure spaces, in particular, Riemannian manifolds, has attracted an enormous amount of
attention. Especially, substantial effort has been devoted to establishing geometric criteria for the convergence of
spectral structures, e.g., see [3,6,8, 13—15, 17-20, 22, 24].

Our point of view is different. We establish a compactness result that shows that any family of (uniformly elliptic)
PDEs of the form —div,, , (IL,V, )u = f defined on a uniformly bi-Lipschitz diffeomorphic family of weighted
Riemannian manifolds (M., g, it.) admits an H-convergent subsequence. The latter notion has been introduced in the
context of homogenization of elliptic PDEs on R" (in divergence form and of second-order), see [25]. In particular, in
our setting it yields the existence of a limiting manifold and a limiting elliptic PDE such that solutions to the elliptic
PDE on M, converge as ¢ | 0 to the solution of the limiting PDE. Our approach in particular allows us to treat
Riemannian manifolds which oscillate rapidly on a small length scale 0 < ¢ < 1.

This should be compared with the seminal work by Kuwae and Shioya [17], where spectral convergence is
established for families of manifolds which are locally bi-Lipschitz diffeomorphic to a reference manifold with a bi-
Lipschitz constant converging to 1. In situations where the manifold features rapid oscillations, the family of
diffeomorphisms between the manifolds is only uniformly bi-Lipschitz but not locally close to an isometry — and thus
the approach in [17] is not applicable. In contrast, as we shall show, it is still possible to establish H-convergence,
which in the symmetric case (e.g., when considering the Laplace—Beltrami operator on M.) implies Mosco-
convergence of the associated energy forms, and the convergence of the associated spectrum. Moreover, our approach
also applies to non-symmetric PDEs.

For general uniformly bi-Lipschitz diffeomorphic families of manifolds the limiting manifold and PDE depends on
the extracted subsequence. However, under geometric conditions for (M.), we can uniquely identify the limit by
appealing to suitable homogenization formulas (see Sect. 2.2). In the flat case, a natural geometric condition is
periodicity of the coefficient field. In the case of PDEs on Riemannian manifolds with a symmetry structure, or for
general manifolds that feature periodicity in local coordinates, we obtain similar identification results and
homogenization formulas.

The latter might be of interest for applications to diffusion models in biomechanics, which is another motivation of
our work. In this context, diffusion and reaction-diffusion processes in biological membranes and through interfaces are
studied, e.g., see [1,10,28,30]. One observation made is that “diffusion in biological membranes can appear
anisotropic even though it is molecularly isotropic in all observed instances,” see [30]. We present examples (see
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below) where anisotropic diffusion on surfaces emerges on large scales from isotropic diffusion on surfaces with
rapidly oscillating geometry.

Examples. Before stating our results in a general form, we illustrate our findings on the level of examples. In the
following we present five examples. Four of them consider families of 2-dimensional submanifolds (M,) in R? given by
an explicit formula and depending on a small parameter ¢ > 0, which is related to the length scale of spatial oscillations
of M,. In the limit ¢ | 0, M, Hausdorff-converges (as a subset of R?) to a reference submanifold My C R?; however,
along the limit, the manifold oscillates more and more rapid and the curvature diverges. As a consequence, the
spectrum of the associated Laplace—Beltrami operator on M, does not converge to the spectrum of the one on M,
(where M, is considered with the metric induced by the ambient Euclidean space). In Lemma 20 below, we show that
M, can be equipped with an effective metric gy (and an effective weight f(iy) such that the resulting weighted
Riemannian manifold (M, 8o, f19) captures the asymptotic spectral behavior of (M,) in the limit ¢ | 0, in the sense that
the spectrum of the Laplace—Beltrami operator on M, converges to the spectrum of the Laplace—Beltrami operator on
(My, 8o, fip). In examples (b)—(d) below, it turns out that the limiting manifold (My, g9, p) can be realized as a 2-
dimensional submanifold Ny C R?, and thus, the spectral properties of Ny capture the asymptotic spectral properties of
M, in the limit ¢ | 0. Proofs and further details are presented in Sect. 3.

(a) A one-dimensional example. We start with an elementary, one-dimensional example to clarify the results
conceptually. For ¢ = % with k € N we consider the 1-dimensional submanifold M, C R?,

X
M, = {(ﬁ(x))’x € [O,L]}, (1)

where L € N, f:(x) := ¢f (%) and f denotes a smooth, 1-periodic function with f(0) = f(1) = 0 that is not identically 0.
By periodicity we note that the density of the Riemannian volume form p, associated with M, weakly-* converges in

L*°((0, L)):
1
o= 14102 = 11r0R = [ i rors = m,

and py > 1, since f # 0. By periodicity (and the conditions on ¢ and L), the volume of M, (which here is just the one-
dimensional Hausdorff-measure of M,) is independent of ¢; more precisely, vol;(M,) = fOL pedy = fOL pody = Lpy. On
the other hand M, converges w.r.t. the Hausdorff-distance in R? to the submanifold My := {( :);s € [0, L]} with volume
vol{(My) = L. The latter is strictly smaller than the volume of M, and the loss of volume is due to the emergence of
rapid oscillations in the limit ¢ | 0. On the other hand, our results (see Lemma 21 and Remark 22) show that the
spectrum of the Laplace-Beltrami operator on M, converges to the spectrum of the Laplace—Beltrami operator on a
weighted Riemannian manifold M, whose Riemannian volume form has py as the density against the Lebesgue
measure. The weighted Riemannian manifold is isometrically isomorphic to a submanifold in R?, for example, to

X
Ny := ; 0,L];¢, 2
S .

which is a straight line with the same volume as M., i.e., vol;(Ny) = poL. Note that N is just one (of many) illustrative
isometric embeddings of the limit manifold in R%. The sequence M, (for f(y) = ﬁsin(Zny) and L = 2) and the
Hausdorff-limit M, are illustrated in Fig. 1.
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Fig. 1. A one-dimensional example. The three pictures on the left show M, defined by (1) with f(y) = # sin(2zry) and L = 2 for
decreasing values of €. As ¢ — 0 these manifolds Hausdorff-converge to the manifold My = [0, 2] x {0}, shown on the right.
However, the spectrum of the Laplace—Beltrami operator on M, converges to the spectrum of the Laplace—Beltrami operator

on a submanifold Ny C R?, see (2). Note that Ny is (as My) a straight line, but its length is 2py = % 02” V1 + cos2(y) dy —the
length of the oscillating curves M, which is strictly larger than 2 — the length of M.

(b) A graphical surface with star-shaped corrugations. For ¢ = % with k € N, R > 0 and a smooth, 2m-periodic
function f: [0, 00) — R we introduce the 2-dimensional submanifold of R3
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rsinf
M, = rcos® |;r e (0,R),0€[0,27)}. 3)
of (2)
In Fig. 2 we present M, for some values of ¢ in the case f = sin®. As an application of our results we show that the

spectrum of the Laplace—Beltrami operator on M, converges to the spectrum of the Laplace—Beltrami operator on the
submanifold

po(r) sin
No := po(r)cos® .. 0 R).ocl0,27)}, (4)
Jo /1= pp(H*dt

where po(r) = ﬁ 02 "V f'(y)? 4 r2dy, see Fig. 2. For generals values of ¢ > 0 the manifold M, is no longer smooth, but
our results can be extended to this case.

Fig. 2. A family of graphical surfaces with star-shaped corrugations. The three pictures on the left show M, defined by (3) with
f =sin® and decreasing values of . The picture on the right shows the limiting surface Ny defined via (4). As ¢ — 0 the
spectrum of the Laplace—Beltrami operator on M, converges to the spectrum of the Laplace—Beltrami operator on Ny. The color
indicates the height component.

(c) A carambola-shaped sphere in R>. We can transfer the example above from a graph over R? to a sphere with

oscillatory perturbation of its radius as depicted in Fig. 3. More precisely, for ¢ :% with k € N and a smooth

2m-periodic function f: [0, 00) — R we consider the 2-dimensional submanifold of R3

sin ¢ sin 6
M, :={(1+¢f(9))| sinpcosd |59 €(0,7),60 €[0,27) ¢. )
cos @
In that case a limiting submanifold is given by
po(¢) sin 6
No := polgrcost . ) e (0,7),0 € [0,27) |, ©6)

JE /1= py(0* dt
where po(¢) = 5= [ /()7 + sin? g dy. See Fig. 3 for a visualization in the case f = sin’.
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Fig. 3. A family of spheres with radial perturbations oscillating with the longitude. The three pictures on the left show M, defined
by (5) with f = sin’ and decreasing values of ¢. The picture on the right shows the limiting surface Ny defined via (6).
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(d) A corrugated, rotationally symmetric submanifold in R3. In contrast to the previous example we assume a
sphere with radial perturbations with the latitude, i.e., for & > 0 and a smooth w-periodic function f: [0, 00) — R we
consider the 2-dimensional submanifold of R?

sin ¢ sin 0
M, = { (1 +&f(®)] singcosh |;¢ € (0,7),0 € [0,27) ¢. @)

cos @

In that case a limiting submanifold is given by
sin ¢ sin
N := sin ¢ cos 0 ;9 € (0,m),60 € [0,27) ¢, ®)
Iy ,/% —cos2tdt

where po(p) = ﬁ%fg Vf'(y)?* + 1dy. See Fig. 4 for the case f = sin’.
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Fig. 4. A family of spheres with radial perturbations oscillating with the latitude. The three pictures on the left show M, defined by
(7) with f = sin® and decreasing values of ¢. The picture on the right shows the limiting surface Ny defined via (8).

(e) A locally corrugated graphical surface. Consider a relatively-compact open set ¥ C R? and a set Z C Y of
isolated points. For every point z € Z we use a smooth function ,: [0, c0) — [0, 1] to define a rotationally symmetric
cut-off function ¥,(| - —z|) such that

{ v(0) =1,
suppyr.(| - —z) Nsuppyz (| - —Z') = @ for all 2’ € Z'\ {z}.
Now we consider a smooth T-periodic function f:[0,00) — R and the set M, which is the graph of the function
Y\NZ3x> Y ef(Sd)yu(x—z) e RS, )
€Z
which we regard as a two-dimensional submanifold of R>. In that case a limiting submanifold is given by

[x—z]
Y\Z3xr> Z/ VA dr e R, (10)
0

zeZ

where pg.(r) = %fOT V() ¥.(r)* + 1dy. See Fig. 5 for the case f = sin’.

T
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Fig. 5. A family of locally corrugated graphical surfaces. The three pictures on the left show M, defined via (9) with f = sin® and
decreasing values of . The picture on the right shows the limiting surface Ny defined via (10).

General setting and the structure of the paper. Throughout this paper we consider weighted Riemannian manifolds
M= M,g, ) with metric g and measure . We always assume that M is n-dimensional (with n > 2), smooth,
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connected, without boundary, and that u has a smooth positive density against the Riemannian volume associated with
g. We refer to the end of the introduction for a summary of standard notation that we use in this paper. The examples
discussed above belong to the following general setting:

Definition 1 (Uniformly bi-Lipschitz diffeomorphic families of manifolds). A family of weighted Riemannian
manifolds (M., g., [t¢) indexed by 0 < & < 1 is called uniformly bi-Lipschitz diffeomorphic, if there exits a weighted
Riemannian manifold (M, 8o, iLo) and a constant C such that for all ¢ there exist diffeomorphisms h,: My — M, with

%|§|g(J < |dh:(x)&l,, < C|&ly, for all x € My and § € T, M. an
We call (My, go, 1to) reference manifold.

In the setting of (11) the Laplace—Beltrami operator on M, gives rise to a second-order elliptic operator div(IL,V) on
M, with a uniformly elliptic coefficient field L., i.e.,

806 Led) > wlély . go6 L. ') = C"&[; for every & € TM,

see Sect. 2.3 for further details. It is therefore natural to consider homogenization of elliptic operators on the reference
manifold with oscillating coefficients and measure. This is done in Sect. 2, where our results are presented.

