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Introduction

In the theory of association schemes, commutative association schemes are
essential and fundamental. An association scheme has a set of adjacency
matrices. An association scheme is said to be commutative if their adjacency
matrices are pairwise commutative. The adjacency algebra of an association
scheme is defined as the algebra over the complex field C spanned by all
adjacency matrices. By the definition of adjacency algebras, it has the set of
adjacency matrices as a basis and it is closed with respect to the transpose
and the Hadamard product. If association schemes are commutative, then
those adjacency algebras are also commutative.

For a commutative association scheme, the primitive idempotents are de-
fined by algebraic properties of the adjacency algebra. The primitive idem-
potents are in the adjacency algebra and the set of all primitive idempotents
is also a basis of the adjacency algebra. Thus the adjacency algebra has two
bases, the set of all adjacency matrices and the set of all primitive idempo-
tents. Moreover, adjacency matrices and primitive idempotents are idempo-
tents with respect to the Hadamard product and the matrix multiplication,
respectively. This is one of the reasons to study commutative association
schemes actively.

On the other hand, the sets of the primitive idempotents of non-com-
mutative association schemes or coherent configurations are not bases of
their adjacency algebras, where coherent configurations are defined as one
of the generalizations of association schemes. Higman [7] showed that adja-
cency algebras of coherent configurations are semisimple. This implies that,
by the representation theory of algebras called Wedderburn’s theorem, each
adjacency algebra is isomorphic to a direct sum of full matrix algebras. Thus
Higman asserts that each adjacency algebra has a certain second basis which
corresponds to a disjoint union of sets of matrix units by its isomorphism.
As a fact, since the isomorphism is not determined uniquely, the second basis
is not determined uniquely.

In historical backgrounds, Higman [7] wrote a paper for coherent config-
urations in 1975. In Higman’s paper, it is not important whether association
schemes are commutative or not. In 1984, Bannai and Ito [2] published a
book on commutative association schemes. This book revealed many prop-
erties of commutative association schemes. After this book was published,
many researchers studied commutative association schemes. On the other
hand, there are few researches for non-commutative association schemes or



coherent configurations.

In this thesis, we generalize sets of primitive idempotents of commutative
association schemes to sets of some matrices of non-commutative associa-
tion schemes and coherent configurations. However, in general cases, the
second bases written in Higman’s paper are not determined uniquely. Thus
we focus on fiber-commutative coherent configurations and Schurian schemes
given by imprimitive permutation groups satisfying the nearly multiplicity-
free condition. Their common point is that the adjacency algebras of them
have subalgebras which are adjacency algebras of commutative association
schemes. By the uniqueness of primitive idempotents of commutative as-
sociation schemes, we may determine the second bases written in Higman’s
paper uniquely in some sense and call them bases of matriz units. In par-
ticular, since fiber-commutative coherent configurations have commutative
association schemes on each fiber, Hobart and Williford [10] revealed that,
for fiber-commutative coherent configurations, primitive idempotents of com-
mutative association schemes on each fiber can be taken as a part of bases
of matrix units. By this fact, we can recognize bases of matrix units for
fiber-commutative coherent configurations as a generalization of primitive
idempotents of commutative association schemes.

By determining bases of matrix units of fiber-commutative coherent con-
figurations uniquely, we can generalize some theorems and lemmas for prim-
itive idempotents of commutative association schemes to bases of matrix
units of fiber-commutative coherent configurations. In this thesis, we gener-
alize Krein conditions, absolute bounds and fusions for commutative associa-
tion schemes to those for fiber-commutative coherent configurations by using
bases of matrix units.

Hobart [9] and, Hobart and Williford [10] essentially showed Krein condi-
tions and absolute bounds for coherent configurations, respectively. However,
for fiber-commutative coherent configurations, we can simplify both of them
by using bases of matrix units. As an example of Krein conditions for fiber-
commutative coherent configurations, we compute Krein conditions for the
fiber-commutative coherent configurations given by generalized quadrangles.

In addition, to generalize fusions for commutative association schemes
to those for fiber-commutative coherent configurations, we refer to papers
by Bannai [1] and Muzychuk [13]. They showed independently an equiva-
lent condition for commutative association schemes to have fusion schemes,
which is called the Bannai-Muzychuk criterion. The Bannai-Muzychuk crite-
rion includes conditions for the first eigenmatrices of commutative association



schemes. To generalize this criterion, we also generalize the first eigenma-
trices of commutative association schemes to those of fiber-commutative co-
herent configurations. Bases of matrix units enable those generalizations.
In this thesis, we prove an equivalent condition for fiber-commutative co-
herent configurations to have fusion configurations. Since the specialization
for commutative association schemes of this equivalence is the same as the
Bannai-Muzychuk criterion (see Corollary 3.3.1), this equivalence is a natural
generalization of the Bannai-Muzychuk criterion. Moreover, as more applica-
tions of this equivalence, we fuse any fiber-commutative coherent configura-
tions to construct the trivial fusion configurations and the fiber-commutative
coherent configurations given by the permutation group Zj x Sg.

Moreover, we construct bases of matrix units for some non-commutative
association schemes. Some association schemes are given by transitive per-
mutation groups and these are called the Schurian schemes. A transitive per-
mutation group satisfies the multiplicity-free condition (see Lemma 4.1.1), if
and only if the Schurian scheme given by the permutation group is com-
mutative. For a permutation group, we define the nearly multiplicity-free
condition, which is a generalization of the multiplicity-free condition. For a
transitive permutation group satisfying the nearly multiplicity-free condition,
its Schurian scheme is non-commutative. However, we may define the bases
of matriz units for the adjacency algebra of its Schurian scheme and these
bases are determined uniquely. As examples, we construct bases of matrix
units for Schurian schemes given by the symmetric groups acting on ordered
pairs and the dihedral groups acting on themselves. The number of classes of
former Schurian schemes is independent of degrees of the symmetric groups.
On the other hand, that of latters depends on degrees of the dihedral groups.

In the sense of the representation theory of algebras, bases of matrix units
for fiber-commutative coherent configurations and Schurian schemes given by
transitive permutation groups satisfying the nearly multiplicity-free condition
have a common concept. Since adjacency algebras of coherent configurations
are semisimple and it means that adjacency algebras are isomorphic to direct
sums of full matrix algebras. By using these isomorphisms, matrix units in
direct sums of full matrix algebras can construct bases of adjacency algebras.
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Chapter 1

Assoclation schemes

1.1 Association schemes

Let X be a finite set and Ry, Ry,..., Ry C X x X be binary relations on X.
Definition 1.1.1. A pair (X, {R;}%,) is called an association scheme if
(1) RO = {(l’,.ﬁb) ‘ S X}7

d
(i) JJRri=x x X,
i=0
(iii) for any ¢ € {0,1,...,d}, there exists ¢/ € {0,1,...,d} such that Ry =
{(y,l’) ’ (I,y) € Rz}a

(iv) for any i,7,k € {0,1,...,d}, the number pf,j =H{z e X | (z,2) €
R;,(z,y) € R;}| is independent from the choice of (z,y) € Ry.

The numbers pﬁj is called intersection numbers. An association scheme is
commutative if pﬁj = p;“z for all 4,5,k € {0,1,...,d}. An association scheme
is commutative if i = ¢ for all 7 € {0,1,...,d}.

Let Mx(C) be the full matrix ring indexed by X x X over the complex
field C. Let (X, {R;}%,) be an association scheme. For each i € {0,1,...,d},
the adjacency matriz with respect to R; is a square matrix A; € Mx(C) whose
entries are defined as (4;),, = 1if (z,y) € R; and (4;),, = 0 otherwise.

Let I,J € Mx(C) be the identity matrix and the all-ones matrix, respec-
tively. By the definition of adjacency matrices, statements in Definition 1.1.1

(i)—(iv) are rewritten as follows:



(i) Ao =1,
(ii) ZAi = J

(iii) for any ¢ € {0,1,...,d}, there exists ' € {0,1,...,d} such that Ay =
AT,

d
(iv) Ady = pk A
=0

Moreover, an association scheme is commutative if and only if A;A; = A;A;
for all 7,7 € {0,1,...,d}. an association scheme is symmetric if and only if
A; are symmetric for all i € {0,1,...,d}.

By the definition of association schemes, row sums of A; are constant and
equal to pgi, for each ¢ € {0,1,...,d}. For each i € {0,1,...,d}, its number
is called the wvalency with respect to R; and denoted by k;.

Example 1.1.2 (Hamming schemes). Let F' be a finite set with its order
|F| =¢q (¢ > 2) and X = F™ for a positive integer n. For i € {0,1,...,n},
R; is defined by (z,y) € R; if and only if #{j | =; # y;} = 4, where
r = (1,22, ..., Tn),y = (Y1,Y2,--,Yn). Then (X,{R;},) is a symmetric
association scheme called the Hamming scheme and denoted by H(n,q).

For a positive integer k, a subset Y of a finite set X is a k-subset if
Y| = k.

Example 1.1.3 (Johnson schemes). Let V' be a finite set with its order
V| = n. Let k be a positive integer with £ < n/2 and X be a set of all
k-subsets of V. For i € {0,1,...,n}, R; is defined as R; = {(z,y) € X x X |
lzNy| =k —i}. Then (X, {R;}¥,) is a symmetric association scheme called
the Johnson scheme and denoted by J(n, k).

Example 1.1.4 (Schurian association schemes). Let G be a transitive per-
mutation group on a finite set X. Then G acts on X x X by (x,y)? = (29, y9)
for (z,y) € X x X and g € G. Let Ay, Ay, ..., Ay be all orbits of G on X x X,
where Ag = {(x,z) | z € X}. Then (X, {A;}2,) is an association scheme and
called the Schurian association scheme or, for brevity, the Schurian scheme

of G on X.



Let (X, {R;}%,) be an association scheme and Ay, Ay, ..., A4 be its ad-
jacency matrices.

Definition 1.1.5. The adjacency algebra or Bose-Mesner algebra 2l is de-
fined as a subalgebra of the full matrix algebra Mx(C) spanned by 24 =
(Ao, A1, ..., Ag)c.

By the definition of association schemes, the adjacency algebra 2l satisfies

dim(2A) = d + 1 and has a basis {Ao, 41, ..., A4}

Example 1.1.6 (Thin schemes). For a group G, the Schurian schemes of G
on G is called the thin scheme of G. The adjacency algebra of the Schurian
scheme of GG is same as the group ring CG.

