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Chapter 1

Overview

The ordered states of magnetic materials, such as ferromagnets, ferrimagnets, and anti-ferromagnets, have
long been investigated. Spintronics aims to propose low-power-consumption magnetic devices by utilizing
magnons, accompanied by such ordered spin states as collective excitation. In this doctoral thesis, we describe
the results of theoretical studies on magnetically ordered states in amorphous and chiral magnetic materials,
where recent experimental and theoretical studies have pointed out their potential applications to the low-power
magnetic devices.

As for the amorphous magnets, with the renewed interest in heat and spin transport, we re-visit the
magnetic spectrum of amorphous ferromagnet using modern simulation methods. We find two parabolas in
the spectrum, the magnons at wavenumber OA~! and another magnons at wavenumber 3A~!, which is
similar to that observed in experiments. The physical interpretation of the second dip has long been unclear.
We suggest it is due to the amorphous Umklapp scattering. The methods can easily be extended to study the
spin transport properties in amorphous magnets and may pave the way to the spintronics applications.

In terms of spin transport via magnons, collective precession of magnetizations, crystalline magnetic
materials have been utilized in the field of spintronics [ 1]. Recently, experimental attempts to utilize amorphous
magnets as well have been made. However, their conclusions are controversial; The first observation has shown
that amorphous magnetic materials can transport spins further than the corresponding crystal [2, 3]. Whereas
following experiments cast doubt about the result [4, 5]. As a long-term goal, we aim to theoretically find
if the amorphous magnets are capable of transporting spins. In the master course study, as a first step, we
built a model to calculate magnon spectra in amorphous magnets. In the doctoral course study, we aim
to understand the magnon spectra of first target material, amorphous ferromagnet Co4P, by applying the
model. The amorphous ferromagnet Co,P has been extensively studied in the past [6, 7, 8], since its magnetic
excitation has unique feature; The inelastic neutron scattering experiment shows a ‘roton-like’ excitation at
wavenumber 3A~1 [9]. Despite many efforts, the physical picture has been unclear. By utilizing numerical

techniques we have developed so far [10] and recently developed [11], we have simulated thermal equilibrium
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spin states and magnetic spectra. The application of this method to Co4P suggests the existence of magnons
at wavenumber OA‘l, which follows the Bloch’s law, and at wavenumber 3A-1. Our results, shown
in Figs. 1.1(a)-(b), suggest its physical interpretation as amorphous Umklapp scattering [12]. The method
used in the study can easily be extended to spin transport study for amorphous magnets, paving the way for
theoretical studies on spintronics applications of amorphous magnets.

As for the chiral magnets, with the controlling magnetic skyrmions in mind, we theoretically study the
mechanism and effects of the inter-skyrmion interactions in a two-dimensional model. We find that a
deformation of a skyrmion shape makes the interaction weakly attractive. When the magneto-crystalline
anisotropy is sufficiently large, the interaction becomes strongly attractive by forming a magnetic domain
between two skyrmions. The creation of the magnetic domain, and thus the strength of the attraction, can be
tuned in a wide range by changing the direction of an external field. The anisotropic inter-skyrmion attraction
also affects the lattice structure of the skyrmion crystal phase. This model can easily be extended to the 3D
systems and may pave the way for improving controlabilities of skyrmion magnetic memories.

Magnetic skyrmions, topologically stable nanometer-sized vortices, are potentially applicable as informa-
tion carriers of a magnetic memory [13]. To improve the controllability of such devices, it is essential to
control the trajectory of the skyrmions, i.e., by manipulating interactions between them. However, the control
has been limited by the fact that only repulsive force acts between the typical isotropic skyrmions [14]. On
the other hand, recent theoretical and experimental studies have revealed an attraction between skyrmions in
some specific systems [15, 16, 17, 18]. Understanding the mechanism of the attractive interaction is important
for academic and application purposes.

In this study, we find two mechanisms of attractive interaction, skyrmion distortion and magnetic domain
formation, using a two-dimensional model [21]. We derive the analytical expression for the interaction
between two skyrmions excited in the ferromagnetic (FM) phase. From the expression, we find that the
distortion of skyrmions can change the sign of the interaction; The distorted skyrmions favor to be connected
in the direction of elongation, to reduce the exchange interaction energy. When the easy-axes tilt from the
direction of external magnetic field, i.e., due to the large magneto-crystalline anisotropy, magnetic domains
are formed between two skyrmions. The energy profit from the exchange and anisotropic potential terms,
from the domain area give rise to the strong attractive interaction [see Figs. 1.2(a)-(d)].