Our main result, cf. Theorem 5, is a compactness result for H-convergence. In the symmetric case (e.g., for the
Laplace—Beltrami operator) H-convergence implies Mosco-convergence of the associated energy forms, cf. Lemma 9,
and the convergence of the spectrum of the associated second-order elliptic operators —div(L,V), cf. Lemma 11. In
Sect. 2.2 we address the problem of identifying the limiting PDE and manifold. In particular, we provide a
homogenization formula for manifolds that feature periodicity in local coordinates. In Sect. 2.3 we discuss the
application to families of parametrized manifolds that are bi-Lipschitz diffeomorphic. In particular, for such families,
we establish spectral convergence (along subsequences) in Lemma 20 and discuss the special case of families of
submanifolds of R?, see Lemma 21. In Sect. 3 we discuss concrete examples as the ones presented above. All proofs of
the results in this paper are presented in Sect. 4.

Notation. For the background of the analysis on manifolds, we refer the readers to [7, 12].

o Let 2 C M open. We write w € Q2 if w is an open set such that the closure @ is compact and @ C €2.

e We use 4 for a diffeomorphism between manifolds and denote its differential by dh. We use L for a measurable
(1, I)-tensor field on a manifold. We call IL also a coefficient field on the manifold.

e We use the notation (-, -)(x) = g(-, -)(x) and |&|(x) = +/g(&, €)(x) to denote the inner product and induced norm in
T.M at x € M. We tacitly simply write (&, n) and |£| instead of (£, n)(x) and |&|(x) if the meaning is clear from the
context.

e For a (sufficiently regular) function u and vector field £ on €, the gradient of u is denoted by V,u and the
divergence of & is denoted by divg, &, ie., we have g(Vou,§) =&u =du(§) and — fQ g(divy , &, u)dp =
— fQ g(&, Veu)du provided either u or & are compactly supported. In particular, we write A, := divg, V, to
denote the (weighted) Laplace-Beltrami operator. If the meaning is clear from the context, we shall simply write
V, div, and A. In some situations the Riemannian manifold will be parametrized by the parameter ¢; in that case,
we may us the notation V,, div, and A,. If there is no danger of confusion, we may drop the index ¢ in the
notation.

e For Q C M open we denote by L*($2, g, i) the Hilbert space of square integrable functions and denote by

2 . 2
a2 g0 ~=/ el dpe
Q

the associated norm. We denote by LX(T) the space of measurable sections & of T2 such that |§| € LY, g, 10).

e We denote by C>°(R2) the space of smooth compactly supported functions, and by H'(Q2, g, ) the usual Sobolev
space on (€2, g, i), i.e., the space of functions u € LA, g, n) with distributional first derivatives in LA, g, ).
Equipped with the norm

2 2 2
il r=/ el + 1Vul™dp
M

(and the usual inner product), H'(2, g, ;1) is a Hilbert space.
e We denote by H(l)(Q,g, w) the closure of C°(£2) in HY(Q, g, ). We denote by H"(Q,g, ) the dual space to
H{(S2,¢, 1) and use the notation (F, u)q ) to denote the dual pairing of F € H™'(Q, g, 1) and u € Hy(M, g, ).
We tacitly simply write 2 (instead of (2, g, ), L>(Q), H'(Q), | - ll2c)s II - Il (e)s {5 <), if the meaning is clear from
the context.
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2. Statement of the Main Results

2.1 H-, Mosco-, and spectral convergence
We are interested in second-order elliptic operators of the form
—div(LV): Hy(2) — H (), Q C M open,
where —div = —divg,M:Lz(TQ) — H () is the adjoint of V = Vg:Hé(Q) — [X(T), and L denotes a uniformly
elliptic coefficient field defined on 2. More precisely, for 0 < A < A and 2 C M open, we denote by M(£2, 1, A) the

set of all measurable coefficient fields L: 2 — Lin(72) that are uniformly elliptic, not necessarily symmetric, and
bounded in the sense that for pu-a.e. x € Q and all & € T, Q2

g(& L(x)E) > &%, (12)
g(& L) '8 > & (13)
Moreover, we define

g(Vu,Vu)ydu
%u—zw; ue Hi@\.
Q

(See Remark 2 below for a discussion of m(2)). Given a family (LL,),.o C M(22, 1, A) and f € H~'(Q) we study
the asymptotic behavior as ¢ | 0 of the weak solution u, € H}(S2) to the equation

mug — div(L,Vu,) = f in H (), (14)

my(2) := —inf

where m denotes a fixed scalar satisfying m > @

fn ¢(Vu, Vi) dp
Jan
of my(R2) is the Rayleigh Quotient. Hence, my(S2) is just the negative of the infimum of the spectrum of the
Dirichlet Laplace—Beltrami operator on the weighted Riemannian manifold. In particular, if the spectrum is a
pure point spectrum, then —my(2) is given by the lowest Dirichlet eigenvalue.

o [n the special case that Q2 € M is relatively-compact and connected, Poincaré’s inequality (for functions with zero
mean) holds:

Remark 2. e We briefly comment on the constant my(2). First, the quotient appearing in the definition

2
1

——= [ udu
() o

u

Vue H'(Q): /
Q

du < CQ/ |Vu|* dp.
Q

In this case we have my(2) < 0, and in (14) any m > 0 is admissible. Also note that, the condition my(2) < 0 is
equivalent to the validity of Poincare’s inequality (for functions with vanishing boundary conditions):

Yu € Hy(Q) : / lul?du < C/Qf |Vu|* du, (15)
Q Q

where Cg, > 0 denotes a generic constant (only depending on n).
e It is easy to check that m > my(R2) if and only if

inf{/ mlul* + g(Vu, Vu)du; u e Hé(Q) with ||”||H5(Q) = 1} > 0.
Q

Similarly, one can check that m > "’“Aﬂ implies that the bounded, bilinear form

a: H(IJ(Q) X H(l)(Q) — R, a(u,v):= m/ uvdp —I—/ g(LVu, Vu)du
Q Q

is coercive. Therefore, by the Lax-Milgram lemma, (14) admits a unique weak solution u, € H)(2) satisfying

luellpn@) < C(Q2,A, M fllp-1q)- (16)

Remark 3. The condition (13) is a boundedness condition for 1L and equivalent to

g, L& < Anllgl  for all £ € TR, (17)

for pu-a.e. x € Q and a suitable constant A > 0 that is independent of x € Q. Note that the constant A in (13) is stable
under H-convergence (in the sense that M(2, A, A) is closed under H-convergence, see Proposition 6). In contrast, the
constant in the alternative condition (17) is not stable.

H-compactness. Our first main result is a compactness result concerning the homogenization limit ¢ |, 0. It relies on
the notion of H-convergence which goes back to the seminal work by Murat and Tartar ([25]) where the notion is
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introduced in the flat case M = R". It is a generalization of the notion of G-convergence by Spagnolo and De Giorgi.
The definition of H-convergence can be phrased in our setting as follows:

Definition 4 (H-convergence). Let Q2 C M be open. We say a sequence (L) C M(2, A, A) H-converges in (L2, g, 1)
to Ly € M(R,A,A) as e — 0, if for any relatively-compact open subset o € Q with mg(w) < 0, and any f € H™'(w),
the unique solutions u.,uy € H(l)(a)) to

—div(L,Vu,) = —div(LyVuy) = f in H ' (w)
satisfy
Uy — Uy weakly in H' (),
{ L.Vu, — LoVuy  weakly in L*(Tw).
In that case we write 1L, il) Lo in (2,1n,8) as ¢ - 0.
Our main result is the following H-compactness statement:
Theorem 5. Let A, A > 0 and let (IL.) denote a sequence in M(M,A,\). Then there exist a subsequence (not
relabeled) and 1o € M(M, A, A) such that the following holds:
@ L. > Lo in (M,g. 10).
(b) For every Q C M open, every m > @, and sequences (f,) C L*(Q) and (F,) C L*(T2) with
o= fo  weakly in L*(S2),
{FE — Fy in LX(TQ),
the solutions u.,uy € H)(Q) to

mug — div(LyVu,) = f. +divF, in HY(),

18
muy — div(ILoVuy) = fo + divFy in Hﬁl(Q), (18)

satisfy
{ U — U weakly in H\(Q),
L,Vu, — LoVuy weakly in L2(TS2).

Additionally we have u. — ug strongly in L*(Q), if either H}(Q) is compactly embedded in L*(2), or m # 0 and
fo = fo strongly in L*(Q2).

For the proof see Sect. 4.2. The theorem is an extension of a classical result in [25] where (scalar) elliptic operators
of the form —div(A,V) on R" are considered. It has been extended to a large class of elliptic equations on R" including
e.g., linear elasticity [4] and monotone operators for vector valued fields ([5]). See also [31] for a variant that applies to
non-local operators.

In the following we briefly comment on the proof of Theorem 5, which is based on Murat and Tartar’s method of
oscillating test-functions. In contrast to the classical flat case M = R", we require a localization argument, since the
tangent spaces T,M change when x varies in M. We therefore first establish H-compactness restricted to sufficiently
small balls B (see Proposition 6 below) and then argue by covering M with countably many of such balls.

Proposition 6 (H-compactness on small balls). Letr (IL;) C M(M,A,A) and let B @ M denote an open ball with
radius smaller than the injectivity radius at its center. Then there exits 1Ly € M(%B,/I,A) and a (not relabeled)

subsequence of (L) such that 1L, A Ly in %B, which is the open ball with the same center point and half the radius
of B.

To lift Proposition 6 from small balls to the whole manifold we cover M by a countable collection of sufficiently
small balls and pass to a diagonal sequence that features H-convergence on each of these balls. In order to guarantee
that the H-limits associated with these balls are identical on the intersections of the balls, we appeal to the following
lemma, which in particular establishes the uniqueness and locality property of H-convergence:

Lemma 7 (Uniqueness, locality, invariance w.r.t. transposition). Let 2 C M be open and consider a sequences
(Le) C M(£2,4, A) that H-converges to some Lo in . ~
(@) Ler (Ly) C M(L2,4, A) denote another sequence that H-converges to some Ly in Q2. Suppose that for some open
w € Q we have L, =L, in w for all e. Then Ly = Ly pn-a.e. in w.
(b) Consider the coefficient field L. defined by the identity

g(L;E ) = g€, Len) for all §,n e TQ,
i.e., the adjoint of L. Then (L}) H-converges in Q to LLj (the adjoint of Ly).
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Finally, to prove that H-convergence on the individual balls yields H-convergence on the entire manifold, and in
order to treat the varying right-hand sides in part (b) of Theorem 5, we apply the following lemma.

Lemma 8. Let Q C M be open and L, A Lo in Q. Let w € Q with my(w) < 0. Then for every f., fo € L*(w) and
G,, F., Gy, Fy € L*(Tw) with

= fo  weakly in L*(w),

G. — Gy in [(Tw),

F,—> Fy inL*(Tw),

the unique solutions u., uy € H(l)(a)) to
—div(L,Vu,) = f. — div(L,G,) — divF. in H (),
—div(ILgVug) = fo — div(LyGy) — divF, in H (w)
satisfy
U — Uy weakly in Hé(a)),
{ILSVus — LoVuy weakly in [X(Tw).