1.2 Commutative association schemes

Let X = (X,{R;}%,) be a commutative association scheme with |X| = n.
Since Ay, Ay, ..., Aq are commutative each other, Ag, Ay,..., Ag are diago-
nalized simultaneously by a unitary matrix U. In other words, Ay, A1, ..., Aq
have maximal common eigenspaces

(CX = é V;v
=0

where V; are maximal common eigenspaces. Let E; be the orthogonal pro-
jection from C* onto V; for each i € {0,1,...,r}. Moreover, as a fact, r = d
holds. The matrices Ey, 1, ..., By are called primitive idempotents. By the
definition of primitive idempotents, F; are diagonalized by U and it implies
that eigenvalues of F; are 1 with its multiplicity m; and 0 with its multiplic-
ity n — m; for some m;. In addition, m; = rank(E;) = dim(V;) holds. The
numbers m; are called multiplicities.

Proposition 1.2.1 (]2, Section 2.3]). For the primitive idempotents Ey, E, . ..

the following hold.
(i) {Eo, E1,...,E4} is a basis of 2.
(11) fOT any 1€ {O, 1, ce ,d}, EZE] = (Si’jEz‘,

7Ed7



(iv) for any i € {0,1,...,d}, there exists i € {0,1,...,d} such that E; =

ET.

Since {Ag, A1,...,Aq} and {Eo, E1, ..., E4} are bases of 2, A; are ex-
pressed as linear combinations of Ey, F1, ..., E; and E; are also expressed as
linear combinations of Ag, Ay, ..., Ay :

d
A=Y pij)E;
§=0
1
E;=— (1) A
0 JZ_; qi(J) j

Definition 1.2.2. The first and second eigenmatrices are defined as the
square matrices P, () of degree d + 1 such that

Bij = pi(1),
Qij = ¢;(2),
respectively.

It is trivial that PQ = QP = nly.

Let o be the Hadamard product or entry-wise product for matrices, i.e.
for A, B € Mx(C), Ao B is defined as (Ao B), ; = A, ;B; ;.

By the definition of adjacency matrices, A; o0 A; = 9, ;A; and this means
that 2l is closed under the Hadamard product.

Definition 1.2.3. Let Ey, E1,..., Ey be the primitive idempotents of the
adjacency algebra 2 of X. Set

d
1
k=0

for some qf’j € C. The coefficients q{fj are called the Krein parameters.



With respect to the Hadamard product, there is a theorem called the
Schur product theorem. It shows that the Hadamard product of two positive
definite matrices is also positive semidefinite. Similarly, the following lemma
holds.

Lemma 1.2.4 (]2, Lemma 3.9 in Section 2.3]). Let A, B € Mx(C) be positive
semidefinite Hermitian matrices. Then A o B is positive semidefinite.

Proof. Let ® be the Kronecker product. For positive semidefinite Hermitian
matrices A, B, A® B is also positive semidefinite. Since, Ao B is a principal
submatrix of A® B, Ao B is also positive semidefinite. ]

Theorem 1.2.5 (Krein conditions, [2, Theorem 3.8 in Section 2.3] ). Let
(X, {R;}L,) be a commutative association scheme. Then Krein parameters
qﬁfj are non-negative real numbers for all i,j,k € {0,1,...,d}.

Proof. For any 4,5 € {0,1,...,d}, E; o E; are diagonalized and eigenvalues
of E; o E; are qu/n with its multiplicity my, for all £ € {0,1,...,d}. Since
E; are positive semidefinite Hermitian matrices, by Lemmal.2.4, qzlfj /n are
non-negative real numbers. O

Theorem 1.2.6 (Absolute bounds, [2, Theorem 4.9 in Chapter II]). Let
(X, {R;}L,) be a commutative association scheme, m; be the multiplicities for
i€{0,1,2,...,d} and qf-fj be the Krein parameters fori,j, k € {0,1,...,d}.

Then
mim if i F# 7,
Z Mk =91 e
ke{0,1,...,d} smi(m; +1)  ifi=j.
47;>0

1.3 Fusion schemes

Let X = (X, {R;}%,) be a association scheme.

Definition 1.3.1. A fusion scheme of X is an association scheme (X, {S;}%,)
such that the same finite set X and binary relations S; which are disjoint
unions of some R;.

Let X' = (X, {S;}&,) be a fusion scheme of X and 2, A’ be the adjacency
algebras of X, X’ ;respectively. Then, by the definition of fusion schemes, ('
is a subalgebra of 2. Moreover, fusion schemes corresponds to a partition for
{0,1,...,d}. In other words, for a fusion scheme X', there exists a partition

A = {dp,01,...,04} such that S; = Hjeai R;.

10



Theorem 1.3.2 ([1, Lemma 1]). Let X = (X,{R;}%,) be a commutative
association scheme, FEg, E1, ..., Eq be primitive idempotents of X and P be
the first eigenmatriz of X. Then X has a fusion scheme if and only if there
exist partitions A and T' on {0,1,...,d} such that, for any 6 € A,y € T,
the submatriz P, s of P indexed by v x ¢ satisfies that row sums of P, s are
constant. In this case, the fusion scheme (X,{Ss}sca) with its primitive
idempotents {F,},er satisfies S5 = [[;ca By and F, = . Ej hold for
)e A vyel.

Proof. Let 2 be the adjacency algebra of X. Suppose that X' = (X, {S;}%,)

is a fusion scheme of X. Then there exists a partition A = {do,d1,...,ds}

such that S; = Hjeéi R;. Let Fy, Fh, ..., Fy be primitive idempotents of X'.

For any ¢ € {0,1,...,d'}, since F; is a idempotent, there exists a subset

v € {0,1,...,d} such that F; = Zje%, E;. Moreover, the identity F;F, =

0; 1 F; implies v; Ny, = O for i # k. Thus {70,71,...,7a} is a partition of
{0,1,...,d}. Let A" C 2 be the adjacency algebra of X'. Then { Fy, Fi, ..., Fy}
is a basis of 2'. Since the adjacency matrix A; =3, 5 A; of S; is in A" and

it means that row sums of submatrices P, 5 of P are constant.

The converse is clear. O]

11



Chapter 2

Coherent configurations

2.1 Coherent algebras

Let X be a finite set with order | X| = n and Mx(C) be the full matrix ring
over C indexed by X x X. For i,5 € X, let E;; € Mx(C) be the matrix
whose (7, j)-entry is 1 and all other entries are 0.

Definition 2.1.1. Let I,J € Mx(C) be the identity matrix and the all-
ones matrix, respectively. A coherent algebra 2 is defined as a subalgebra of

Mx (C) such that
(i) I,J e,
(ii) A is closed under the transpose,
(iii) 2 is closed under the Hadamard product.

This definition means that a coherent algebra 2 is closed under the ordi-
nary matrix product, the Hadamard product and the transpose and has the
identity elements with respect to 2 products.

Lemma 2.1.2 ([7, (3.1)]). Every coherent algebra 2 is semisimple.

Let {¢s | s € S} be a set of representatives of all irreducible matrix
representations of 2 over C satisfying ps(A)* = ¢s(A*) for any A € 2, where
x denotes the transpose-conjugate.

12



Theorem 2.1.3 (Wedderburn’s Theorem). Let 2 be a semisimple algebra
over C. Then 2 is decomposed into

A=Pe..
ses

where €4 is the simple two-sided ideal corresponding to ¢ and €, ~ M, (C)
as algebras for some positive integers es.

By this theorem, ¢, is an isomorphism from €, to M., (C).

2.2 Coherent configurations

As a generalization of association schemes, we have coherent configurations.
Let R C X x X be a binary relation of X x X. The adjacency matrix A with
respect to R is defined as (A),, = 1 if (z,y) € R and 0 otherwise.

Definition 2.2.1. For a finite set X, let Ry, R1,..., Rg C X x X be binary
relations of X x X and Ay, A1, ..., Ay be the adjacency matrices. A coherent
configuration (X,{R;}L,) is defined as

(i) there exists a subset K C {0,1,...,d} such that Z A; =1,

1eF

d
(i) Y A=,
=0

(iii) for any 7 € {0,1,...,d}, there exists ¢ € {0,1,...,d} such that Ay =
AT

d
(iv) Aidy =) pk A
=0

The algebra spanned by Ag, Ay, ..., Ag over C is called the adjacency algebra.

It is clear that the difference between the definition of association schemes
and the definition of coherent configurations is the first condition.

Higman stated that the definition of coherent configurations and the def-
inition of coherent algebras are equivalent (see [8]). In other words, an adja-
cency algebra of a coherent configuration is equivalent to a coherent algebra.

13



Let X = (X, {Ry}¢_,) be a coherent configuration. By Definition 2.2.1(i),
I € M, (C) is decomposed into (0,1)-matrices. This implies that X is de-
composed into X = [[,.rX;. The each X; is called a fiber. By Defini-
tion 2.2.1(iv), for any & € {0,1,...,d}, there exist i,j € F such that
R, C X; x X;. For any 4,5 € F, we denote r;; = #{k € {0,1,...,d} |
R, C X; x X;}. Thus the index set {0,1,...,d} can be rearranged by
{(i,4,a) | i,j € Fya € {1,2,...,r;;}} and {Rx}{_, = {Rija | 5,7 € F,a €
{1,2,...,m,}}

Let A; ;. be the adjacency matrix with respect to R, ;,, We may always
assume that

(i) F={1,2,...,f},
(ii) for any ¢,5 € Fya € {1,2,... ,riyj},A-T Ajia

17]70/ =
(ili) for any i € F, A; ;1 = Ix;,,

where Iy, € Mx(C) is the matrix with 1 on (z,z)-entries for z € X; and 0
otherwise.

For each i € F, (X;,{Ri;.}.2)) is an association scheme.

In particular, if f = 1, then the coherent configuration is an association
scheme.

Let 2 be the adjacency algebra of X. Then 2 is decomposed into a direct

sum of subspaces:
A= P Ay,
i,jeF
where 2; ; is a subspace spanned by {4;;, | a € {1,2,...,7r;;}}. In partic-
ular, for each @ € F', 2, is a subalgebra and is equivalent to the adjacency

Tii

algebra of the association scheme (X;,{Ri;.},2). For brevity, we write
Qli - Q(z,z

Definition 2.2.2. A coherent configuration (X,{R;;.}ija) is called fiber-
commutative, if 2; are commutative for all ¢ € F. A coherent configuration
(X, {Rijatija) is called fiber-symmetric, if 2A; consists only of symmetric
matrices for all « € F.