In terms of controlling the skyrmion trajectory, manipulating the strength of the attraction may be crucial.
Since the skyrmion-skyrmion interactions are only visibly affect in the vicinity of the FM—skyrmion crystal
(SkX) phase boundary, the strength of external magnetic field is automatically fixed at that of the critical
field. Thus, it is hard to modify the attraction only via the strength of the magnetic field. We have found

that, by changing the direction of the external magnetic field, the strength of the attraction can be tuned as
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Fig.1.1 (a) Comparison of measured and calculated X-ray scattering intensity. Calculated scattering
function (solid line) and measured one (dashed line) [19]. Inset is re-created amorphous atomic structure.
(b) Magnetic excitation spectrum in Co4P [20]. The spectrum from an approximation (red solid line) [8]
and the experimental observation (orange dots) are overlaid for comparison [9].
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Fig.1.2  (a)-(b) Spatial spin distribution of a circular skyrmion and repulsive interaction (a) and an
elongated skyrmion and attractive interaction (b). (c) x component of spin with magnetic domain between
two skyrmions when magneto-crystalline anisotropy is sufficiently large. (d) Large attractive interaction,
comparable to the spin exchange J, induced by the domain formation.

much as two orders of magnitude. This is because the tilted magnetic field makes the domain unstable [see
Figs. 1.3(a)-(d)]. The 2D model can be easily extended to the three-dimensional systems. This work lays a
theoretical foundation for improving the controllability of skyrmion magnetic memory and qubits.

We have found that the interaction between two elongated skyrmions is anisotropic; In the direction of
domain formation, it is attractive. Given that the large anisotropic attraction appears, we expect that the

interaction may also affect the SkX structures. Indeed, distorted triangular lattice appears, in the vicinity
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of the SkX-FM phase boundary where the attractive interaction and skyrmion excitation energy may be
comparable. In the resulting distorted triangular lattice, the interval of skyrmions along the direction of
attraction is smaller than that of along the repulsion. Interestingly, the magnetic domain formed between
the two skyrmions are expanded and connected to form domain wall skyrmion. This phase is qualitatively
the same as that recently found experimentally [22]. We succeeded to find the qualitative mechanism of the
domain wall skyrmions [see Figs. 1.4(a)-(c), and (e)]. In addition, we have found that the attraction expands
the SkX phase in the 1D phase diagram of external magnetic field [see Fig. 1.4(d)]. In other words, the
attraction expands the upper critical field of the elongated SkX phase. This new phase boundary corresponds

to the field at which the energy loss of the skyrmion excitation balances with the energy profit of the attraction.

This thesis consists of 6 Chapters: In Chap. 2, we introduce the background and of the study. In Chap. 3,
we explain numerical methods. Magnetically ordered states in amorphous ferromagnet Co4P is discussed in

Chap. 4, and that of the chiral magnet is shown in Chap. 5. Finally, we conclude in Chap. 6.
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Chapter 2

Basics of spintronics

In this chapter, we introduce spintronics in Sec. 2.1 and related fundamental physics, which are important in
this study. One of the key concept in spintronics is spin current, which is derived in ferromagnetic systems in
Sec. 2.2.1. In this study, we focus on the magnon-mediated spin current, spin wave spin current. Magnons
are introduced in Sec 2.2.2. The dynamics of magnons or magnetic moments are described in terms of the
Landau-Lifshitz (LL) equation, which is derived in Sec. 2.2.3. Using the phenomenological damping term,
Gilbert damping, the spin system can be relaxed to the energy-minimum states, as shown in Sec 2.2.4. The

DM Hamiltonian, which plays key role in chiral magnetic systems, is briefly introduced in Sec 2.2.5.

2.1 Spintronics

The giant magneto-resistive effect (GMR), discovered by P. A. Griinberg and A. Fert in the late 1980s and
awarded the Nobel Prize in Physics in 2007 [23, 24] was the catalyst for spintronics to gain significant
attention. GMR and tunneling magnetoresistance (TMR) [25], which had already been discovered, utilize
one of the ordered spin states, ferromagnets. In addition to using the ferromagnetic states, many phenomena
based on the ferrimagnetic or anti-ferromagnetic spin states, especially related to the spin current (flow of
the spin angular momentum), have been investigated in the past decades; A few of which include spin Hall
effect [26, 27, 28], inverse spin Hall effect [29, 30, 31, 32], spin Seebeck effect [33, 34, 35, 36, 37, 38, 39, 40],
spin Peltier effect [41, 42], spin pumping [43, 44, 45], magnetization oscillation induced by spin-transfer
torque [46, 47, 48, 49], and current driven motions of magnetic structures such as magnetic domains and
magnetic skyrmions (cf. Sec. 5.1) [50, 51, 52, 53, 54, 55]. In particular, the current driven motions of
skyrmions are called skyrmion Hall effect, whereas the transverse effect is called topological Hall effect. For
the spin current, see the next subsection. The main results in the field of spintronics, especially mentioned
above, are summarized in Fig. 2.1(a)-(f) and Fig. 2.2.