Mosco-convergence and convergence of the spectrum. If we restrict to the symmetric case, i.e., L, satisfies

g(Le&, ) = g6, Len) forall &,n e TM,

the solutions to (18) can be characterized as the unique minimizers in H(I](Q) to the strictly convex and coercive
functional

Hé(Q) S Ut 8m,s(”) - / fFu + g(FSa Vu)dpu,
M
where
G () =) / mlul® + ¢(LVu, Vo) de.
Q

In this symmetric situation we can appeal to variational notions of convergence, in particular I'-convergence and
Mosco-convergence. The latter is extensively used to study the convergence properties of the associated evolution (i.e.,
the semigroup generated by —div(L,V)), e.g., see [16,17,19,21,22]. See a work by Hino ([9]) for a non-symmetric
generalization of Mosco-convergence. A simple argument (that we outline for the reader’s convenience — together
with the definition of Mosco-convergence — in the appendix) shows that H-convergence implies Mosco-convergence
(resp. Resolvent convergence):

H
Lemma 9 (H-convergence implies Mosco-convergence). Let L, € M(M, A, A) be symmetric. Suppose L. — Ly,
then the functional &,: L>(M) — R U {400},

1
&.(u) = [W(LEVM, Vu)dp u e HyM),
00 otherwise

Mosco-converges to 8y: L*(M) — R U {+o0},

&Eo(u) = /M(]L()Vu, Vu)du ue Hé(M),

00 otherwise.

Remark 10. The notion of Mosco-convergence only directly vields strong convergence of (uz) in L>(M) (and weak
convergence in H'(M)). The notion of H-convergence is a bit stronger, since it also yields convergence of the fluxes
LeVu,. In contrast, Mosco-convergence in conjunction with the Div-Curl Lemma, see Lemma 25 below, only yields
convergence of the L*-projection of L,Vu, onto the orthogonal complement of {V¢ : ¢ € H{(M)} C LX(TQ).

Another consequence of H-convergence is convergence of the spectrum. In the following we briefly recall some
well-known facts regarding the spectral theory for the operator £, := —div(L,V) : Hé(Q) — H~ (). We consider an
open, relatively-compact subset 2 € M and suppose that my(2) < 0, so that Poincaré’s inequality (15) is available and
the embedding H&(Q) C L*(RQ) is compact. Moreover, we consider a symmetric, uniformly elliptic coefficient field
L, e M(M,A,A). Wecall (1,u) withd e Rand u € Hé(Q) and eigenpair of £, if £,u = Au in H~'(Q). To study the
spectrum of £, we consider the associate resolvent operator R, : L[X(Q) - LA(Q), R, = c,C;l. It is a compact, self-
adjoint operator on L*($2) and thus the spectral theorem implies that the spectrum of &, consists only of the real point
spectrum with strictly positive eigenvalues. Moreover, the associated (normalized) eigenfunctions form an orthonormal
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basis of L*(2). The spectrum of R, is in one-to-one relation with the spectrum of £, in the sense that (1, u) is an
eigenpair of /£, if and only if (/1l ,u) is an eigenpair of R,. We thus conclude that: The spectrum of £, only consists of
the real point spectrum, all eigenvalues are strictly positive, and that we can find an orthonormal basis of L*($2)
consisting of eigenfunctions. The following statement shows that if L, is H-convergent, then the eigenspaces and
eigenvalues converge. The statement is a direct consequence of [11,Lemma 11.3 and Theorem 11.5, see also
Theorem 11.6] combined with Theorem 5:

Lemma 11 (H-convergence impligs spectral convergence). Let (L;) be a sequence of symmetric coefficient fields in
MM, A, A) and suppose that L, — 1Ly. Consider an open, relatively-compact set Q2 C M with my(2) < 0. For e >0
we consider the operator

—div(L.V) : H)(Q) — H'(Q),
and let
0 < /ls,l 5/18,2 5/18,3 <.

denote the list of increasingly ordered eigenvalues, where eigenvalues are repeated according to their multiplicity. Let
Ug 1, U2, Us 3, . . . denote a list of associated eigenfunctions (forming an orthonormal basis of L*()). Then for all k € N,

e = Aok
and if s € N denotes the multiplicity of Aoy, i.e.,
Aoj—1 < Adog =+ = Aopts—1 < Adog+s (With the convention Aoy = 0),
then there exists a sequence ugy of linear combinations of g, . .., Us k+s—1 Such that

gy — uoy strongly in L*(Q).

2.2 Identification of the limit via local coordinate charts

For a general sequence of coefficient fields (IL.) the H-limit Ly obtained by Theorem 5 depends on the choice of the
subsequence. In contrast, if the coefficient field features a special structure, then the H-limit is unique, the convergence
holds for the entire sequence and one might even have a homogenization formula for LLy. In the flat case M = R" such
results are classical. The simplest (non-trivial) example is periodic homogenization when L.(x) = IL() where L is
periodic, i.e., L(- + k) = LL(-) a.e. in R" for all k € Z"; another example is stochastic homogenization, when L.(x) =
L(3) and L is sampled from a stationary and ergodic ensemble, see the seminal papers [29] or [26] for a self-contained
introduction to periodic and stochastic homogenization. In the flat case these results rely on the fact that we can define
an ergodic group action on the manifold M. For general manifolds this is not possible. In this section we first make the
simple observation that a coefficient field locally H-converges if and only if the coefficient field expressed in local
coordinates H-converges, and secondly, obtain H-convergence and a homogenization formula for locally periodic
coefficient fields on general manifolds.

For this purpose we fix (€2, W x', x%,...,x") alocal coordinate chart of M, a relatively-compact set U € V() C R”",
and set  := W~ !(U) C Q. We will suppress ¥ when the meaning is clear from the context. In particular, for the
representation of a function u on € in local coordinates we shall simply write u instead of u o W~!. We associate to
L € M(w, A, A) a density p and a coefficient field A: U — R™" with components

A= pg(LVgxi, Vng) foralli,j=1,...,n, p=o/detg, (19)
where o is the density of u against the Riemannian volume measure.

Lemma 12. Let L € M(w,A,A) and let A : U — R™" be defined by (19). Then there exist 0 < 1’ < A’ < 00 (only
depending on V¥, U, A, and A) such that we have

VEeR": At-£> 7 and AT'E-&> L ae inU,
where “-” denotes the scalar product in R".

Next we express the elliptic equation in local coordinates. For f € L*(w) and & € L*(Tw) let u € Hé (w) be the unique
solution to

—div, , (LVeu) = f — divg ,& in H Y (w),
that is

/ g(LVeu,V,p)du = / Sedu + / 8(& Vep)du for all ¢ € Hj(w).

Let F € L*(TU) = L*(U;R") be the vector field on U with the components F' = dx(£). Then
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—div(AVu) = pf — div(pF) in H-'(U), (20)
that is, for any ¢ € C2°(U)

/AVu-thdx: / pfwdx—i-/ oF - Virdx,
U U U
where “-” stands for the scalar product in R".

With help of this transformation we can make the following observation:

Lemma 13. Let L., Ly € M(w, A, A) and denote by A.,Ao be defined by (19). Then the following assertions are
equivalent.

(1) (L,) H-converges to Ly on (w, g, ).

(2) (Ap) H-converges to Ay on U equipped with the standard Euclidean metric and measure.

On the level of A, (which is defined on the “flat” open subset U C R"), we can naturally consider periodic
homogenization. In the following we denote by Y := [0, 1)" the reference cell of periodicity and by HA(Y) the Hilbert-
space of Y-periodic functions ¢ € H'(Y) with zero average, i.e., fy¢ = 0. We denote by Mpe (4, A) the class of
Y-periodic coefficient fields A: R" x R" — R™" with ellipticity constants 0 < 1 < A < oo, that is

A(-,y) is continuous for a.e. y € R", 21
A(x, -) is measurable and Y-periodic for each x € R", (22)
A(x,y)E- & > A& and A(x,y)'& - & > 1|£|* for each x € R", ae. y € R”

and all £ € R". (23)

It is a classical result (see e.g., [2, Theorem 2.2]) that for A € Mer(4, A) the sequence A.(x) := A(x,3) H-converges
to a homogenized coefficient field Anom, Which is characterized as follows:

Anom(X)e; = / A(x, y)(Vyj(x, y) + €)) dy, (24)
Y
where (e;) is the standard basis in R”, and ¢;(x, -) € Hé(Y ) denotes the unique weak solution to
/A(x, N(Vypi(x,y) +¢) - Vyr(y)dy =0 for all ¢ € H;(Y). 25)
Y

For our purpose we require a small variant of this classical result which includes an additional shift in the definition
of A,:

Lemma 14. Let A € Mpe(Ad, A) and r € R. The sequence Ay(x) := A(x, xsﬂ) H-converges on R" to Ayom as defined in
(24).

Since we could not find a suitable reference in the literature we give the argument in the appendix. By appealing to
periodic homogenization, we can make the following observation:

Lemma 15 (Homogenization formula). Let L, Lo € M(M, A, A) and suppose that (L) H-converges to Ly on M. Fix
a local coordinate chart (2, W;x",x%,...,x") and let A,, Ay be the coefficient fields on U € V(2) associated with 1L,
and 1Ly defined by (19). Suppose local periodicity in the sense that there exists a Y := [0, 1)"-periodic coefficient field
L:R" — R™" such that

SLe(0)i 7)) = Ly(x,%)  for a.e. x € Q.

x/
Then Lo on w = W~Y(U) C Q in local coordinates takes the form
(Ahom);j = pg(Lo V', Vex/) ae. in U,
where Apom: U — R is defined by (24) with A(x,y) := p(x)L(y).

2.3 Asymptotic behavior of the Laplace-Beltrami on parametrized manifolds

In this section we consider weighted Riemannian manifolds (Mg, g., i) that are bi-Lipschitz diffeomorphic to a
reference manifold (M, go, i4o) in the sense of Definition 1. In particular, below we shall consider the special case of
submanifolds of R and study the asymptotic behavior of the associated Laplace—Beltrami operator. In our approach
we pull the Laplace-Beltrami operator on M,, A, .., back to the reference manifold M, by appealing to the
diffeomorphism 4, from Definition 1. In this way we obtain a family of elliptic operators on M, with coefficients L,.
By appealing to our result on H-compactness, cf. Theorem 5, we may extract a subsequence along which the elliptic
operators H-converge to a limiting operator of the form div(ILy V). In the symmetric case, we may combine this with our
results with Lemma 9 and 11 to deduce Mosco-convergence and convergence of the spectrum.