2.3 Bases of matrix units

Let A be the adjacency matrix of a coherent configuration (X, {R; ;a}ija)-

14



By Lemma 2.1.2 and Theorem 2.1.3, 2 is decomposed into
a-@De.
seS

where € is a simple two-sided ideal and €5 ~ M, (C) for a positive integer
es. This implies that there exists a basis {7, € 2 | 1, j € Fi} of €, satisfying

€5.j€k = OjkEi1s (2.1)
&5 = € (2.2)

where | Fs| = e;. Note that there is a good reason not to take Fy = {1,..., e}
This will become clear after Lemma 2.4.1. By [10, Theorem 8], we can choose
e? . in such a way that

1,
f
€y € U Ay (i,j € Fs, s€5). (2.3)

k=1

Note that, since Ay A = 0 if [ # K/, (2.3) implies
f
e, el JWw (ieF, ses). (2.4)
k=1

This is also mentioned in the proof of [10, Theorem 8]. Since €, is also a
simple two-sided ideal, there exists § € S such that ¢; = &,. If X is fiber-
symmetric, then s = § for all s € S by (2.4). Note that {% |i,j € Fs}isa
basis of €; satisfying (2.1). Since 20y, = Ay, for all k, 1 € {1,..., f},

!
g€ W (jeF, ses).

k=1

This implies that we can choose {ef; | 4,7 € F.} and {¢; | i,j € F,} in a
manner compatible with complex conjugation.

Definition 2.3.1. For each s € S, a basis {}; | i,j € F,} of & is called a
basis of matriz units for €, if (2.1) and (2.3) hold. If {&f; | i,j € F.} is a
basis of matrix units for €, for each s € S, then their disjoint union is called
bases of matrixz units for A provided that Fy, = F; and

Eij = ef,j <Z7] S Fs,S < S)

15



Note that bases of matrix units are not determined uniquely (see [7]),
however we will see later that they are essentially unique for the fiber-commu-
tative case.

Lemma 2.3.2. The center of 2 is contained in @£=1 D/P

Proof. This is immediate from (2.4), since ) ;. &7, is the central idempotent
corresponding to €. O

Let Ji,; be the matrix in 2 with 1 in all entries indexed by X} x X; and
0 otherwise. Without loss of generality, we may assume that €; = A%,

where 1

This implies that we may also assume that
1
1
epr = —F——=—="ki
V Ik X

for any k,l € Fy, where F; ={1,..., f}.

For the reminder of this section, we fix bases of matrix units {&f; | s €
S, i,j € Fy} for 2L LetA—F2><{s}foreachs€SandA HSES
Moreover, we denote e\ = &} ; for A = (i, j,s) € A. Define ny = \/|Xk\|Xl\,
where A € A and €, € 2. Let o denote the Hadamard (entry-wise) product
of matrices. Since 2 is closed with respect to o, there exist ¢§ , € C such
that

(2.6)

NAEN O NyE, = E I Ew- (2.7)
veEA

Definition 2.3.3. The complex numbers ¢y , appearing in (2.7) are called
Krein parameters with respect to bases of matriz units {5 | A € A}.

Let Pr denote the set of all the positive semidefinite hermitian matrices
in MF(C)

Theorem 2.3.4 (Krein conditions [9, Lemma 1]). For any s,t,u € S, B =
(bij) € Mg, (C) and C = (c;5) € Mp,(C), let Q% (B, C) denote the matriz in
Mg, (C) whose (m,n)-entry is

YD bt e (2.8)

1,j€Fs k,l€F}

16



Then 5
g,t<B7C) € PFu (B € PFS, C e PFt) (29)

Let 1 be the mapping from A to {1,..., f}* defined by e, € 2, for
A € A, or equivalently,

(i, j,s) = (k,1) if 5 € Ay (2.10)
Lemma 2.3.5. For each s € S, define
Fl={k|1<k< [, (kk)e{n(is)|ieF}}.
Then n(As) = F7°.

Proof. First, we prove n(A;) C F;Q. For (i,7,s) € A, suppose (i, j,s) =
(k,1). Namely, &7, € ;. By (2.1) and (2.4), &7, € 2, and &5, € 2 hold.
Thus n(i,i,s) = (k, k) and n(j, j,s) = ({,1) and these mean k,[ € F..
Conversely, suppose 1(i,1,s) = (k, k) and n(j,j,s) = (I,1), where i,j €
F,. Then €, € 2l and €}, € ;. By (2.1), we obtain &7, € 2;;. Thus
(k. 1) =n(i, j,s) € n(As). O
Lemma 2.3.6. Let A\, u,v € A. If ¢y , # 0, then n(\) = n(p) = n(v).

Proof. By the definition of n, ex € RL,y), €4 € ™y, and €, € A,y hold. If
n(A) # n(u), then ey oe, = 0, and this means ¢y , = 0 for any v € A. If
n(A) =n(u) # n(v), then ey o g, € A(»y and this means that ¢y , =0. [

By Lemma 2.3.6, the expansion (2.7) is simplified to

0
ExoE, = %j(“) E a5 uEv- (2.11)
veA
n(w)=n()

For brevity, we write a basis of matrix units {&}; | i,j € Fi} as {e];} and
we define Z o {e7;} = {7, | 4,7 € F,} for a matrix Z = (¢;;) € Mg, (C).
Lemma 2.3.7. Fiz s € S. Let Z = ((; ;) € Mp,(C). If Zo{e};} is a basis

of matriz units for €, then Z is a positive semidefinite matriz with rank one
and |G ;| =1 for alli,j € Fj.

Proof. Since Z o {g],} is a basis of matrix units for &, Z o {¢],} satisfies

(2.1). This means that (7,5, = (), and a = (;; for any i,j,k € Fi.
Thus |¢;;| = 1 holds. Moreover, Since ¢f; = (5,¢;; holds, Z is expressed as
Z =z*z, where z = ((1j)jer,. Thus Z is a positive semidefinite matrix with

rank one. [
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2.4 Krein conditions for fiber-commutative co-
herent configurations

In this section, we also use the same notation as the previous section. In
other words, 2 is the adjacency algebra of a coherent configuration X, 2l is
decomposed into the direct sum of simple ideals as A = @, 4 €;. Moreover
{&7,} is a basis of matrix units for &,, and their union over s € S is bases of
matrix units for 2. In this section, we assume that the coherent configuration
X is fiber-commutative.

Lemma 2.4.1. For any s € S and k,l € {1,..., f}, dim(€; NAy;) < 1. In
other words, the number of pairs (i,7) satisfying g;; € Uy is at most 1.

Proof. By (2.3), for each i,j € Fy, there exist k, [ such that 7 ; € ;. Thus
it suffices to show #{(7,7,s) € As | &f; € Ay} < 1. Suppose €7 ;, €55 € Upy
and 7 # 7. By (2.4), we have 5?,@'75?’,1" € A,. Thus 821»/ = &ii€ii"€i'ir € 2
holds. Since 2, is commutative, €, = &;,ef, = &/ ,ef;, = 0, and this is a

contradiction. Therefore, we obtain ¢ = ¢’ and similarly, 7 = j'. m

s
4,3’

Note that Lemma 2.4.1 is stated implicitly in the proof of [10, Corol-
lary 10] and [3, Proposition 2.1}, independently. Since n|s, : F? x {s} —
{1,..., f}? is injective by Lemma 2.4.1, the set F, can be taken to be the
subset F! of {1,..., f} defined in Lemma 2.3.5.

Definition 2.4.2. For s € S, we define the support for €, to be the subset
Fo={ie{l,...,f} | dim(¢,NA;;) =1}.

By the definition of Fy, we can take n as n(i,j,a) = (i,7) for ¢,j € Fi.
Indeed, by (2.4), we may suppose ¢;; € ;; for all i € F,. Then by &, =
€565 €5, € Ay j, we have n(i, j,s) = (4,7).

For brevity, we write Fy;,, = Fs N F, N F,. Note that F} = {1,..., f}
holds by (2.6).

Thus, for fibewr-commutative coherent configurations, the definition of
bases of matrix units can be rewritten as follows.

Definition 2.4.3. Let 2 be the adjacency algebra of a fiber-commutative
coherent configuration. Bases of matrix units for 2 are defined as matrices
{ei; | s €85,i,j € F} satisfying

18



(i) for any s,t € S, i,j € Fy,k,l € Fy, Ef’js’,&g’l = 05,0, kE5 1

(ii) for any s € S, 4,j € Fy, &} ;" = ¢

)
)
)
)

S
7,07

(ili) for any s € S, 14,j € Fy,ef, € A5,

S Z]

(iv) for any s € S, there exist § € S such that, F; = F and, for any
i,j € Fy, e, =¢} ;.

By Lemma 2.3.6, (2.11) can be written as follows: for (i,7) € F2 N F?,

g‘?.og# = ,]u 2.12
2, 4,J |X ||X UEZS (4,7,8),(4,7,t) ( )

Fu>i,j

Definition 2.4.4. For s,t,u € S, let Q¢, € Mp,,,(C) be the matrix with
(ia j)—entry
u _ (i)
(QE)id = 475,600
The matrix Qy, is called the matriz of Krein parameters with respect to the
bases of matrix units {aij}, {ef i} {es,} for €, €, €,

Note that, by (2.12), = Q¢ holds for any s,t,u € S. Moreover, the
matrix QY is hermitian by (2 2) and (2.12).