We start with a transformation rule. It invokes the following notation: If (M, g, u) and (My, go, /o) are Riemannian



H-Compactness of Elliptic Operators on Weighted Riemannian Manifolds 171

manifolds, and /& : My — M a diffeomorphism, then for every function f on M we denote by f := f o h the pullback of
f along h. Moreover, we denote by (dh™')* : TMy — TM the adjoint of the differential dh~' : TM — TM, of h~! given
by

8((dh™")"& m(h(x)) = go(€.dh™ " n)(x) for all € € TcMo, 0 € TyyM.
Lemma 16 (Transformation lemma). Let (M, g, ) and (My, go, iLo) be weighted Riemannian manifolds and assume
that there exists a bi-Lipschitz diffeomorphism h : My — M satisfying (11). Let o and o denote the densities of u and

Wo w.r.t. the Riemannian volume measures associated with g and go, respectively. We use the notation f := f o h and
u := uoh for the pullback along h. We define a density function p and a coefficient field 1. on My by the identities

pi=2\[iaL and go(L&n) = pg(dh™")'E (dh™"y ),

where 0 := o oh and g := g o h denote the pulled back quantities. Moreover we consider the metric gy and the
measure [lo on My given by
dito == pdpo and  go(L&, 1) := pgo(&, m),
Then the following are equivalent:
(@) u € H'(M) is a solution to

(m_ Ag,,u)u =f ln H_l(MagnbL);
(b) ue H'(My) is a solution to
(mp — divg, (LY, )i = pf in H™' (Mo, go, 140);
(c) we H'\(My) is a solution to
(m— Agyp)u=f in H ' (Mo, $o, o).
In the rest of this section, we consider the following setting:

Assumption 17 (Family of uniformly bi-Lipschitz diffeomorphic manifolds). We denote by (M., g., i) a family of
weighted Riemannian manifolds that are bi-Lipschitz diffeomorphic to a reference manifold (My, go, lLo) in the sense of
Definition 1. We assume that H' (Mo, go, jro) is compactly embedded in L*(My, go, ito). We denote by o, and oy the
densities of u. and |y w.r.t. the Riemannian volume measures associated with g, and go, respectively. Moreover, we
define p. and L, by the identities

pe =505 and  go(Le& ) = pe 8, ((dh; )&, (dh; ")) (26)
with o, == 0, o h, and g, := g. o h,.
We introduce the following notion of strong L’-convergence for functions defined on the variable spaces
Lz(Me’gSaMs):

Definition 18. In the setting of Assumption 17. Let f. € L*(M,, g., ite) and fy € L*(My, 8o, flo). We say (f.) strongly
converges to fy in L2, if

/ fohYdu — [ fowdae forall y € CX(Mo).  and
M, Mo 27)

/ P due — [ 1l dao.
M, M

Lemma 19 (H-Compactness of bi-Lipschitz diffeomorphic manifolds). Consider the setting of Assumption 17. Then
there exists a subsequence for ¢ — 0 (not relabeled) such that the following holds:
(a) There exist a density py and a uniformly elliptic coefficient field Ly on My such that (p;) converges to py weak-
in L*(My), and (L) H-converges to 1Ly in (Mo, go, iL0)-
(b) Define a measure iy and a metric gy on My via the identities
diio := podpo and  go(Lo&, n) = po go(§, ).
Let m > mo(My, 8o, [Lo) and let u, € H'(M,) and uy € H'(My) denote the unique solutions to
(m - Agsvﬂe)uﬁ = f:‘f in H_I(Mé‘s 8e> /“Ls)s (283)
(m — Agouo)uo = fo  in H-'(My, 8, fio), (28b)
and suppose that

f. = fo strongly in L? in the sense of (27).
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Then
u, — ug strongly in L* in the sense of (27).

The coefficient field L, in Lemma 19 is symmetric and uniformly elliptic (with respect to gg) by construction.
Therefore, similarly to Lemma 11 we may deduce convergence of the spectrum of the Laplace—Beltrami operators. To
that end, we additionally suppose that M, is compact and my(My) < 0. Thanks to (11), the weighted Riemannian
manifolds M, satisfy the same properties, and thus the spectrum of —A,_,,_ consists only of the real point spectrum with
strictly positive eigenvalues.

Lemma 20 (Spectral convergence of bi-Lipschitz diffeomorphic manifolds). Suppose that M, is compact and
mo(My) < 0. Consider the setting of Assumption 17, and let g, 11 be defined as Lemma 19 (b). For ¢ > 0 consider the
operator
_Ag;lh : H(l)(Me’gs, He) — H_I(Me,ge, He) for e >0,
—Ago o Hy (Mo, 8o, flo) — H™' (Mo, &, o) for e =0,
and let
O</ls,1 f/ls,Z 5/13,3 ey

denote the list of increasingly ordered eigenvalues with eigenvalues being repeated according to their multiplicity. Let
Ue 1, U, Us3, - . . denote the associated eigenfunctions. Then for all k € N,

Aer = Aok
and if s € N is the multiplicity of Aoy, i.e.,
Aok—1 < Adog = -+ = Aokts—1 < Adog+s (With the convention Ayy = 0),
then there exists a sequence (i), of linear combinations of ugy, ..., Ug g+s—1 Such that

ey — uoy strongly in L? in the sense of (27). 29)

We finally discuss the special case of submanifolds of R?. In the following lemma we collect (without proof) some
consequences that directly follow from Lemma 16, 19, and 20 applied to the special case.

Lemma 21. Consider the setting of Assumption 17, and assume that
e M, are n-dimensional submanifolds of the Euclidean space R? with g, and i, induced by the standard metric and
measure of R%;
® the reference manifold My is a subset of the Euclidean space R", i.e., My C R", go(&,n) := & - n, and dug = dx.
Then:
(a) The formulas in (26) turn into

pe = /det(dhldh,) and L, = p.(dhldh;)~",

where dh, denotes the Jacobian of h,.
(b) An application of Lemma 19 yields the existence of a density py and a coefficient field .o € M(My, Cio , Co) (with
Co > 0 only depending on n, A, A and the constant C in (11)) such that

pe = +/det(dhldh,) A oo weakly-x in L (M),

L, = p(dhldh) ™" 5 1Lo on Mo,
for a subsequence (not relabeled), and the limiting Riemannian manifold (My, 8o, (1) is then given by
dao = podx and o€ n) = poly '€ - 1.

(c) If additionally My is open and bounded and has a Lipschitz boundary, then the conclusion of Lemma 20 on
spectral convergence holds.

Remark 22 (Realizability of (My, 8o, fi0)). If the limiting metric gy is smooth, then it is realizable in R™ with m large
enough, i.e., there exists an isometry hy : (My, 8o, flo) — R such that Ny := ho(My) is a n-dimensional submanifold of
R™ (with induced metric and measure from R™). Such an embedding is characterized by the identity

dhydhy = polg . (30)

Indeed, this follows by the Nash embedding theorem provided the dimension of the ambient space m is large enough.
However, in the general case, we cannot necessarily give an explicit definition of the immersion hy. In the examples
that we discuss in Sect. 3 below, we study parametrized, n = 2-dimensional submanifolds of R® that converge to a
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limiting manifold that is realizable as a 2-dimensional submanifold of R® and given by an explicit formula.

Note that if one introduces a different reference manifold Mo with a diffeomorphism Mo — My, the same
calculations can be done with h, == hy o Mo — M, instead of h, which does not necessarily satisfy the uniform
ellipticity conditions, and one ends up with the isometric embedding hy = hg o MO — R™. Thus, in practice, the
calculations to identify the limiting manidfold can be done with diffeomorphisms which are not uniformly elliptic, as
long as there exist uniformly elliptic diffeomorphisms.

3. Examples

In the following we consider two examples of laminate-like coefficient fields. We study each of them by appealing to
homogenization in the flat case via local charts. Note that the coefficient fields in the following examples are intrinsic
objects that could be considered without using charts, and so the respective H-limit, even though it is studied and
expressed in local coordinates, is not bound to charts.

3.1 Laminate-like coefficient fields on spherically symmetric manifolds

Let 0 < R <00 and s € C*([0,R)) such that s(r) > 0 if r> 0, s(0) =0, and s(0) = 1. We consider the 2-
dimensional spherically symmetric manifold M = {(x;,x;) = (r,0) € [0,R) x S'} equipped with the Riemannian
metric

g = dr* + s*(r) d&?

in the polar coordinates (r,6) (see e.g., [7]). For example,

e R? is a model with R = oo and s(r) = r;

e S? without pole is a model with R = & and s(r) = sinr;

e H? is a model with R = oo and s(r) = sinhr.
For the sake of simplicity we normalize S! to have circumference 1. Consider L, € M(M, A, A) of the form

L.(r,0) = ]L#(r, 0, g) ae.in M

and assume that M > (r,0) — Ly(r,0,y) is continuous for a.e. y € R and y > Lu(r, 6,y) is measurable and 1-periodic
for all (r,6) € M. Denoting by {¢(f)} the one-parameter group

o) 1 x — expx< 889) x € M\ pole(s), t € R,

the coefficient field IL, oscillates (on scale €) along ¢, while it is slowly varying in the radius direction. We therefore
call L, a laminate-like coefficient field on M, see Fig. 6.

Fig. 6. Tllustrations of the laminate-like structure of the coefficient field on R?, S?, and H?.

We make the following observations:

(a) By Theorem 5 we have L, — Ly for a subsequence and some coefficient field Ly. As we shall see below, the
limit Ly can be expressed by a “homogenization formula” that uniquely determines Iy in terms of L. Hence,
Ly is independent of the chosen subsequence and we conclude that L, A Ly for all sequences ¢ |, 0.

(b) Consider the special case

€29

L(r.0,y) = <a#(y) 0 )

0 by(y)

with ag, by : R — (4, A) measurable and 1-periodic. Above, we tacitly expressed Ly w.r.t. polar coordinates, i.e.,
(L) := G& Lyzty) where x = (x',x%) = (r,6). In this case we may represent Lo with help of the arithmetic and
harmonic mean of ay and by to express the diffusivity orthogonal to the flow ¢ and aligned to the flow ¢,
respectively:
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1
Lo = (f(’ o 0 ) 32)

0 (fhoh

In order to prove these claims it suffices to identify L locally. Consider an open, bounded set w € M. We may
assume without loss of generality that @ does not intersect the curve {(r,60): 8 = 0}. Denote the chart of polar
coordinates by W and define U C R? by U := W(w). According to (19) we associate to L, a coefficient field A, on U. It
can be written in the form A,(r,6) = Ag(r,6,% with
s(r) 0

A0 = ( 0 s'(n

)]L#(n 0,y),

where we identified Ly (r, 0, y) with the corresponding coefficient matrix in polar coordinates. Since I, i Lo on w, we

have A, — Ap on U by Lemma 13. On the other hand, since A, is a coefficient field of the form Ax(r, 6, g) with As being

continuous in the first two components and periodic in the third component, the periodic homogenization formula (24)

applies and we deduce that A, only depends on Ly and the metric g (but not on the extracted subsequence). Hence, L is

uniquely determined by L4 and the metric, and thus H-convergence holds for the entire sequence. This proves (a).
Next, we discuss the special case (31) for which we obtain

s(r)a#(g) 0
At 0.0 = ( 0 sl(r)b#(9)>

and

1
s(r) / as 0
Ao(r,0) = 0
0 sy by~
The above identities can be seen by evaluating (24), which in the case of laminates can be done by hand. This proves
(b).

Example 1: A graphical surface with star-shaped corrugations. In the spirit of Definition 1 we start with the
reference manifold

My = {(r,0);r € (O,R),0 € [0,2m)}

for some R > 0. Note that M, does not include the origin. Now we define a family M, = h.(M,) of 2-dimensional
submanifolds of R? (with standard metric and measure induced from R?) using uniform bi-Lipschitz immersions
he: My — R,
rsin 6
he(r,0) = | rcost |,
0
ef (r.3)
where f:(0,00) x [0,00) — R is smooth and 27-periodic in the second argument. In Fig. 2 in the Introduction we

choose f(r,y) = sin’(y) to present M, for some values of ¢.
We follow the path described in Lemma 21 and calculate first

AT dh. — ( 1+ (881f(r,g))2 ga1f(r,g)32f(r,g))
S AT

to get the density

pe = +/det(dhldh,) = \/r2 + rz(salf(r,g))2 + (82f(r,§))2,

Le = pe(dhldh,)™"

1/ (ﬂ+@ﬁ@%2 —%ﬂ&wﬁma)
= 1/p :
—enf(n)af(n) 1+ (s ()

It turns out that p, A po weakly-x in L>°(M,) with

27T
po(r) = & / JOS P + 2 dy,
0

and the coefficient field
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and using (32) we see L, il) Lo with

Lo (% 2 J@af(ry)? + 2 dy 0 1)
0 G 27 @ f (ry ) + P2 dy)”

B (Po(”) 0 )
0 ,Dnl(r) '

Thus the limiting metric on M, is given by

1 0
g0, m) = polg & - = (0 p%)%‘-n-

In this situation we finally can find a bi-Lipschitz immersion hy: My — R such that dhgdho = polLy ! namely
po(r) sin 6
ho(r,6) = po(r) cos 6

Jo /1= ph)*dt

That means, by Remark 22, the (rotationally symmetric) submanifold Ny := hyo(My) of R? (with the standard
measure and metric induced from R?), which for the case f(r,y) = sin’(y) is pictured in Fig. 2, is the spectral limit of
(M,). Note that the excluded origin in the reference manifold coincides now with a circle of radius lim, o po(r), which

.2 .
for f(r,y) = sin“(y) is .

Example 2: Sphere with radial perturbations oscillating with the longitude. Instead of a graph over R? as in the
example above we can treat a radially perturbed sphere in the same way. We take an analogous underlying reference
manifold

Moy = {(¢,0);¢ € (0,7),0 € [0,2m)}
and define the family M, := h.(M;) of 2-dimensional submanifolds of R3? via bi-Lipschitz immersions hg: My — M.,
sin ¢ sin 6
he(p,0) = (1 + sf(go,g)) singcos6 |,
cos @
where f: (0, ) x [0,00) — R is differentiable and 2w-periodic in the second argument. In Fig. 3 in the Introduction we

choose f(r,y) = sin’(y) to picture M, for some values of &. As in the previous example we obtain the following
formulas for the limiting density

Po(#) = 57 fo N \/ (02f (9, 7)) + sin® g dy,
and the limiting metric
So&m) = 21Lo = (1 ° )E- 1.
Po 0 P2
Again we can find a bi-Lipschitz immersion hg: My — R3 such that dhgdho = polLy L namely

po(¢) sin 6
ho(g, 6) = po(p) cos 0

VA G

Thus the (rotationally symmetric) submanifold Ny := hy(My) of R3, which for the case fr,y)= sinz(y) is pictured in
Fig. 3, is the spectral limit of the sequence (M,).

3.2 Concentric laminate-like coefficient fields on Voronoi tesselated manifolds

Let (M, g, u) be a n-dimensional manifold and Z C M a countable closed subset. For z € Z we denote by M, the
associated Voronoi cell, that is

M, :={x € M;d(x,2) <dx,Z\ {z})},

where d(-,-) is the geodesic distance on M. We assume the Voronoi tessellation to be fine enough to ensure that for
n-a.e. point xo € M there are z € Z and o > 0 such that
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Fig. 7. Illustration of coefficient fields with laminate-like structure.

for all x € B,(xo) C M; exists exactly one shortest path y, from x to z. (33)

We consider a sequence (IL.) in M(M, A, A) of rapidly oscillating coefficient fields of the form L.(x) = L(@),
where L(r) is 1-periodic in r € R, see Fig. 7.

By Theorem 5 (LL,) H-converges (up to a subsequence) to some Ly € M(M, A, A). We are going to show that L,
coincides u-a.e. on M with some constant coefficient field which is uniquely determined by LL. In particular the whole
sequence (IL,) H-converges to L.

In order to prove this, it suffices to identify Ly locally, i.e., for p-a.e. xo € M. As a first step we construct curvilinear
coordinates such that in these coordinates the coefficients locally turn into a laminate up to a small perturbation that

vanishes at xg. In particular we claim that local coordinates (B,(xo), W x!', ..., x") exist such that
W(xp) =0, (34a)
x'=d(-,2) — d(xo,2), (34b)
g(-5) =0for j=2,....,n, (34c)
lim p()g (G 717) () = 8- (34d)

Indeed, note that by (34b) geodesics through z are mapped to straight lines parallel to the x!-axis.
Therefore, we fix xo € M, z € Z and ¢ > 0 satisfying (33). As in (34b) we set for x € B,(xo)

x'(x) 1= d(x,7) — d(x0, 2).

Thanks to (33) x! is differentiable and the level set U, := {x € Bp(xo);x'(x) =0} is a n — l1-dimensional
submanifold of M, including xo and for any point x € U,, the tangent space T, U,, is orthogonal to dy,(0), which gives
(34c). Assume o > 0 to be small enough such that we can choose local normal coordinates X%, x" of U,, with
x/(xg) =0 (j =2,...,n). By the differentiability of geodesics we can extend these coordinate functions to curvilinear
coordinates x!,...,x" on B,y(xo) (with a probably smaller g) in the way that x2,...,x" are constant on y, for every
X € By(xp). Then we have

1, i=},
lim g( 1)) = 35
tim el = {27 (35)

which yields (34d).
In these coordinates the associated coefficient field at y € U := W(B,(x)) can be written as

Acy) = A(y, 22

By (x0)

Fig. 8. Construction of the local coordinates.
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for some A: U x R continuous in the first, and measurable and 1-periodic in the second argument. This can be seen by
considering (19): The coefficient field A, on U associated to L, takes the form

(Ao = PE(LeVgx', Vox?),

where p:= po W~ and g := g o ™! denote the representation of the quantities in local coordinates. By the definitions
of L, and x! we see that

3 9\ _ dxZ)\ 8 3\ _ X 0+d(00.2)) D3
8(Le@Wim30) = 8(L(“22)5m 30) = e(LI2) . 30)
is only depending on x!'(x) = y;, and A, has the desired form with
Ay(y,r) := PN Vex', Vox/)(y), (36)

which is continuous in y € U, and measurable and 1-periodic in r € R.

For ¢ — 0 the homogenized matrix Apoy, associated with A, is given by the homogenization formula (24) for A
defined in (36). Therefore Anom continuously depends on y € U. Moreover the matrix Apo,(0) is independent on the
initial choice of xy and is given by the following weak-* limits in L>(U):

1 IR 1

An(0,2) (Ao (0)’
Ai(0,2) . (Anom)i1(0) ien .
An(0.2) (Ao (0)’ T
Ay;(0,%) __ (Anom)1;(0) L j=2..n
All(o,é) (Ahom)ll(o)

) N Ail(o,é)Alj(O,é) N _ (Ahom)il(o)(Ahom)lj(O) L.
Au(o’s) AL (O, _T (Anom);j(0) A1 (0) , L,j=2,...,n.

By Lemma 15, we have
(Ahom)ij = PE(LoVex', Vox/). ace. in U.

We conclude that Ly is continuous (-a.e.) on B,(xo) and thus (using (35)) g(]LO(xo)%, %)(xo) = (Anom);(0) for
n-a.e. xo € M.
As in the previous example we could consider the special case of a diagonal matrix

L(r)% = ai(r)% fori=1,...,n.

Then Ly(xp) is a diagonal matrix, too, and we have

I -1
8(Lo(o)zlr 2r) (xo) = </0 all> and

1
g(Lo(xo)%, a%)(xo) = / a, fori=2,...,n.
0

(37)

Example 3: A radially symmetric corrugated graphical surface. We consider the reference manifold
My = {(r,0);r € (0,R),0 € [0,2m)}

for some R > 0, and define a family M, = h.(M,) of 2-dimensional submanifolds of R? using uniform bi-Lipschitz
immersions k. My — R3,

rsin 6
he(r,0) = | rcos6 |, (38)
ef (r.%)
where f(0,00) x [0,00) — R is differentiable and T-periodic in the second argument. In Fig. 9 we took f(r,y) =

sin?(y) to illustrate M, for some values of .
Following Lemma 21 we compute the density

ps = \/det(dhldh.) = \/r2 + r2(£81f(r,£) + Bzf(r,g))z,

and the coefficient field
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—

Fig. 9. A family of rotationally symmetric corrugated graphical surfaces. The three pictures on the left show M, defined via (38)
with f = sin® and decreasing values of &. The picture on the right shows the limiting surface Ny defined via (39). As ¢ — 0 the
spectrum of the Laplace—Beltrami operator on M, converges to the spectrum of the Laplace—Beltrami operator on Nj.

]Ls = P¢ (dhzdhe)_ :

=1/ r 0
PN 0 14 o) + s (n0)? )

We find p, — pp weakly-# in L®(Mo) with

T
po(r) = %/ V(@2f(r,y)* + 1dy,
0
and using (37) we see L, f) Lo with

. ( (& T @uf ) + 1dy) ™ 0 )
0 =
0 L V@afr ) + 1dy

o
— (/)o(r) 0 )
0 &y

and get the limiting metric on My:
| Po(zr)z 0
8o, m) =polly &-n=1| "~ , &
0 r
We finally find a bi-Lipschitz immersion hy: My — R? such that dhgdho = poly ! namely

rsin @

hor,0)=| st ). (39)

T

By Remark 22, the submanifold Ny := ho(My) of R?, which for the case f(r,y) = sin>(y) is shown in Fig. 9, is the
spectral limit of (M,).

Example 4: Sphere with radial perturbations oscillating with the latitude. In the same way as in the previous
example we can handle the case of a radially perturbed sphere. Again we start with the reference manifold

Mo = {(¢,0);¢ € (0,7),0 € [0,2n)}
and define the family M, := h,(My) of 2-dimensional submanifolds of R® via bi-Lipschitz immersions h.: M — M,,

sin ¢ sin 6

he(@,0) = (14 &f(¢,2))| singcosé |,
cos ¢

where f: (0, ) x [0,00) — R is differentiable and 2w-periodic in the second argument. In Fig. 4 in the Introduction we
choose f(r,y) = sinz(y) to picture M, for some values of e.
Doing the same calculations as in the example above we end up with the density

pol) = e /0 J Oty + 1dy.

and the metric
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sin” ¢ 0
LLO — po(p)?*
Po R
sin’ @

and again we find a bi-Lipschitz immersion ho: My — R® such that dhjdhy = pol.g ', namely
sin ¢ sin 6

ho(9, 0) = sin ¢ cos 6

2
fg],/%— cos2 tdt

Thus the submanifold Ny := ho(My) of R3, which for the case f(r,y) = sinz(y) is pictured in Fig. 4, is the spectral
limit of the sequence (M,).

Example 5: A locally corrugated graphical surface. We finally want to discuss an example with oscillations in
several Voronoi cells which can be treated locally.

Let Y C R? be relatively-compact and open. Consider a set Z € Y of isolated points. For every point z € Z we use a
smooth function ,: [0, 0c0) — [0, 1] to define a rotationally symmetric cut-off function (] - —z|) such that

{ v:(0) =1,
suppy(| - —z) Nsuppy(| - =) = @ for all 2’ € Z\ {z}.
Now we consider a smooth T-periodic function f:[0,00) — R and define M, as the graph of the function
he:My:=Y\Z — R,
he(x) := Y ef () Palx — 2) € R,
zeZ

which we regard as a two-dimensional submanifold of R3. In Fig. 5 in the Introduction we took f(y) = sin?(y) to show
M, for some values of ¢.
Doing the same calculations as in the previous examples locally in each Voronoi cell we get a function hy: My — R,

lx—z| 3
ho(x) := x > Z/O V2 — 1dr e R?,

€Z

where pg.(r) = %fOT F/(y)*¥.(r)* + 1 dy, such that the graph of /g, which is shown in Fig. 5 for f(y) = sin*(y), is the
spectral limit of (M,).