Proposition 2.4.5. For any s,t € S, we have Q' , = ds1Jp, ,,.
Proof. Immediate from (2.6), (2.12) and Definition 2.4.4. O
Proposition 2.4.6. For any s,t € S,
st = 0gstr(e jj)JFst 1
In particular, tr(e} ;) is independent of j € F.
Proof. By (2.12),

(e550eh;) D era= XX Y (@)iseteh
ke |X||X k,leF FUEBS
u /La]

1
= e (1)1 D Ei
VXX i
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We compute the trace of each side of this identity. By (2.6), the trace of the
right-hand side is (Q},):;/+/|Xi||X;]. On the other hand, the trace of the
left-hand side is

s t 1 _
tr ((Q,j 0 &) § 5k,z> = ( € i Ok l)
klEF zyeX \kleF vy

\/W Z ( %,J o0& j) T,y (by (26))

1 T t
= ———tr(ef e .
)
1 -s S
= W“(?ﬁ,ﬁij) (by &7, = €j.)
il|<g
SEENEED
= ——tr(e’ ., .
XX, i
1
= dstr (et
X e

By the propertles of the trace, tr(e? Tgt ;) = tr(e & ) and this implies
tr(e’;) = tr(e};). Thus we obtain (Q;t)lyJ = 0gtr(ef;) = Ogytr(e’;), and the

result follows. N

t
Z7j
t
7

Proposition 2.4.7. For s,t,u € S, let z, € CFs,z, € Ctt z, € C' be vec-
tors whose entries consist of complex numbers with absolute value 1. Define
z € Clstu by
(Zs>k(zt>k
z)y=———~— (k€ Fs1a).
( ) (Zu)k: ( t )

Then z*z o Qf, 1is the matriz of Krein parameters with respect to zizs o

{gz,]}’ Zt Zt O {627]}’ uzu © {gl,j}'



Proof. By (2.12) and Definition 2.4.4, we have
(232.)i €7 5 0 (2 24)ig€0
= (2:25)i,3(2{20)i5(€] o¢; J)

_ (2824)i5(2{20)i5
: : ( Zt)wgy
VXX ] ; ’

Fuai,j

Z Zg l Z Zt),
!X||X Z @ ; )t B ot)ig(Ze Zu)i €L
uesS u/

Fy>i,j

Thus the result follows. O]

In particular, if Q¥, is positive semidefinite, then Z o QY is also positive
semidefinite. Thus the positive semidefiniteness of )¢, is independent of the
choice of bases of matrix units.

Theorem 2.4.8. For any s,t,u € S, the condition (2.9) holds if and only if
the matriz of Krein parameters Q, is positive semidefinite.

Proof. To prove this equivalence, we simplify (2.9). Let B = (b; ;) € Pp,,C =
(¢ij) € Pr,. By Lemma 2.3.6, if (m,n) ¢ F? or (m,n) ¢ F?, then the (m, n)-
entry (2.8) of Q%,(B,C) is 0. If (m,n) € F2 then (2.8) is

Jtuo

bm,ncm,n(Q;t)m,n - (B/ o C/ o Qg,t>m,n7

where B',C" € Mg, , ,(C) are the principal submatrices of B, indexed by
F, ;.. Thus Q;t(B, C) has B'oC"0Q)%, as a principal submatrix and all other
entries are 0. This implies that ij’t(B ,C) € Pp, if and only if B'o ("o €
Pr,..- In particular, taking B and C' to be the all-ones matrices, (2.9) implies
Qg,t € PFs,tm’

Conversely, if Q¢, € Pr,,,, then B'o (" 0 Q¢, € Pp,,, for any B €
Pr.,C € Pg, by [2, Lemma 3.9], and (2.9) holds. O

Hobart [9] applied the Krein condition of the coherent configuration de-
fined by a quasi-symmetric design by setting B and C' to be all-ones matri-
es. She commented that there are no choices of B, C' which lead to other
consequences. Indeed, since the coherent configuration defined by a quasi-
symmetric design is fiber-commutative, considering the case B = C' = J is
sufficient by Theorem 2.4.8.
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2.5 Generalized quadrangles

Definition 2.5.1. Let P, L be finite sets and I C P x L be an incidence
relation. An incidence structure (P, L, ) is called a generalized quadrangle
with parameters (s, t) if

(i) forany le L, #{pe P | (p,l) e I} =s+1,
(ii) forany pe P, #{le L | (p,l) e [} =t +1,

(iii) for any p € P and [ € L with (p,l) & I, there exist unique ¢ € P and
unique m € L such that (p,m), (¢,m), (¢,1) € 1.

Elements of P and L are called points and lines, respectively.

Let (P,L,I) be a generalized quadrangle with parameters (s,¢). For
p,q € P, if there exists [ € L such that (p,1),(q,1) € I, then we write p ~ ¢
and say that p and ¢ are collinear. Similarly, for I,m € L, if there exists
p € P such that (p,1), (p,m) € I, then we write [ ~ m and say that [ and m
are concurrent.

In this section, we apply Theorem 2.4.8 to generalized quadrangles and
obtain the following inequalities: If s,¢ > 1, then s < ¢ and ¢ < s? hold.
These inequalities are established in [5, 6], as a consequence of the Krein
condition for the strongly regular graph defined by a generalized quadrangle.
We also show that no other consequences can be obtained from Theorem 2.4.8
by computing all matrices of Krein parameters.

First, we construct a coherent configuration from a generalized quadran-
gle. Let X; = P and X5 = L be fibers. Adjacency relations on X = X; LI X,
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are defined as

Rian=A{(p,p) | p € P},
Rii2={(p,q) € P’ |p~q, p+#q},
Riys={(p,q) € P*|p+q},
Rigr={(p,l) e PxL|(pl)el},
Rigo={(p,l) € PxL|(pl) &I},
Roii={(,p) € LxP|(p]l) €},
Roio={(l,p) € LxP|(pl) &1},
Roo1=A{(l,1) |l € L},
Rons={(l,m) € L* |l ~m, | #m},
Roos = {(l,m) € L* |1 £ m}.

Then X = (X, {Rs}1ez) is a coherent configuration, where Z = {(7,7,k) | 1 <
i,j S 2, 1 S k S 7“7;7]'} and i1 =T22 = 3, o ="T21= 2. Let Ai,j,k be the
adjacency matrix of the relation R; ;x, and let 2 be the adjacency algebra of
X. Then 2 is decomposed as

A=C D& D3P ¢y,
where €1, &, ~ My(C) and €3, ~ C. Moreover, F| = F;, = {1,2}, F3 =

For each €;, a basis of matrix units can be expressed as follows: For &,

. 1
T st (s + 1)
1
)

(A1i1+ A2+ Aas),

1
227 (1)t + 1)

(Ag21+ Asoa+ Asas),

1
1
€19 = Ajg1+ Avap),
B (st 1) /(s + Dt £ 1)(
1
€51 = (A211 + A1)

(st+1)\/(s+1)(t+1)
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For th s

52 1
MU (st 1) (s + 1)
1
2
= t 1A t—1)A — 1A
€39 (st+1)(s+t)(8 (s +1)Az01 +8(t —1)Az02 — (s +1)A223),
1
2
€19 = stA — A ,
R (s+t)< 121 — A122)
1
2
I stA — A .
2T (s+t)< 211 — A212)
For €3,
83 :;(32A111_5A112+A11 )
1,1 (S+t)($+1) L, L, 1,3/
For €4,

1
4 2
52,2 (S t) (t 1) ( 2,21 2,2,2 2,273)

For these bases of matrix units, the matrices of Krein parameters Q3
and QﬁA are the 1 x 1 matrices given by

(st +1)(s—1)(s* —1)

Qs = (s+1)2 ’
s (st+ D) -1)( —s)
@i = (s+t)?

By Theorem 2.4.8, both Q34 and Qf, are positive semidefinite, so s* > t
and t? > s hold, provided s,t > 1. The consequences of Theorem 2.4.8 for
all other matrices of Krein parameters are trivial. Indeed, the other matrices
of Krein parameters are given as follows (we omit those matrices determined
by Proposition 2.4.5, and those determined to be zero by Proposition 2.4.6):

o st(s+D)(t+1)[1 1
2= )

o 1 do(st) 7(s,t)
Q2,2 = (s+1t)? [T(S,t) o(t, 5)} ’
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where
o(s,t) = (s + 1)(t*(st +2s — 1) + s(st — 2t — 1)),
7(s,t) = (s +1)¥2(st = 1)\/(s + 1)(t + 1),

and oo, st DEHDEFD) oy s(st+ s+ )(E+1)
2,2 — (S + t)2 ) 22 — (S + t)2 )
s S(st+ 1) Q2. = tt+1)(s+1)>*(s—1)
23 (s t)2 23 (s+t)? ’
Q2 = t(st 4+ 1) s s(s+DE+1)2t—1)
24 gs +1)2 7 24 (s +1)2 ’
L s(st+1) Q2. — s(st+1)(s+1)(s—1)
B (54 t) 33 (s +1)2 ’
L tB(st+1) Q- tst+1)(t+1)(t—1)
M (s+t) M (s +1)?

2.6 Absolute bounds for commutative coher-
ent configurations

Let 2( be the adjacency algebra of a coherent configuration X = (X, {R;}rez),
and let {¢s | s € S} be a set of representatives of all irreducible matrix
representations of 2 over C satisfying ¢4 (A)* = ps(A*) for any A € 2.
Denote by h, the multiplicity of ¢, in the standard module C*. In this
section, we assume that (7 ;) = Ej; for a basis of matrix units {ej;} for
¢,, where E; ; is e; x e, matrix with (4, j)-entry 1 and all other entries 0. The
following bound is known as the absolute bound.

Lemma 2.6.1 ([10, Theorem 5]). For any s,t € S, we have
5 hshy if s #t,
S e (XX 3 nien) < {2y 07
ues AEAs pEAL vEA, ( 2 ) if s=1.
For fiber-commutative coherent configurations, we can simplify this in-
equality.

Theorem 2.6.2. Let Q%, (s,t,u € S) be the matrices of Krein parameters
for X. For any s,t € S, we have

Z hyrank( gt) <

u€esS

hsht Zf S 72 t,
(h52+1) if s =1.
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Proof. By (2.11), for any u € S, we have

SN Geule) = D alt o pelEl)

)\EAS /J,GAt I/EAu ,]eFu

=) (QY)ijEij,

1,J€EFy

and the rank of this matrix is rank(Q%,). By Lemma 2.6.1, the result follows.
[

2.7 Eigenmatrices

Let X = (X,{Rija}ija) be a fiber-commutative coherent configuration, 2A
be its adjacency algebra and {e7; | s € S,4,j € F;} be the bases of matrix
units for 2.

For i,j € F, since the subspace 2;; C 2 has two bases {4;,, | a €
{1,2,...,7i;}} and {e}; | s € Si;}, we have

,ja - E pz,ja ,]7

s€S;
T .
S

gi_ Ql,S 7a~
= R 2 e

Definition 2.7.1. For i,j € F, the first and second matrices P, ;,Q;; for
;; is defined as (Pj)sa = Pija(s) and (Qij)as = Gijs(a), respectively.
Moreover, the first and second matrices P,(Q) for 2 is formally defined as
(P)i; = Pij and (Q);; = @, respectively.