4. Proofs

4.1 Proof of Proposition 6, Lemma 7, and Lemma 8
The argument consists of two parts. In the first part we identify the limiting tensor field L. For this purpose, we
consider the operators
LI H)(B) — H'(B), L£iu:=—div(L!V), (40)

where L denotes the adjoint of L, and is defined by the identity (L}, n) = (& L.n) for all vector fields &, 5. Since the
operator is uniformly elliptic (with constants independent of ¢) we can deduce the existence of a linear isomorphism
L5, whose inverse is the limit of (cﬁl’;)_1 in the weak operator topology. Indeed, this follows from the following
standard compactness result:

Lemma 23. Let V be a reflexive separable Banach space and (T,) be a sequence of linear operators T,: V — V' that
is uniformly bounded and coercive, i.e., there exists C > 0 (independent of €) such that the operator norm of T is
bounded by C and

(Tov,v)yy = |0l forallveV. (41)

Then there exists a linear bounded operator Ty:V — V' satisfying (41) and for a subsequence (not relabeled) we
have T;l — Ty! in the weak operator topology, that is for all f € V' we have

T;lf — T(;lf weakly in V.
(For a proof, e.g., see [25,Proposition 4]). We then show that £} can in fact be written in divergence form:

Ly = —div(LV) with an appropriate (1, 1)-tensor field L. In order to define L; with help of £, we introduce
auxiliary functions whose gradients span the tangent space. More precisely, we recall the following fact:

Remark 24. Let B € M denote an open ball with radius smaller than the injectivity radius at its center. Then there
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exist vy, ..., v, € C(B) such that T(% B) is spanned by the vector fields Vvi,...,Vu,, ie.,
Vy €iB: Ty(iB) = span{Vv; (), ..., Vu,(»)}. (42)

Following ideas of Tartar and Murat, we associate with vy, . .., v, oscillating test-functions v, ..., v, that allow to
pass to the limit in products of weakly convergent sequences of the form (L, Vu,, Vv;,). The argument invokes the
following variant of the Div-Curl Lemma for manifolds:

Lemma 25 (Div-Curl Lemma). Let Q@ C M be open and let (£,) C LX(TS), (v,) C H'(RQ) denote sequences such that
{ & — & weakly in L*(TS2),

i ) and v, — v weakly in H(Q).
dive, — dive in HY(Q),

Then

/(és, Vu)pdu — /(é, Vu)pdu  for all ¢ € C°(£2).
Q Q

Moreover, if ve,v € H({(Q), then

/ (5, Voo dj — / Vo) du.
Q Q

We present the short proof for the reader’s convenience:
Proof of Lemma 25. In the case v, € Hé(Q) the statement follows by an integration by parts. In the general case, for
¢ € C(2) we have

/(Es,Vve)¢’= /("ES’V(US(;D))_/(%_&’USVQD) = —(div &, ve) —/(éa,vavwl (43)
Q Q Q Q

Regarding the first term of the right-hand side of (43),

(divEs, veg) — —(divE, vg) = /Q (& 0Vg) + fg (& ¢V).

For the second term of the right-hand side of (43), since v, — v in H'(R), for any relatively compact open set
Q' C M, there exists a subsequence of (v,) converging to v in L>(’) by Rellich’s theorem; in particular, v, Vo — vVg
in L*(TM) and thus [ (&, v: V) — [(& vVe). Hence, the right-hand side of (43) converges to [,,(&, Vv)g. O

In a second step, we then show that L (the adjoint of L) is an H-limit of (LL;). To that end we need to consider for
(arbitrary but fixed) subdomains w € 2 the localized operators

Lo Hy(w) - H (@),  Lou:= —div(L,Vu), (44)
and show that £;1 — Ly ! in the weak operator topology.

Proof of Proposition 6. In the proof we pass to various subsequences and it turns out to be necessary to keep track of
them. For a lean notation we denote by E C (0, 0o0) the set of ¢’s of the given sequence (L,) = (L.),cx. We represent
subsequences by means of subsets E', E”,... C E that have a cluster point at 0. We follow the convention to write

¢ —cy (ee€E),

if and only if for any sequence (¢));eny C E' with g5 — 0 we have ¢, — co.

Step 1. Choice of the subsequence and definition of L.

Let .£7 be defined by (40) and fix vy, ..., v, € C2°(B) according to Remark 24. We claim that there exits a measurable
(1, 1)-tensor field Lo: 3B — Lin(T(3B)), a subsequence E' C E, and functions (vi,), ..., (vxe) C Hy(B) (the so called

oscillating test functions) such that for k =1,...,n and ¢ € E’ we have
Ve = Uk weakly in H}(B),
Vke —> U in L*(B),
k,s* k (B) . 1 45)
(L5 Vi) strongly converges in H™'(B),

LV, — LiVuy,  weakly in LZ(T(%B)).

For the argument note that by uniform ellipticity of .} and the boundedness of B, there exists C = C(B, 1) > 0 such
that

(Lruu) = / (L Va, Vi) = Cllul
B

and thus by Lemma 23 there is £Lj: HY(B) — H~!(B) and a subsequence E” C E such that for all f € H~'(B) and
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eeE’
(LY = (L' f  weakly in H)(B).
For k= 1,...,n define
Vre 1= (L Ly,

which by uniform ellipticity of L* and Poincaré’s inequality in H}(B) are bounded uniformly in e. Hence there exits

vector fields £, ...,£, € L>(TB) and another subsequence E' C E” such that we have for ¢ € E’
Vke — Uk weakly in Hé(B),
Ve — Uk in LZ(B),

L Vg, — & weakly in L*(TB).
Next, we define the tensor field L by the identity
Vkefl,...,n}: L{Vy =4 p-ae.iniB.

Indeed, since Vuvy,..., Vv, span T(%B) the above identity defines ILj; uniquely and the last identity in (45) is satisfied
by construction. It remains to check the strong convergence of (£ v ,). In fact the stronger statement £} vi, = £V is
valid, which is a direct consequence of the definition of vy,.

Step 2. H-convergence of L, to Ly in %B.

Let the subsequence E', the tensor field Ly, and (v ) be defined as in Step 1. We claim that (L) H-converges to Ly in
%B for e € F'. To thatend let w € %B and let /£, be defined by (44). Arguing as in the previous step, we can find another
subsequence E” C E' and a bounded linear, coercive operator £o: H}(w) — H™'(w) such that

L' — £5' in the weak operator topology for & € E”. (46)
We only need to show that
Loug = —div(ILoVuyg), @7
for arbitrary uy € Hé(a)). For the argument set u, := £;1£0u0 so that by (46),
u, — uy weakly in Hé (w) and strongly in L?(w) for & € E". (48)

Consider J, := L., Vu,. By uniform ellipticity of L, the sequences (J,) is bounded in L?(Tw). Hence, there exits
Jo € L*(Tw) and another subsequence E” C E” such that

J, =L.Vu, — Jy weakly in L*(Tw) for ¢ € E". (49)
Combined with the identity —divJ, = Loup (which follows from the definition of u,) we find that
—div J() = £0u0. (50)

Hence, for any test function ¢ € C2°(w), the convergence properties of (v) yield
/(Jg, <PVUk,s) = /(J87V((pvk,a)) - /(Jg, Uk,sV(P)

= (Loug, i) — | Je, e Vo)

w

— (Louo, pvr) — | (Jo, v Vo)

w

= /(Jo, eVug).

On the other hand, since L} Vv, — LL§ Vv, weakly in L*(T3B) and (—div(IL} Vvy,.)) strongly converges in H~'(} B)
by (45), the Div-Curl Lemma (Lemma 25) yields

/(Js,¢Vvk,s) = /(gaVug,]L:Vvk,s) — /((quo,ILEVvk) = /(ILOVMO,(vak).
Hence, by combining the previous two identities we conclude that
/(]LOVuo,anvk) = /(Jo,ﬁﬂvvk)-

Since ¢ € C°(w) is arbitrary and since Vvy,..., Vv, spans Tw, we get Jo = LLoVuy p-a.e. in w. Thus (47) follows
from (50). Moreover, since Jy and £ are uniquely determined by L, the convergence in (46), (48), and (49) holds for
the entire sequence E’ (which in particular is independent of w).
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Next we argue that Ly € M(w, 4, A). Indeed, from (48) and (49) and the Div-Curl Lemma (Lemma 25) we learn that
for any non-negative ¢ € C2°(w) we have

f(LEVug, Vu,)p — /(LOVMO,VMO)(/).

By uniform ellipticity of L, in form of (12), we have fw(ILSVus, Vu)p > A fw |Vue|?p, and thus

/(LOVMO,VM()W > /1/ |Vuo|* .

Since this is true for all 1 and ¢, we conclude that I satisfies the lower ellipticity condition, cf. (12) p-a.e. in w. On
the other hand (13) implies

/(Lavusy Vug)p = /(stue» L;lstue)(p > A/ |L5VM0|2(P,
and thus by the same reasoning as before, we get for u-a.e. x € w and all § € T\w

AlLo&* < (Lo()é, §).

Substituting & = L l(x)fg”’ yields the boundedness condition, cf. (13).
Since the above arguments hold for arbitrary o € %B we deduce that Iy € eM(% B, 4, A) and that (L) H-converges to
Lo in B fore € E'. O

Next we present the proof of the auxiliary statements Lemma 7 and 8.

Proof of Lemma 7. Step 1: Proof of part (a).
Let x € w and denote by B € w an open ball centered at x and with a radius that is smaller than the injectivity radius of
Q at x. Fix vy,...,v, € CZ(B) according to Remark 24. For k € {1,...,n} set f € H~'(B) by f := —div(LLyVuvy) and
define v, € H0 (B) as the unique solutions to —div(LL,Vv,) = f in H~'(B). By H-convergence of (L) and the definition
of f we have v, — v, weakly in H, 1(B) and L, Vv, — LoV, weakly in L*(B). Likewise, , by H-convergence of (]Lg) to
]Lo and since ]L =L, on B, we find that L,Vv, — ]LOVvk weakly in L*(B), and thus (Ly — Lo)Vvr = 0 p-a.e. in B.
Since k was arbitrary, the last identity holds for all k = 1,...,n. Hence (42) yields Ly = ILO M-a.e. in 1B Since x is
arbitrary, the last identity holds u-a.e. in w.
Step 2: Proof of (D).
Let w € Q. We define £, and £, according to (44) and denote the adjoint operators by L, L, i.e.,

L3 H) () — H (w), £F:=—div(L!V),

Ly Hy() — H (0), L£§:=—div(L3V).

Fix f € H '(w) and let u., up € H}(w) be the unique solutions to L¥u, = f and Liug = f. It suffice to show that

us — uy weakly in Hé (w) and L} Vu, — LiVuy weakly in [*(Tw). Since the limiting equation uniquely determines uy,
it suffices to prove the statements up to a subsequence. By a standard energy estimate and the uniform boundedness of

(LL¥) the sequences (u,) and (I} Vu,) are bounded in H}(w) and L*(Tw), respectively. Hence, there exits ity € H{(w) and
Jo € L*(Tw) such that for a subsequence (not relabeled),

{ Uy — dy weakly in Hé (w),
L*Vu, —~ Jo weakly in L*(Tw).
In the next two substeps we complete the argument by showing &y = up and Jy = LjVuy.
Substep 2.1. Argument for iy = ug: Let vy € Hé(a)) and consider v, := (L£,) "' Lovo. Thanks to L, il) Lo we have
{ Ve — g weakly in H}(w) and strongly in L*(w),
L,Vv, = LyVyy weakly in LA(Tw).
The Div-Curl Lemma (Lemma 25) thus yields

[ @evuvoo = [ Levu) [ i Lo = [ @5van o)
= (Lo, vo)-

Since, on the other hand we have fw(]L:Vug,va) = (f,ve) = (f,vo), and since vy EHé(a)) is arbitrary, we
conclude Lyiip = f in Hy '(w). Since the kernel of &Ly is trivial, we deduce that iy = uo.

Substep 2.2: Argument for Jo = LiVug. Let B € w be an open ball with radius less than the injectivity radius at iIBS
center and fix vy,...,v, € C°(B) C C°(w) according to Remark 24. Consider v, := (OCS)’IOCOUJ- and note that L, —
Ly yields



H-Compactness of Elliptic Operators on Weighted Riemannian Manifolds 183

Ve — ) weakly in H(l) (w) and strongly in L?(w),
L,Vv, — LoVv; weakly in [X(Tw).