For i € F, since {¢}; | s € S;;} is the set of all primitive idempotents
of the commutative association scheme (X;,{R;;a}a), Fii, Qi; are same as
eigenmatrices of (X;, {Riia}a)-
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Chapter 3

Fusions in fiber-commutative
coherent configurations

3.1 Subalgebras having their own bases of ma-
trix units

Let 2 be the adjacency algebra of a fiber-commutative coherent configuration
X and {¢f; | s € S, i,j € Fi} be the bases of matrix units for 2. In this
section, we consider a subalgebra of 2l and reveal some equivalent conditions
that the subalgebra has matrices satisfying the conditions in the definition
of bases of matrix units.

Let S” be an index set. For o € S’, let F, C F be a subset. Suppose
that a set of matrices & = {¢'}, | 0 € §',i,j € F,} is given such that, for
any o € §',i,j € Fy, €7, € 2;j holds. We consider when the span of £ is a
subalgebra having £ as its bases of matrix units.

Let 2" be a subspace of A defined by ' = (¢ | e € E)c and A" = {(i, 5, 0) |
ceSi,j€F,} =]l,eq Fr X Fy x {o}. Then A" is decomposed into

A= T 0 x ) < s, (3.1)

ijer
where
SZ{J ={ceS|F,>1i7j} (3.2)

For brevity, we write S; = S};. and it is clear that S; ; = S; N S}. By (3.1),
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the subspace 2" is decomposed into
I /
w- @,
1,j€F
where 21} ; = (7 | 0 € 5] ;)c C A
Lemma 3.1.1. Fiz o € S’. The following are equivalent.

10
j1i7

. . . 10 10 10 10 *
(i) For anyi,j,k,l € I, €7’y = 0,7, and €'} ;" =€

(i1) there exists a subset T, C S such that, for any i,j € F,, and s € Ty,
there exist c¢; . . € C such that

27.]70-

8/Zj = Z Cf,j,agfm (Cf,z‘,a =1, |cf,j,cr| =1, Cio= c;,i,a) (3.3)
s€Ty

Proof. Suppose that (i) holds. By '], € 2}, C %l;;, €7, can be expressed as
/10 S
i~ § AsE; ;-
SES;
Since ¢, are elements of bases of matrix units,

2

102 s _ 2 s
Cii = § :asei,i = E :asgi,i‘

SES; sES;

Moreover, by (i), £'7, is an idempotent. It means as, € {0,1}. Thus there

2,0

exists T,(i) C S; such that €7; = >° . ;€5 Fori # j, €77, € A; j can be

expressed as
/o s s
Cij = Z ERERE

SGS@J‘

Then, by (i),

/o 10 * S s * __ S S
i =% = Z CijoCij = Z CigoCiir

5€55,5 5€54,j
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Thus

s __ 1o
§ Cii = €

SETG( )
1o o
=i
_ S S t t
= Z CijoCij Z Cij,o5,i
SES; J teSm
= z : |C 7_] o ’L Z
SES;,j

and this means that 7, (i) C S;; and |c}
Thus we obtain &7, = zseT ) el &8

1,5,051,5)

| =1if s € T,(i) and 0 otherwise.
| = 1. By this identity,
e, =¢€i = ZseT c; ;€5 follows. This implies that ¢, , = ¢;,, and

1,7,0
T, (i) is determlned mdependently of the choice of i € Fj,.

1,5,0

where |c};

By direct computation, the converse follows. Il
Let
A= |J F xF, xT, (3.4)
oces’!

be a subset of A.

Lemma 3.1.2. For all o € S, suppose that one of the equivalent conditions
of Lemma 3.1.1 holds. Then the following are equivalent.

(i) Foranyo,T € S satisfying o # 7, €'7,€'7, = 0 holds for any i € FoNF;,

(ii) the union \J,cq F»r x T, is disjoint.
In particular, (1) holds if and only if the union (3.4) is disjoint.

Proof. Suppose (i). If T,NT, # (), then, by the expression (3 3) in Lemma 3.1.1,
for any s € T, N T, and any i € F, N F,, £, appears in '] This means

’L’l ZZ
10 IT

e'r:€; # 0 and this is a contradiction. Thus, for any o,7 € S’ satisfy-
ing o # 7,if F,NF. # 0, then T, N T, = (. Since, for any o,7 € 5,
(F, x T,) N (F, x T,) = 0 if and only if F, N F, = 0 or T, NT, = () holds,
(ii) follows.

The converse is clear by the expression (3.3) in Lemma 3.1.1. O
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If Lemma 3.1.2 (ii) holds, then for any (i,7,s) € A, #{oc € S | F, >
i,7, T, 2 s} < 1. In other words, For any (i,7,s) € A, a unique (i,j,0) € A’
with s € T, is determined if it exists.

If all matrices in the set £ satisfy ones of the equivalent conditions of
Lemma 3.1.1 and Lemma 3.1.2, then the expression (3.3) is rewritten as

5/23' = Z Cf,jgf,j (Cf,j = aa ‘Cf]‘ = 17621 =1) (3.5)
s€T
for all s € 84,5 € F,. By Lemma 3.1.2 (ii), for any (4, j, s) € A, ¢} ; appears
only in a uniquely determined &’ f] with 7, 3 s. Thus ¢;; depends only on
(1,7,0) € A with T, 5 s. Note that this expression is exacty same as (3.3)
and it means that the indices for ¢; ; suffice in the expression (3.3).

Lemma 3.1.3. Let £ = {€ | e € £}. Suppose that ones of the equivalent
conditions of Lemma 3.1.1 and Lemma 3.1.2 hold, and any element in & is
expressed as (3.5). Then & = & if and only if, for any o € S, there exists
o €S such that F, = Fy, T, ={5| s € T,} holds and cf’j = a hold for all
seTy,i,5 € F,.

Proof. If € = £, then, for any o € ', there exists & € S’ such that @ = 8'?0-
for any 4,7 € F,. Then

1 0 __ S 5 s -8
i\j i = E :Cz’,ﬁm" = E :Ci,jgzyj-

£ =&
s€T, s€T,

It means that T, = {5 | s € T,} and ¢;; = ¢; ;. By direct computation, the
converse is clear by (3.5). O

For a fiber X; of the fiber-commutative coherent configuration X, let I,
be the diagonal matrix with (Ix,),. = 1 if x € X; and 0 otherwise.

Lemma 3.1.4. Suppose that ones of the equivalent conditions of Lemma 3.1.1
and Lemma 3.1.2. Then Ix, € 2j; for all i € F if and only if {(i,s) |
(4,4,8) € A} = [, eq Fo x Ts.

Proof. For any i € F', by the definition of fiber-commutative coherent con-

figurations,

SES;
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On the other hand, since {€'7; | 0 € S};} is a basis of 2 ; and Ix, is an
idempotent in A;;, by (3.5) and Lemma 3.1.2 (ii), there exists S C S/ such

that
Iy, =Y =D ) e
oes oed s€Tls
Thus S; = [[,c57» holds. By [] .7, C HUESQ T, C S;, we obtain S; =
[l,cq T for any i € F and it means that

{(G,s) | (i,i,s) € A} = [[{i} x S = {(i,s) | (i.i,5) € A}.

1€

By Lemma 3.1.2 (i), for any (i,7,s) € A, there exists a unique o € S such
that i € F, and s € T,. Thus [[ .o Fo x T, = {(i,5) | (i,4,5) € A} =

{(i,5) | (ii.5) € A}.
The converse is clear by (3.5) and Lemma 3.1.2 (ii). O

3.2 Fusions in fiber-commutative coherent con-
figurations

Let X = (X, {R;ja}ija) be a fiber-commutative coherent configuration with
fibers [[,cp Xiy A = (Aijao | 1, € Foa € {1,2,...,7;})c be the adjacency
algebra of X and {¢7; | (i,7,5) € A} be the bases of matrix units for the
adjacency algebra A, where A = [, ._{i} x {j} x S;;. Moreover, let P =
(P ;) be the first eigenmatrix of X.

In this section, we give an equivalent condition for a subalgebra of 2 to
be the adjacency algebra of a coherent configuration with the same fibers as
those of X.

1,7€

Definition 3.2.1. A fiber-commutative coherent configuration X’ = (X, {R; ; . }ij.a)
is a fusion configuration with the same fibers as those of X if X and X’ have
the same fibers and the adjacency algebra 2’ of X’ is a subalgebra of 2.

Definition 3.2.2. A family of partitions A = {A;; | i,j € F} is called
admissible if

(l) fOI' any Z,j € F, HJEAi,j (5 == {1727 cee 7717,',j}-

(ii) for any i € F,{1} € A,
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(iii) for any 0 € A, {a € {1,2,...,7;;} | AT, , = A;;p for some b € 0} €
Aj’i.

Lemma 3.2.3. If X' is a fusion configuration with the same fibers as those of
X, then there exists a uniquely determined admissible family of partitions A =
{Ai; | 1,7 € F} such that X' = (X, {R;,j,é}i:jﬁ) where R”(; [Hoes Rija
for 6 € A; ;. Conversely, if A = {A;; | i,j € F} is an admissible family
of partitions, then the set {Aj ;5 | i,j € F,0 € A;} satisfies conditions of
Definition 2.2.1 (i), (ii), (iii), where Al s = D ges Aija-

Proof. Let {A};, | i,j € F,b € {1,2,...,7;;}} be the set of adjacency
matrices of X’ and 2" be the adjacency algebra of X’. Then 2[’ is a subalgebra
of 2 and it implies that, for any 7,7 € F and b € {1,2, ... }, there exists
a subset 6;;, C {1,2,...,7;;} such that

z]b Z Az]a

a€d; b

71]

By Definition 2.2.1 (i), (ii), (iii), for all 4,5 € F, A;; = {di;p | b €

{1,2,...,7;;}} satisfy Definition 3.2.2 (i), (i), (ili) and A = {A;; | i,j € F'}
is admissible.
The converse is clear by Definition 3.2.2. [

The following theorem essentially reveals the condition in Definition 2.2.1 (iv).

Theorem 3.2.4. Let G = (V, E) be a bipartite graph with V. = F U S and
edge set B = {(i,s) | (i,4,8) € A}. Then X' = (X, {R}s}ijs) is a fusion
configuration with the same fibers as those of X, where R} ;s = [[,c5 Rija
ford € A;;, if and only if A ={A;; | i,7 € F} is admissible and there exist

(I) diagonal matrices C;; indeved by S;; x S;j with (Cij)ss = ¢;; for
1,7 €F,

(IT) an index set S" and subsets T, C S, F, C F for o € S which gives a
partition {F,xT, | 0 € S'} of E into complete bipartite edge-subgraphs;
E=11,cq Fr x Ty,

such that, for any i,j € F,

(i) [Aisl =15,
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(ii) for any s € ]_L,es/ Tyocii =L lc;l =1,¢i;= ¢}, =i,

(ili) for any o € S};,8 € Ayj, row sums of the submatriz of C; ;P;; indexed

by T x 6 is a constant p; ; 5(o) and row sums indezed by O; j X 0 is 0,

where S; ; is defined by (3.2) and O;; = S;;\ (Haesl{’j Tg). Moreover, if X'
1s a fusion configuration with the same fibers as those of X, then the first
eigenmatriz P' = (P} ;) of X' with respect to bases of matriz units {€']; | o €

S'i,j e F,}ois giveﬁ by (P} ;)os = D s(0) for o € S;;,0 € A, where

9,7

Z Cii€i (3.6)

SGTO’
foroe S'i,j €F,.

Proof. For 1,5 € F,0 € A;;, let

/ JR—
Aijs = Z Aija

a€d

be the adjacency matrix with respect to I} ;; of X.

If X' is a fusion configuration with the same fibers as those of X, then,
by Lemma 3.2.3, A is admissible. Moreover, the adjacency algebra 21" of X'
is decomposed into a direct sum of simple two-sided ideals: X' = @, ¢ &,.
Then € gives F, = {i € F' | dim(';; N € ) = 1} for each ¢ € 5" and A’
has bases of matrix units {¢'7; | 0 € §',i,j € F,}. Let Sj; = {0 € S|
dim(2;; N €)) = 1}. Then, for any 1,7 € F, |A;;] = dlm( i) =15
holds. By Lemma 3.1.1, for each o € S’, there exists T, C S Such that
(3.3) holds. By Lemma 3.1.2, |J,.q F> x T, is disjoint. By Lemma 3.1.4,
E =1],cq F»xT, and it means that { F, xT,, | o € S'} is a partition of . By
(3.5) and Lemma 3.1.3, there exist ¢f ; for i, j € F,s € S; ;, and cf; satisfy (ii)
in the latter conditions for all 7, j € F se]] oes, T,. Thus, for any 1,5 € F,

we may define a diagonal matrix C; ; indexed by SZ j XS;; whose (s, s)-entry
is cf; if s € [] - T, and 0 otherwise. Since {¢'7, | 0 € §',i,j € F,} are

bases of matrix units of AU, A} ;5 is expressed as

,]5 Z pz,]é (37>

UES'
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for i,j € F,6 € A;;. By A;,j,é = > ues Aija and (3.5), (iii) in the latter
conditions holds. In addition, by (3.7), P' = (F/;):; with P}; = (p} ; 5(0))os
is the first eigenmatrix of X" with respect to {7, | 0 € §',4,j € F,}, where
e’y satisty (3.6).

Conversely, suppose that A is admissible and that the latter conditions
are satisfied. Fori,j € F,6 € A;;,0 € 9, let €' ; be expressed as (3.6). Since
A is admissible, the set {A] ;5 | i,j € F,d € A;;} satisfies Definition 2.2.1 (i),
(i), (iii). By (ii), (iil) in the latter conditions,

/ — P
Ai,j,é = § Aija

a€d

=YD pijals)e,

a€d SESZ',J'

- (z—<>)

SESi,j a€d

= Z Zp;,j,é(o-)cijgij

JESZ(J. s€Ty

= Z p;,j,é(a-)g/Zj'

o€S] ;
This implies that
(Aijs 10 € Ayj)e C (e, 1 0 € Sj)c

as a subspace of 2; ;. By the condition (i), the dimensions of these sub-
spaces coincide and it implies these subspaces coincide. By Lemma 3.1.1
and Lemma 3.1.2, A" = @, ;. (A ;5 | 0 € Aj)c is closed with respect to
the matrix multiplication and it means that X’ = (X, {R; 5} s) is a fusion
configuration with the same fibers as those of X, where R; 5 = [[,c5 Rija

1,5,0
for 6 € A@j. ]

3.3 Applications

In this section, we apply Theorem 3.2.4 to commutative association schemes,
fiber-commutative coherent configurations and the fiber-commutative coher-
ent configuration given by Z3 x Sg.
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3.3.1 Commutative association schemes

Commutative association schemes are defined as fiber-commutative coherent
configurations with |F'| = 1.

We assume F' = {1}. For brevity, we omit indices given by F. Let X =
(X, {R.}:_1) be a commutative association scheme and {° | s € S} be its
primitive idempotents. Since X has only one fiber, any fusion configuration
with the same fiber as those of X has also a fiber X and is called a fusion
schemes. Then an admissible partition A for X satisfies

(i) {1} € A,
(i) for any § € A, {a | AT = A, for some b € §} € A.

Let S” be an index set with |S’| = |A| and, for o € S’ let T, C S. Note
that, by |F| = 1, F = F, hold for all 0 € S’. Then the bipartite graph
G = (V,E) defined by X has vertex set V = FUS = {1} U S and edge
set £ = {(1,s) | s € S}. Thus the partition {{1} x T, | ¢ € S} of
E can be identified with the partition {7, | o € S’} of S. Moreover the
first eigenmatrix P is decomposed into submatrices indexed by T, x ¢ for
o€ S, 6 e A In this case, it is clear that ¢* =1 for all s € S and O = (.

Thus Theorem 3.2.4 for commutative association schemes is specialized
as follows.

Corollary 3.3.1 (Bannai-Muzychuk criterion, [1, Lemma 1] and [13]). Let
X = (X, {Ri}I_)) be a commutative association schemes, {e* | s € S} be its
primitive idempotents and P be its first eigenmatiz. Then X has a fusion
scheme X = (X, {Rj}sea) given by a partition A, where R' = ], .5 Ra for
d € A, if and only if A is admissible and there exists a partition {T, | o € S}
of S such that |S'| = |A| and for any o € S',§ € A, row sums of the
submatriz indexed by T, x d of P is constant.

3.3.2 Trivial fusion configurations with the same fibers

Any fiber-commutative coherent configuration has a trivial fusion configura-
tion with the same fibers. Let X = (X,{R; .}ija) be a fiber-commutative
coherent configuration and 2 = @Z jer Wiy be its adjacency algebra. Define
an admissible partition A = {A;; | ¢,j € F'} as follows:

(i) forie F, A ={{1},{2},...,{rii}},

35



(i) ford,j € F (17 7), Aiy = {{1,2, ..., 7 }}

By the definition of A, it is trivial that A gives a subalgebra ' = @MEF 2L
such that 2A;, = A;; and A, = (3. Ajja)c for i # j and A is the

a=1
adjacency algebra of a fusion configuration X’ with the same fibers as those of

X. By Theorem 3.2.4, the edge set E of the bipartite graph G is decomposed

into
E=(Fx{sohu [T {G )}
(i,s)EE
SF#SQ
where €, = 70 Aija | 4,j € F)c is the simple two-sided ideal of 2

corresponding to so € S. In other words, Both 2 and 2" have & as a simple
two-sided ideal. In this case, for any i,j € F (i # j), [S;;] = |9 and
Oi,j = SZ"]'\{S()} hold.

3.3.3 The fiber-commutative coherent configuration given
by Z% X 56

There is a unique primitive permutation group G of degree 81 of the form
G ~ 73 x Sg, where Zs is the cyclic group and Sg is the symmetric group on
6 letters.

Since G has nontrivial outer automorphisms, we fix an outer automor-
phism x. Let G' = {(g9,9") | g € G} be a permutation group of degree 162.
Then the set of all orbits of G gives a fiber-commutative coherent configura-
tion X = (X, {Ri,j,a}i,j,a> with ' = {]., 2} and i1 =T22 = 4, o2 ="T21= 3.
Moreover the adjacency algebra 2l can be decomposed into

where €, ~ My(C) for i = 0,1,2 and €, ~ C for i = 3,4. By this decom-
position, we may write Fy, = Fy, = F,, = {1,2}, Fy, = {1}, F;, = {2}. The
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first eigenmatrix P = (P, ;) can be written as

1 2 3 4 1 2 3 4
sof 1T 30 20 30 sof 1 30 20 30
Py = s111 -6 2 3 Py — sil11 —6 2 3
ssl1 3 =7 3 ssl 13 =7 3
s3\ 1 2 —6 sg\ 1 2 -6
1 2 3
sof 15 60 6
Po=PFP1= 5| 3 -6 3
ss\—6 3 3

Note that A;;, are symmetric for all < € {1,2},a € {1,2,3,4} and Af,, =
Ay, hold for all @ € {1,2,3}.

For X, let S’ = {00, 01,092,053} and, we define A = {A;, | i,j € {1,2}}
and T,, F, for o € S’ as follows:

A= Ao = {{1},{2,3}, {4}},
A1,2 = A2,1 = {{172}> {3}}7

Toy = {50}, oy = {1,2},
Ty, = {51, 82}, Fy, = {1,2},
To, = {s3}, Fo, = {1},

Toy = {54}, Foy = {2}.

Then A,T,, F, satisfy the conditions in Theorem 3.2.4 with ¢;; = 1 for
all i,j € {1,2},s € S;;. In this case, O12 = O are empty. Thus a
fusion configuration with the same fibers as those of X is obtained and its
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eigenmatrix P’ = (P} ;) is

{1y {23} {4 {1 {2.3) {4

o 1 50 30 o 1 50 30
Pi=o|l 1 -4 3 [ Po=of| 1 -4 3
o \ 1 5 —6 o3 \ 1 5 —6

{12} {3}

6
P,=pP, =" .
1,2 2,1 - _3 3

Moreover, 2l has the following subalgebra 21”. Since this subalgebra is
not closed with respect to the transpose, this subalgebra is not an adjacency
algebra of any fusion configuration. For ¢ = 1,2, we construct subalgebras
U, C *;; which is the same as above; i.e.