Thus for any ¢ € C2°(w) the Div-Curl Lemma (Lemma 25) yields

f(L:VuE, Vug)p — /(JO, Vu))e,

and thus

f(szuer Vvs)(p: /(VME’ LEVUE)(/)_) /(VMO’ LOVUJ)</): /(szu07vvj)¢

Since ¢ € C°(w) is arbitrary because of (42), we get Jo = L Vuy. (I

Proof of Lemma 8. Let £, and £y be defined by (44) and denote by £ and £, the adjoint operators. Note that uy is
uniquely determined by

Loty = fo — div(LoGy) — divFy  in H ! (w). Sh

We first note that (up to a subsequence) (i) converges weakly in Hé(a)) to some iy € H(l, (w), and (L, Vu,) converges
weakly in L?(Tw) to some Jy € L*(Tw). We first claim that iy solves (51) (which by uniqueness of the solution implies
that @iy = up). For the argument let vy € Hé(w) and consider the oscillating test-function v, := (GC:)’levao € Hé(w).
Since L} i’) L by Lemma 7, and £}v, = Lo, we deduce that

Ve — Vg weakly in H& (w) and strongly in L*(w),
L*Vv, = LiVuy  weakly in L2(Tw).

Thanks to u, — iip weakly in Hé (w) and the Div-Curl Lemma (Lemma 25) we get on the one hand

(Leltg, Ve) = /(JLEVME,VUS) = {fe, V) + /(GE,LIWS) + (Fe, V)
— /fovo +f(G0,]L(*;Vv0)+(F0,Vv0)

= /fovo-l-/(]]-«oco-l-Fo,Vvo),

and on the other hand

(Lelte, ve) = <°C:U£» Ug) = /(VMS, L:VUE) g /(VﬁO, ]LE;VUO) = [(LOVﬁO, Vug)
= <£0Vﬁo, VU()).

Since vy € H(l)(a)) is arbitrary, we conclude that iy solves (51) and thus iy = ug. Moreover, by the argument of
Substep 2.1 in the proof of Lemma 7 (b), we deduce that Jy = ILoVuy, which completes the argument. U

4.2 Proof of Theorem 5

The proof is structured as follows: In Step 1 we pass to a subsequence and define the H-limit Ly by appealing to a
covering of M by balls, Proposition 6, and Lemma 7; (at this point we only have H-convergence on balls). In Step 2 we
show part (b) of the theorem and recover (a) as a special case.

Step 1. Choice of the subsequence and definition of L.

Let (B;) denote a countable covering of M by open balls with 4B; € M such that the radius of B; is smaller than a
quarter of the injectivity radius of M at the center of B;. For every j € N Proposition 6 provides a subsequence of (IL,)
H-converging to some L;o € M(2Bj, 1, A) in 2B;. Thus (by a diagonal subsequence argument) we can choose a
subsequence E’ C E such that (L) H-converges to L in 2B; for all j € N. By Lemma 7 (a) we have L;o = Lo u-a.e.
in B; N By, and thus we can choose a coefficient field Loy € M(M, A, A) with Lo(x) = L;o(x) for p-a.e. x € B;, j € N.

Step 2. Proof of (b).
Fix Q@ C M open, m > m”ﬁm, and take sequences (f;) C L*(RQ) and (F,) C L*(TQ) with f, — f weakly in L*(2) and
Fe — Fy in LX(TQ). Let u, € H}(R2) be the solution to

mug — div(LyVu,) = f, — divF, in H(Q).

We extract a subsequence E” C E’ such that
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{ Uy — U in H)(RQ), (52)

L.Vu, — Jy in L*(TS)
for some ug € H'(R) and Jy € L*(TQ). We now claim that u is the (unique) solution in H}(Q2) to
mug — div(LogVuy) = fo — divFy in Hﬁl(Q) (53)

and that Jo = ILyVug. For the argument we use the covering (B;) of M described in Step 1. Let ¢; € C°(M) denote a
partition of unity subordinate to (B;), in the sense that supp ¢; € B; and ) -, ¢; = 1. Then for every ¢ € H}(Q) and
every j e N

f (L.V(gji), V) = f (u,L. Vg, Vo) + / (¢,L. V.. V)
Q Q Q
— / (UL, Ve, V) + / (Lo Vi, V(g9)) — / (L.Vite, V)
Q Q Q
_ / (usLe Vg, V) + / (f. — mu)pso + (Fo, Vi)
Q Q
— / (Le Vue, V)
Q
_ / (Lot V), Vo) + / (6F2. Vo)
Q Q
+ /Q (s — mu)g; + (Fr — LoVi), Vgy))g

= / (L:Gje, Vo) + / (Fje, Vo) + / 8j.c¥s (54)
Q Q Q
where
8je = (fe — mue)wj + ((Fe — L Vu), V@j), Gj,s = usV(pj’ Fj,a = (ijs'

Moreover set v;, := @;u, and note that v;, € Hé (B;). Since (54) holds in particular for all ¢ € Hé(Bj), we infer that
V¢ is the unique solution in H(l) (B)) to

—div(L, Vvj,) = gj, — div(L,G;,) — divF;, in H'(B)).

By Step 1 we have L, i Lo on 2B;. Furthermore, from (52), the compact embedding of Hé(Bj) C Lz(Bj) (which
yields u, — ug strongly in Lz(Bj)), and the convergence properties of (f;) and (F,), we deduce that

Vjie = Vjo 1= @QjUip weakly in Hl(Bj),

e — 8j0 = (fo — muo)g; + (Fo — Jo), V) weakly in L*(B)), (55)

Gje = Gjo := upVy; strongly in L*(TB;),

Fj. — Fjo = ¢;F, strongly in L*(TB;).

Hence, Lemma 8 implies that v € H}(B)) is the weak solution to
—div(LoVvjp) = g0 — div(LoGjo) — divF;o in H™'(B)),
and

LeVv;e — LoV  weakly in L2(TBJ-). (56)

Since )%, ¢; = 1 we deduce that ) *, Vo, = 0, and thus

o0 o0 o0 o0
E Vj0 = U, E Fjo = Fy, E Gjp=0, E gjo = (fo — muyp).
=1 =1 =1 =1

In particular, summation of (56) yields L.Vu, — Jy = LoVuy weakly in LX(TS2). Moreover, for any test function
@ € C°(2) we have on the one hand

o0 o0
[avuvo =3 [ @590~ Y [ @ovu0. 90 = [ Lovio. Vo),
Q j=1 Q j=1 Q Q

and on the other hand, by summation of (54), and by (55),
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oo
/ (LeVite, Vo) = Y / (Ledvje, Vo)
Q j=1 Q
o0
=Y [ CG V0 + (Vo) + g0

d
— Z (LoGjo + Fjo, Vo) + go,jo
; B,

= /Q(Fo,w) + (fo — mug)g.

The combination of the previous two identities yields (53). Since the latter admits a unique solution, we deduce that
the convergence holds for the entire subsequence E'. Finally we note that if H}(S2) is compactly contained in L*(2),
then we even have u, — ug strongly in L*>(R2). The same conclusion is true if m # 0 and f, — f; strongly in L?(R2). To
see this, first note that by IL,Vu, — LyVuy and Lemma 25 we have

/(]LSVMS,VMS) — /(LOVMO,VMO).
Q Q

Thus, since we may pass to the limit in products of weakly and strongly convergent sequences,

m/ uz—m/ u; +/(IL Vug,Vug)—f(L Vu,, Vu,)
/ﬁ?us /(Fs’vus)_/(ll Vug, Vuy)
- / fouo—i-/(FQ,Vuo)—/(LOVuO,VuO)zm/ ul.
Q Q Q Q

Since m # 0, this implies ||u;||;2q) = lluollr2(q), Which combined with the weak convergence u, — up in LX(Q)
yields the claimed strong convergence u, — ug in L*($2). This completes the argument for part (b).

Step 3. Proof of part (a).
Since my(w) < 0, we can take m = 0 in part (b) and H-convergence immediately follows. U

4.3 Proofs of Lemma 12, 13, and 15

Proof of Lemma 12. Let & = E,... ENT=@@,..., 1) € R" and &, 1 € T.M such that
£ =g
7 = g(n,7)

We identify x € ¥~!(U) and the corresponding point in U. Since the metric g(-,-)(x) continuously depends on x,
since W is a diffeomorphism, and because U € W(2), there exists a constant C > 0 such that

fori=1,...,n

LEP < gEE = g&.6)() < CEP and < p(x) < C.

ij=1
for all x € W~!(U), where (") denotes the inverse of the matrix representation (gij) of g in local coordinates, i.e.,
i = 8(:&,5%). Then the uniform ellipticity of L yields

AWE - & = p(x)g(LE E)(x) > Ap(x)g(&, E)(x) > LIES
and
AWE -7 = p(0)g(LE, M(x) < Ap(X)|EX)] ()], < C'EIm]
for some C’' > 0. Thus the statement follows. O

Proof of Lemma 13. We prove only (2) = (1) as the opposite implication can be proved in the same way. Let
f € *(w) and & € L*(Tw). Let u, € H)(w) with ¢ > 0 be the solution of

—divg , (LeVeue) = f — divy, & in H Y(w).
By (20), u, is the solution to
—div(A,Vu,) = pf — div(pF) in H~'(U).

Since (A;) H-converges to Ay,
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{ Uy — Up weakly in H}(U), 57)
AV, — AgVuy weakly in L2(U; RY),
where
—div(AgVug) = pf — div(pF) in H'(U). (58)
By (57)
u, — uy weakly in Hé(a), 9)- %59)
For any € L>(Tw) and 77 = (', ..., 7") € L>(U;R") with 7/ := g(n,%) fori=1,...,n we have
fg(}LSVgus, ndu = /UAg(x)Vus -dx — /UAO(x)Vuo -ndx  (as e — 0)
= f 8(LoVgug, n)du.
Hence,
LyVou, — LoVeuy weakly in L*(Tw). (60)
Since (58) is equivalent to
—divg, (LoVeup) =f — div,, & in H '(w),
together with (59) and (60) we arrive at the conclusion. U

Proof of Lemma 15. The proof is a direct consequence of Lemma 13 and the well-known fact from periodic
homogenization that A.(x) = A(x, ) H-converges to Apom, €.g., see [2, Theorem 2.2]. O

4.4 Proofs of Lemma 16, 19, and 20

Proof of Lemma 16. Step 1. Argument for (a) < (b).
Since h: My — M is a diffeomorphism, the integral transformation formula yields for any function f € L'(M, g, 1)

/fdu = | (fohpdu.
M My

To show the equivalence of statement (a) and (b) it only remains to show
8(Vgu, Vi) p = go(LVy 1, Ve @)

for any test function ¢ € C2°(M). To that end we first claim Vzu = (dh’l)*Vgoﬁ (and that the same holds for ¢). Indeed,
using the definition of the gradient and the adjoint, we have

8(Vgu, &) = du(€) = d(u o h)(dh™'&) = go(Vy, i, dh™' &) = g((dh™")* V1, &).

Together with the definition of L. we conclude
8(Vgu, Vz9) p = g(dh™ )" Vit (dh™")* V@) p = 0(LVy, 1ty Ve, D).

Step 2. Argument for (b) < (c).
By the definition of fi it suffices to show

gOGLVgoﬁ’ Vg[)@) = g()(V u, Vgow) P-

We first observe LV, i = pV,, i, which can be seen by the following direct computation, using the definition of g
and of the gradient:

8oLV 1, 8) = pgo(Vg,li, §) = pdu(§) = p go(Vy,it, §).
Again with the definition of the gradient we finally get

8oLV, Vg, @) = p 80(Vg,lh, Vg, @) = pd@(Vg,ut) = p §o(Vgylh, Vg, @). .
Proof of Lemma 19. By construction, there exists a constant Co > 0 (only depending on the constant C of Definition 1
and the dimension ») such that I, € M(Mo, ,Co) and = < p. < Cpa.e.in M,. Therefore by weak-x compactness in
L>*(My) and by Theorem 5 there exist a subsequence a dens1ty 00 € L®(M)) satisfying 2 G =P = Cy, and a coefficient
field Ly € M(M,, L G , Cp) such that p, X po weak-* in L*°(My) and L, E) Lo in (Mo, go, i4o) along a subsequence that
we do not relabel. Th1s proves statement (a).
Next, we prove statement (b). Set %, := u, o h, and f, := f o h,. By Lemma 16 (b), (28a) is equivalent to
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(m — divg[),}l.()(LSVgo))ﬁ&‘ = paJ_cg — (pem — M)y in H_I(MOa 80, o), (61)

where m denotes a (sufficiently large) dummy constant that we introduce in order to be able to apply Theorem 5. By a
standard energy estimate, (#,) is bounded in H "My, g0, jto) and thanks to the compact embedding of H "My, go, o) in
L*(My, go, 140) in Assumption 17. Thus there exists #y € H}(Mo, go, fto) such that %, — o strongly in L*(Mo, 8o, (o)
(for a further subsequence). Moreover, since f. — fy strongly in L? in the sense of (27), p. A 0o weak-* in L (M),
and since C% < pe < Cp, we deduce that p.fe — pofo weakly in L2 (M, 80, o), and thus we get for the right-hand side
in (61), "

Since L, — Ly we conclude with Theorem 5 that %, is a solution to

(m — divg, o (Lo Ve, ))ilo = pofy — (pom — My in H~' (Mo, go. 140)- (62)

Since this PDE admits a unique solution, we conclude that u#, — uy weakly in H (M, 80, o), and thus strongly in

L*(My, go, 110), for the entire sequence. By appealing to the equivalence of (b) and (c) in Lemma 16, we deduce from

(62) that uy := up satisfies (28b). It remains to argue that u, — ug in the sense of (27). To that end let ¥ € C°(M).
Then, since u, — ug strongly and p, — po weakly in L2(M,, 205 140),

[ wwenyane = [ apduo— [ wvomdno= [ wovrdo
M, My

My My

Moreover, since o, A po in L*®(M,) we have u,p, — uppog weakly in LX(M,, 80, o), and thus

[P = [ wpduo— [ wupdio= [ luof do
M, Mo Mo Mo

(]
Proof of Lemma 20. The argument is similar to the proof of Lemma 11, which itself is based on [11, Lemma 11.3 and
Theorem 11.5]. We only need to treat small changes that come from rewriting the eigenvalue problem on M, as a PDE
on the reference manifold M. For the sake of brevity we only prove that eigenpairs of the Laplace—Beltrami operator
on M, converge (up to a subsequence) to an eigenpair of the Laplace—Beltrami operator on (M, go, o). The conclusion
of the statements of the theorem then follow by appealing to [11, Lemma 11.3 and Theorem 11.5].

We first note that for all k € N the sequence (4, 4) is bounded from above: For the first eigenvalue, (11) implies

Adey = inf{/ 8e(Vou, Vo u)dpie; u € Hy(My), llull 2,y = 1}
M,
= lnf{/ gO(Lngn(u © hs)’ Vgn(u © he)) d//LO; uec H&(Ms), “u”Lz(Mg) = 1}
My

<G inf{/ 80(Vg,, Vg, 0) dptos v € Hy(Mo), I1vll 201y = 1}
My

< X

for some constant Cy > 0 only depending on the constant C in Definition 1 and the dimension n. The analogue
statement for the other eigenvalues can be obtained by the Rayleigh-Ritz method with a similar argument. Likewise the
sequence of the first eigenvalues (1;.) is bounded from below by a positive constant. Indeed, for every eigenpair
(Ae, ug) we deduce with Lemma 16, (11), and assumption mg(My) < O that there exists constants Cy, Co > 0 (only
depending on the constant C in Definition 1 and the dimension #) such that

Aot = Aelltte | o,y = f 8e(Velte, Veite) dpte
M.

1
= / 80(stg0(ue o hy), Vgo(us ohy))due > — go(Vgo(Ms o hy), Vgo(ua o he))dug
My Co Jm,

1 .
== e 2 1nf{/ 80(Vg, v, Vg, v) dpo; v € Hy(Mo), [0l 72,y = 1}
0 M()

1 .
> a (A=Y 1nf{/M 80(Vg, v, Vg, v) dpo; v € Hy(Mo), [0l 72,y = 1}
0
>Co >0,
where in the last step we in particular used that mo(My) < 0. Now, we fix k € N and let (A, u.x) be an eigenpair, i.e.,

_Agg,usus,k = /ls,kus,k in H_I(Ms’ 8e» He)- (63)

By passing to a subsequence we may assume that A.; — A as ¢ — 0 for some 1. Moreover, w.l.o.g. we may assume
that u,; is normalized in the sense that f M, |u5,k|2 due = 1. Testing (63) with u, 4 then shows that ||t || 71, is bounded
by a constant independent of e. We conclude that %, s := u,x o h, is bounded in H Y(My, go, 110) and we thus may pass to
a further subsequence with u,; — u weakly in H Y(My, go, 1Lo) and strongly in L2(M,, 80, o), thanks to the compact
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embedding of H'(My, go, j10) in L2(M,, 80, o) in Assumption 17. Note that this implies also that u,; — u strongly in
L? in the sense of (27). We conclude that the right-hand side of (63) is strongly convergent to Au. Thus, by appealing to
Lemma 19 (b) we conclude that

—Agypott = Au in H=' (Mo, 8o, o).

Since (%l 22y 40,2, = 1 bY construction, we conclude that (4, %) is an eigenpair of the Laplace—Beltrami operator on
(Mo, o, 10)- O

Appendix: Proofs of Auxiliary Results
A.1 Proof of Lemma 14

We refer to [27] for a similar result in a nonlinear, variational setting.
Step 1. Continuity of V¢; in the first argument.
Consider a sequence (x;) in R" converging to some xo € R". For simplicity we set

@] = ¢i(x;,-) and A :=A(x;,")
as well as
@0 = ¢i(x0,-) and A°:=A(xo,).
First we note that the continuity of A in the first argument gives A/ — A% a.e. on Y and by uniform ellipticity we have
|A’| < A a.e. on Y. Thus we can conclude

/ AT — A%P 5 0 (A1)
Y

for 1 < p < oo. A
Now we claim the convergence of V¢/. By (25) we have

—V - AV — Vg0) = V- (& — AV + ¢))).

The uniform ellipticity of A/ allows to estimate
f IVé] — VgiI* < %/ (AT =AYV} + el
Y Y
By Meyer’s estimate there is 2 < g < co and C > 0 such that fy |V¢?|‘1 < CfY |A%;| and thus, for p = q%Z we have

1Ve] — Ve 2y < J7IA7 = AllLocry IV Nl oy + D

and (A-1) implies ||V¢lj — V¢?||Lz(y) — 0.

Step 2. H-convergence to Apom.

Fix r € R. By Theorem 5 there exists a subsequence (not relabeled) s.t. (A.) H-converges to some uniformly elliptic
coefficient field Ag on R”. Let B C R”" denote an arbitrary ball and let u, € H'(B) denote the unique weak solution to

—V-A,Vu, =0 in B,
{ U, = x; on oB.
Then A, il Ap implies that u, — uy weakly in H'(B), where u is the unique weak solution to
—V-AyVup =0 in B,
{ up = x; on oB.
For k € N let i € C2°(B) be a cut-off function with n =1 in By := {x € B : dist(x, 0B) > %} and consider
Vek 1= X; + £¢; (X, L) mp (x).

Then (v, ;) converges as ¢ — 0 to vo(x) := x; weakly in H'(B) and strongly in L*(B), and a direct computation shows
that

Vve(0) = (ei + Vi (x.222)) 4+ (e — DVi (x, ) + i (x, =) Vipe (),

and thus for wey == u, —vex € Hé (B) we have (by appealing to the equation for u, and for ¢;)

/Angg,k . sz,k = — / AEVUE,;( . ng!k
B B

=— /B A(x, =) (e; + Vi (x, 1)) - Ve dx
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- [ Ac((re — DV (6, ) + £ (6,50 V() - Vi dx
B

<) /S (19500 220)] + elgs (e, 0) 1 Vel e ) | Ve
k

for some constant C(A) > 0, where Sy := B\ By. The left-hand side is bounded from below by A f B |Vw5,k|2, and thus
(by appealing to the Cauchy-Schwarz inequality), we deduce that

[ 190l = €AY [ 19805 + (x5 1Tl
B Sk
Since (|V¢,~(-,‘Jg—’)|2) is equi-integrable and |S;| — O for k — oo, we conclude that

lim sup lim sup/ |Vwer])? =0,
B

k— 00 e—0

and thus there exists a diagonal sequence (k.) (with k, — 0o as &€ — 0) such that w, := wy, . satisfies Vw, — 0
strongly in L*(B). Hence, with v, := Ve k,» We conclude that Vi, — Vu, — 01in L*(B). On the other hand, since v, — v
strongly in L*(B), we conclude that Vuy = Vvy = e;. Moreover, the H-convergence of (A;) to Ay implies A,Vu, —
AogVuy = Ape; weakly in L*(B), and thus (using Vu, — Vv, — 0) we have A, Vv, — Ape; weakly in L*(B).

On the other hand for any ¢ € C2°(B) and & > 0 small enough, we have ¢(x)Vv,(x) = @(x)(e; + Vei(x, ’%)), and thus
by periodicity

/ QA Vv, = / A (x, ) (e; + Vei(x, 1)) dx

= [owatuz+r) e+ Vol + ) ax
where r. € Y is defined by the identity { = k + r. for some k € 7% We write that expression in the following way:
/(p(x)A( i+ rs)(ei + Vq&,-(x,)gC + r,;)) dx
= /(p(x — rg)A(x — rg,’;f) (e,- + qu[(x — rg,ﬁ)) dx
= Z &" /Y ez + ey — re)A(ez + ey — re, y)(ei + Voi(ez + €y — re, y)) dy.

zeZ"

Since (r,) is a bounded sequence in Y C R" we may pass to a subsequence (not relabeled) such that r, — rg in Y for
some ry € Y. This implies that ¢(- + &y — 1) = @(- — 1p) strongly in L*(U) for any U C R" open and bounded and
every y € Y. On the other hand by Step 1 we we have A/Vg! — A0¢? in L'(Y) and thus we get

> e / @lez + ey — r)A(ez + ey — re.y)e; + Veilez + ey — re,y)) dy
Y

zeZ

— /R @(x — o) f A(x — ro,y)(e; + Vi(x — ro,y)) dy dx
" Y
= / @(x — 79)Apom(x — ro)e; dx
-

= / @(X)Apom(x)e; dx,
-

and we conclude that f (A9 — Anom)e; = 0 for all ¢ € C°(B), which gives Ay = Apom a.€. in B. Since B is an arbitrary
ball, we conclude that Ag = Apon, a.e. in R". By uniqueness, we conclude that (A.) H-convergence to Ay, for the entire
sequence.

A.2  Proof of Lemma 9
We first recall the definition of Mosco-convergence:

Definition 26 (Mosco-convergence). We say that (§.) Mosco-converges to & as &€ — 0 if the following two
conditions are satisfied.
() If uy — u weakly in L>(M), then

lim inf & (ue) = Eo(a).
£E—

(i) For any v € L*(M) there exists (v,) C L*(M) with v, — v weakly in L*(M) such that
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lim sup &:(v,) < Ep(v).

e—>0

For the proof of Lemma 9 we recall that Mosco-convergence is equivalent to resolvent convergence of the operator
associated with the Dirichlet form &,. More precisely, for & > 0 consider £,: Hé M) — H'M), Lou:=
—div, (I Veu) and denote for 4 > 0 by Gﬁ =+ L) LAM) — H&(M) the associated resolvent.

Lemma 27 (Theorem 2.4.1 [23]). The following two conditions are equivalent.
(i) (&) Mosco-converges to &.
(i) For any A > 0, (Gﬁ) converges to Gg in the strong operator topology of L*(M).

Proof of Lemma 9. We apply Lemma 27. Let A > 0, f, — fy in L>(M), and u, := G!f.. Since (L) H-converges to L
in M, Theorem 5 implies that u, — uy := G{ fy strongly in L*(M). O
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