Ql;/Z = (A1, Aiio+ Aiis, Aiia)c
= (e el + e eli)e,

Z’L’ Z’L

where o« = 3 if i = 1 and o = 4 if ¢ = 2. Thus the transition matrices with
respect to these bases are P, = P/, for i = 1,2. On the other hand, in
212,21, We construct subspaces 217 5, A5, as follows;

91/1/2— <A121+A1237A122><c

812, \/—( )c

= (€] 251)

1
Q[21—<A211,A2124—14213><C
= ( )

8217\/—@5?1 <€12>C

Note that the transition matrices with respect to these bases are

1,3y {2 {1y {23}
s ool 21 60 , oo 15 66
o= 01(6\/5 —6\/§>’ B = 01<6\/§ —6\/§>’

where g, o1 correspond to {so}, {s1, s2}, respectively. Then

2

w - P,

1,j=1
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is closed with respect to the matrix multiplication and this is a subalgebra
of 2 which is not closed with respect to the transpose.

This example shows that adjacency algebras may have a subalgebra which
are closed with respect to the Hadamard product but fails to be an adjacency
algebra because it is not closed under the transpose.
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Chapter 4

Nearly multiplicity-free
imprimitive permutation
groups

4.1 The multiplicity-free condition

Let G be a permutation group on a finite set X and let A; be all the orbits
of G on X x X. Then X = (X, {A;}%,) is a Schurian scheme. In general, X
may not be commutative.

Fix a point x € X, and let K = Stabg(x) be the stabilizer of z in G.
Then G/K can be identified with X and the action of G on X corresponds
to the coset action of G on G/K.

Lemma 4.1.1 (The multiplicity-free condition, |2, Theorem 1.4 in Chapter
]). Let 1§ be the permutation character of G on X. Suppose that 1§ is

decomposed into 1§ = > o €sXs, where x, are irreducible characters of G

and ey are positive integers. Then the following are equivalent:
(i) for alli €{0,1,...,d},es =1 hold,
(ii) X is commutative.
Moreover, if one of the equivalent conditions holds, then r = d follows.
Let 2 be the adjacency algebra of a Schurian scheme of G on X and C*

be the permutation module.

40



Theorem 4.1.2 ([2, Theorem 1.3 in chapter II]). Let A be the adjacency
algebra of X. Then A ~ Endg(CX) holds as algebras.

Suppose that the permutation module C¥ is decomposed into
r T es
~Dv.-DDV.s
s=0 s=0 i=1

where V; are isotypic components and V;; are irreducible modules. By this
irreducible decomposition,

A ~ Endg( CX @Endg @ @ Homeg (Vsi, Vs j),
s=0 i,j=1
where (Homg(Vsi, Vs ;)i is an es X ey matrix for each s € {0,1,...,r}.

By Schur’s lemma, Homg (V;;, Vs ;) span 1-dimensional subspaces for all s €
{0,1,...,7},4,5 € {1,2,...,es}. Thus we obtain Homg(Vs,, Vi) ~ M., (C)
and

A ~ Endg(C¥) = @Endg @Meb (4.1)

Lemma 4.1.3 ([4, Section 3.4]). Let p be the permutation representation of

G on G/K. Set
de
g sz

geG
for every s = 0,1,...,r. Then each E; is the central idempotent corre-
sponding to V. In particular, if the Schurian scheme X of G on G/K is
commutative, then Eqy, F1, ..., E,. are all the primitive idempotents of X.

4.2 Imprimitive association schemes

Let G be a transitive permutation group on a finite set X and K = Stabg(x)
be a the stabilizer of G for a fixed point = € X.

Definition 4.2.1. A transitive permutation group G on X is called imprim-
itive if there exists a subset Y C X with 1 < |Y| < |X]| such that Y9 =Y or
Y9NY = () for all g € G. The subset Y is called a block. The set {Y9 | g € G}
is a partition of X and called the system of imprimitivity. If there does not
exist no trivial block, then G is called primitive.
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Proposition 4.2.2 ([2, Proposition 9.1 in Section 2.9]). The stabilizer K =
Stabg () is a maximal subgroup of G if and only if G is primitive.

In the rest of this section, we assume that G is an imprimitive permutation
group on X. Then there exists a subgroup H satistying K < H < . Since
G acts on G/K transitively, G also acts on G/H transitively. By K < H,
G/H gives a partition on G/ K and it is a system of imprimitivity.

Let X = (G/K,{A;}.,) be the Schurian scheme of G on G/K and
X = (G/H,{A}¥,) be the Schurian scheme of G on G/H. Let 2 =
(A; | i € {0,1,...,d})c be the adjacency algebra of X and A" = (A} |
i€ {0,1,...,d})c be the adjacency algebra of X'.

Lemma 4.2.3. Under the above notation, ' can be identified with a subal-

gebra of A. In particular, by a suitable rearrangement of indices, A’ @ J, =
{A® J, | Ae A} is a subalgebra of 2.

Proof. For A" € 2, define A € A as Ay = Al gy for gK C g'H, WK C
h'H, then the result follows. Or equivalently, by a suitable rearrangement of
indices, A’ ® J, € 2 hold, where ¢ = |H|/|K]. O

Corollary 4.2.4. For the adjacency matrices Ao, Ay, ..., Aq of X, there ex-
ists a partition A of {0,1,...,d} such that A' @ J, = O .54 | 0 € A,
where A' @ J,={A® J, | Ae A}

1€0

Proof. By Lemma 4.2.3, for any adjacency matrix A, of X’ is in 2. Since
Al ® J, is a {0, 1}-matrix, there exists a subset ¢; C {0,1,...,d} such that
A@Jy =305 A By S A J, =50 (Aj=J, {0 ]i€{0,1,....d}}
is a partition of {0,1,...,d}. [

Definition 4.2.5. For an association scheme X = (X, {R;}% ), X' is called a
quotient scheme of X if there exists a partition of {0,1,...,d} and a positive
integer ¢ such that, for the adjacency algebra 2" of X, A' ® J, = (3,5 Ai |
d € A)c holds. Moreover, X is called an imprimitive association scheme.

Note that quotient and imprimitive association schemes are defined re-
gardless of whether association schemes are Schurian or not.

4.3 The nearly multiplicity-free condition

Let G be a imprimitive permutation group on a finite set X with subsets
K < H < G, where K = Stabg(z) for a fixed point z € X.
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Definition 4.3.1. An imprimitive permutation group G with subgroups
K < H < G is called nearly multiplicity-free if Both 1% and 1§ — 1% are
multiplicity-free.

In this section, suppose that G with K < H < G is nearly multiplicity-
free. Let X = (G/K,{A;}%,) be the Schurian scheme of G on G/K and
X = (G/H,{A\}¥,) be the Schurian scheme of G on G/H. Since 1% is
multiplicity-free, X’ is commutative. Thus the adjacency algebra 2 of X'
has primitive idempotents. On the other hand, X in a non-commutative
association scheme.

Let

1G = Z €sXs
s=0
be the permutation character of GG. Since G is nearly multiplicity-free, es €
{1,2} for all s € {0,1,...,r}, and if e, = 2, then (1§, x,) = (1 — 1%, x,) =
1.
By (4.1), if es = 2, then

2
Endg(V.) = € Home (Vi Vi)
ij=1

Since each Homg(V;;, V; ;) is a 1-dimensional subspace, we can take €, € A
corresponding to the basis of Endg (Vs ;) for i = 1,2 as follows: Endg(Vs,) 2

Since (14,%,) = 1, we can assume that V,; C C%/H c C&K = CX,
Moreover, since X' is commutative, there is a primitive idempotent E’ of X’
corresponding to V; ;. By Lemma 4.2.3, E.® J, € 2 holds where ¢ = |H|/| K|
and we can write 1

el = 5(E§ ®Jy).

On the other hand, by Lemma 4.1.3, F, € 2 is the central idempotent
corresponding to V;. Thus we obtain

S S
62’2 - ES - 61,1.

Moreover, for i # j, since Homg(Vs;, Vs ;) is a 1-dimensional subspace,
g; 2les 5 is also a 1-dimensional subspace. Thus &7 ; € 2 satisfying €7 ;7 ;" =
g;; 1s uniquely determined up to complex scalar multiple with absolute 1.
Note that &7 ;" = 7, holds.

If e; = 1, then by Lemma 4.1.3, we write €7, = Fj.
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Definition 4.3.2. The set {557]- |0 <s<r1<ij<es}iscalled bases of
matriz units for 2 and this is a basis of 2.

Note that, by the construction of the bases of matrix units, £, are de-
termined uniquely and &7 ; (i # j) are determined uniquely up to complex
scalars with its absolute 1 for 0 < s <7r,1<1,j < e;.

Thus we may define the first and second eigenmatrices for the non-
commutative association scheme X.

Definition 4.3.3. Let

Ak = Z i: pk(S,i,j)Sij,

s=0 4,j=1

d
s 1
51»7]- = ‘G’/—m Z qZ,j,s(k)Ak‘
k=0
The first and second eigenmatrices P, Q) of X are defined by

P = (pk(57i7j))>Q = (Qi,j,s(k))‘

It is clear that PQ = QP = |G/K |1 ;.
By Lemma 1.2.4, the Krein conditions for these imprimitive association
schemes are as follows.

Theorem 4.3.4. Let G > H > K be an imprimitive permutation group sat-
isfying nearly multiplicity-free and A be the adjacency algebra of the Schurian
scheme (G/K, {\:}l). Let {}; | 0 < s <r,1 <1i,j < e} be the bases of
matriz units for A. Then, for any 1 < s,t <,

€s et
S t
E :bi,jgi,j © E :Ci,jgi,j
ij=1 ij=1

is positive semidefinite, where B = (b; ;) € M, (C)C = (¢;;) € M,,(C) are
positive semidefinite matrices.
4.4 Examples

In this section, we construct two examples satisfying the nearly multiplicity-
free condition: the symmetric groups acting on ordered pairs and the dihedral
groups acting on themselves.

44



4.4.1 Symmetric groups on ordered pairs

Let S,, be the symmetric group on n letters and consider S,,_s < S5 X 5,5 <
Sp. Then S, acts on S, /Sy X S,_2 and S, /S, transitively and, by the
action on S,,/S,_2, we have a Schurian scheme (X, {A;}{ ), where X =

{(i,7) |4, € {1,2,...,n},i# j} and

Ao ={((,5), (5, 5)) 14,5 € {1,2,...,n},i # j},
Alz{((iaj)7<jvl>>’7']€{1 2,. n},z;«éj},

Ao = {06 1) (LK) | 6,k € (1,2, n}. i, .k - distinet ),

As ={((i,7), (k,9)) | i,45,k € {1,2,...,n},i,7,k : distinct},

Ay ={((4,7), (k7)) | 1,7,k € {1,2 ,...,n},z,j, k : distinct},
Mo = {(( 1), (1) 1 € {12, n}, i, & - distinet},
Ao = {((3,79), (k, 1)) | 4,4, k, 1 € {1,2,...,n},4,j, k, [ : distinct}.

The permutation characters are decomposed into

1§;x5n , = Xn T Xn-1,1 1+ Xn-22

13 = Xn+ 2Xn-11 + Xn—22 + Xn—1,11
= (Xn + Xn-1.1 + Xn—22) + (Xn—11 + Xn-111),
where Y, is the irreducible character of S, corresponding to the Young
tableau A. Note that the Schurian scheme of S, on S, /Sy x S,_o is the
Johnson scheme J(n,2). By the irreducible decompositions, S,, with S, _» <

Sy X S,_9 < .S, is nearly multiplicity-free.
Thus the first eigenmatrix of the Schurian scheme of S,, on S, /S, 5 is

Ao A Ay Ay Ay As Aq
5?7]- 1 1 n—-2 n-2 n—-2 n—-2 (n—2)(n-—3)
| 11ttt g —2n-3)
6%,2 0 O m -m  —m m 0
P= ¢, 0 0 m m -m  —m 0 ,
R T S
U T R s | 2
e}, 1 -1 -1 1 -1 1 0
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4.4.2 Thin schemes of dihedral groups
Let D,, be the dihedral group on the regular n-gon:

D,={o,7|or=10""1 " =0"=1),

where 0,7 denote the rotation and reflection, respectively. Let H = (7).
Then D,,/H is isomorphic to the cyclic group of order n. In this subsection,
we prove that D, with subgroups {1} < H < D,, is nearly multiplicity-free
and construct the bases of matrix units.

Let 2l = CD,, be the group ring of D,, over C. In other words, 2 is the
adjacency algebra of the thin scheme D,,. Since D,, is a non-commutative
group, 2 is not commutative. Then the set of all elements of D, can be
identified as a basis of 2.

Since irreducible characters of D,, are different whether n is odd or even,
we consider each case individually.

The case n is odd:

The set of representative of conjugacy classes of D, is {1,0,02,...,0""V/2 7}
and the character table for D,, is given by as follows:

1 ol T

size | 1 2 n
1 |1 1 1
p |1 1 -1
Hk 2 wi’“ + w_““ 0

fork=1,2,....,(n—1)/2and i = 1,2,...,(n — 1)/2, where 1 is the triv-
ial character, p is the signed character and 6, are all the other irreducible
characters and, w = e2™V~1/n,

For subgroups {1} < H < D,, D,, acts on D,, and D, /H. Since the
action on itself is regular, the permutation character is

(n—1)/2
1 =14p+2 ) b
k=1
Moreover
(n—1)/2
1 =1+ > Ok
k=1

Thus D,, with {1} < H =) < D, is nearly multiplicity-free.
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By the decomposition of irreducible characters, the adjacency algebra 2A

is decomposed into
n+1)/2

)
Q:lm
k=0

(
Q[ pumy

where €, ~ C corresponding to 1, €; =~ M;y(C) corresponding to 6 for
k=1,...,(n—1)/2 and €,41)/2 ~ C corresponding to p. By Lemma 4.1.3,
the central idempotents are

n—1

1 i i
E(): %;(0— +U7_)>
1 n—1
e D L TR RN
1 n—1
Elnt1)/2 = o Z(gz —o'7),
i=0

where Ej corresponds to € for k =0,1,...,(n+1)/2.
By the multiplicities of irreducible characters, for k = 0, (n + 1)/2, we
can write 5’1“,1 = Ej. By the action of D,, on D,,/H, we have

n—1
=5 (W* + W™ (0" + o'T)
1=0
n—1
1 ik —iky( i i
8272—% (W +w™) (0" —o'T),

fork=1,...,(n—1)/2.

Moreover, by these elements, we also have

n—1
1 1 , . . . ‘ .
Eo_ - (i—1)k —(-1)k (i+1)k —(t+1)k i
ez = 5 \/w2k+w2’f+2;(w +w + wEE 4y )(o' — wiT)
k 1 1 — (-Dk | G-k | 4Dk | —(+D)ky i
€31 Z(w +w +w +w )(o* + w'T),

o %\/wﬂc +w—2k +2 —

fork=1,...,(n—1)/2.
The case n is even:
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The set of representative of conjugacy classes of D, is {1,0,02,...,0"* ' 7,07}

and the character table for D, is given by as follows:

1 o T OT

size | 1 a n/2 n/2
1 |1 1 1 1

|1 1 1 -1

;|1 1 1 -1
o |1 -1 1 1
O, |2 wF4+w™* 0 0

for k =1,2,...,n/2—1and i =1,2,...,n/2, where « = 1 if i = n/2 and
a = 2 otherwise.
As is the case with n odd, the permutation characters are

n/2—1
1" =14 pi+patps+2 ) b
k=1
n/2—1
10" =14 py + Z Or.
k=1

Then the adjacency algebra 2{ is decomposed into

n/2+2

A= P e,
k=0

where €5 ~ C corresponding to 1, €; ~ M;(C) corresponding to 6 for
k=1,...,n/2—1, &, ~ C corresponding to p1, &€, 211 ~ C corresponding
to p2 and &, /3,9 ~ C corresponding to ps.
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By Lemma 4.1.3, the central idempotents are

n—1
1 % 7
EO—%ZZ:;(U +o'7),
1n—l
B, =~ ik o' (k=1,...,n/2 -1
k nlz_;(w +w )J ( 3 77’L/ )7
n—1

1=

n—1
En/2+1 = % (1 + Zl<—0' + (—1) g 7')) s

n—1
1 . o
Eujpin = 5~ (1 +) (=o' + (_1)z+1gzr)> ,
1=1

where Ej, corresponds to € for k=0,1,...,n/2 4 2.

The following are essentially the same as the case of odd: By the multi-
plicities of irreducible characters, for k = 0, (n+1)/2, we have ¢ ; = Ej. By
the action of D, on D, /H, we have

n—1
1 , . .
i =5 ) (W e (et + o)
=0
1 n—1
€22 = m (Wm tw Zk)(UZ —a'T),
=0

fork=1,...,n/2—1.
Moreover, by these elements, we also have

n—1
1 1 , . . . ‘ .
Eo_ — (i—1)k —(—-1)k (i+1)k —(t+1)k i
ez = 5 \/w2k+w—2k+2;(w +w NG L Yo' — w'r)
1 1 = . 4 . o
_ = (i—1)k —(i—1)k (i+1)k —(i+1)k i i
1= 5 \/w2’f+w—2’f+22(w +w +w +w )(o" +w'T),

=0

fork=1,...,n/2—1.

49



Acknowledgement

I thank my supervisor Prof. Akihiro Munemasa deeply for not only this thesis
but also weekly seminars for 5 years in my master’s and doctor’s course. And,
I also appreciate the professors in Graduate school of Information Sciences
in Tohoku University, in particular, professors of combinatorics and related
topics, Prof. Hiroki Shimakura, Prof. Hajime Tanaka and Prof. Masaaki
Harada.

Moreover, I am grateful to some professors of combinatorics. I appreciate
that Prof. Sho Suda, who was my supervisor when I was an undergradu-
ate student in Aichi University of Education, gave me the opportunity to
study algebraic combinatorics, and advised me on the nearly multiplicity-
free condition. I also appreciate that Prof. Hiroshi Nozaki suggested me
an application of bases of matrix units for fiber-commutative coherent con-
figurations. On the representation theory of association schemes and those
adjacency algebras, I am grateful to Prof. Akihide Hanaki. He advised me
from the view of the representation theory, which was deferent from that of
combinatorics and, it was so useful for my researches.

In Graduate school of Information Sciences in Tohoku University, I thank
members or graduates Mr. Tomonori Hashikawa, Mr. Yuta Watanabe, Mr.
Sho Kubota, Mr. Ken Saito and Mr. Kiyoto Yoshino and, staffs, Ms. Sumie
Narasaka, Ms. Chisato Karino.

In the end, I am grateful to my family for their help.

50



Bibliography

[1] E. Bannai, Subschemes of some association schemes, J. Algebra 144
(1991) 167-188.

[2] E. Bannai and T. Ito, Algebraic Combinatorics I: Association Schemes,
Benjamin/Cummings, Menlo Park, California, 1984.

[3] S. A. Evdokimov and I. N. Ponomarenko, Two inequalities for the pa-
rameters of a cellular algebra, J. Math. Sci. 96 (1999), no. 5, 3496-3504.

[4] W. Fulton and J. Harris, Representation Theory. A first course,
Springer-Verlag, New York, 1991.

[5] D. G. Higman, Partial geometries, generalized quadrangles and strongly
reqular graphs, Attidel Convegno di Geometria Combinatoria e sue Ap-
plicazioni, Perugia, 1970, ed. Berlotti (1971) 263-293.

[6] D. G. Higman, Invariant relations, coherent configurations and gener-
alized polygons, Combinatorics , M. Hall, Jr. and J. H. van Lint (eds.),
Math. Centre Tracts, No. 57, Amsterdam, (1974) 27-43.

[7] D. G. Higman, Coherent configurations I: Ordinary representation the-
ory, Geom. Dedicata 4 (1975), 1-32.

[8] D. G. Higman, Coherent algebras, Linear Algebra Appl. 93 (1987) 209—
239.

[9] S. A. Hobart, Krein conditions for coherent configurations, Linear Alge-
bra Appl. 226/228 (1995) 499-508.

[10] S. A. Hobart and J. Williford, The absolute bound for coherent configu-
rations, Linear Algebra Appl. 440 (2014) 50-60.

51



[11] K. Ito and A. Munemasa Krein parameters of coherent configurations,
preprint arXiv:1901.11484.

[12] H. Kharaghani and S. Suda, Non-commutative association schemes and
their fusion association schemes, Finite Fields Appl. 52 (2018), 108-125.

[13] M.E. Muzychuk, V-rings of permutation groups with invariant metric,
Ph.D. Thesis, Kiev State University, (1987).

52