The above works have mainly studied crystalline magnets, but recently there has also been a growing interest
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in spin ordered states in random arrangement of atoms; Attempts to utilize amorphous magnets in spintronics
have been made for long years. Usually, however, the random atomic configurations are not utilized in terms
of spin transport. This is the case in materials, i.e., CoFeB and GdFeCo. Recently, it has been pointed
out that amorphous Y3Fe;0;5 (YIG) with random atomic configuration may transport spins further than the
corresponding crystal [2, 49, 56]. The schematic setup of the measurement is shown in Fig. 2.3. Their results
suggest that it may be possible to transport spins in the system without perfect ordering. We note that crystal
YIG is an insulator and spin are carried by spin waves, the precession of the magnetic moment, rather than
electric current with spin polarization. Besides, another topic of recent interest in the field of spintronics is
magnetic skyrmions, spin vortices with finite topological charge. They are nanometer-sized spin vortices with
the finite topological number N = L [ drn(r) - (9,n(r) x 9yn(r)), where n(r) is a normalized spin vector
at a position » = (x, y). The main reason why they are attracting much attention is their potential applications
to magnetic memories (see Sec. 5.1 in detail) [13, 57]. They are observed for the first time in crystal chiral
magnets in thermal equilibrium in 2009 [58, 59]. The Dzyaloshinskii-Moriya (DM) interaction [60, 61]
is crucial to stabilize the skyrmion crystal (SkX) phase in the system. Experimental detection of the SkX
phase are i.e., ac-susceptibility measurements [62], Fourier-space imaging by neutron small-angle scattering
intensities [58], real-space imaging by Lorentz transmission electron microscopy [63], and detection of the

topological Hall effect [64, 65].

2.2 Fundamental aspects in spintronics

2.2.1 Spin currents

A pure spin current, which is unaccompanied with charge, emerges in ferromagnets. Starting from a Heisen-
berg model
H=-J> S-S (2.1)
(

i.7)
where J is exchange constant, i, j are site indices, and angle brackets denote the nearest neighbor pairs of ¢

and j. Each spin S; feels an effective magnetic field

J
By = - S, (2.2)

(4,4)
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(@) spin Hall effect (b) inverse spin Hall effect
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Fig.2.1 (a)-(f) Schematic images of the spin Hall effect (a), inverse spin Hall effect (b), spin Seebeck
effect (c), spin Peltier effect (d), spin pumping (e), and magnetization dynamics induced by the spin transfer
torque, STT (f). Js, J., and PM in (a) respectively denote spin current, charge current and paramagnet.
In (b), Esur represents inverse spin Hall electric field. VT in (c) shows the temperature gradient. MW in
(e) denotes microwave.

(@) skyrmion Hall effect (b) topological Hall effect
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Fig.2.2  (a) Schematic image of the skyrmion Hall effect. (b) Schematic image of the topological Hall
effect. CM in both panels means chiral magnet.
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Fig.2.3 (a) Schematic experimental setup of the spin transport measurement conducted by Wesenberg
et al., in the case of the crystal YIG (a) and that of the amorphous YIG, a-YIG (b). Js, SHE, ISHE, and
a-Magnet denote the spin accumulation, spin Hall effect, inverse spin Hall effect, and amorphous magnet,
respectively.

where 4 is the magnetic moment. Heisenberg equation of motion (for derivation, see Sec. 2.2.3) reads

s, 1
ARSI
ds;
=-S,xB
dt Sz X eff
ds; J
o =Six %;)sj, (2.3)
,J

where ¢ is time and / is Dirac’s constant, and +, is the gyromagnetic ratio. Let us convert above equation into

3*n(r)

a continuum equation using S; ~ n(r;) + 3 5z,

lp=r; - Ar?, where r; and r; are position vectors, n is the
continuum spin vector, and Ar = r; — r;. Substituting the approximation into Eq. (2.3) reads
dn  J(Ar)?

= . n x Vn, (2.4)

where we rescaled the spin as y.n — n. The relation n x V?n = div(n x Vn) allows us to rewrite Eq. (2.3)

in the form of

dn

o J(Ar)?div(n x Vn), (2.5)

which is equivalent to spin current equation of continuity

on Ye ..
- _ 2.
" divJg, (2.6)

where V is the volume of the system and we defined the spin current as

Js=n x Vn. 2.7
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J s is proportional to Vn, reflecting that it is derived from exchange Hamiltonian. This form of spin
current, called spin waves, can propagate in insulators and the interaction of spin waves lead to nonlinear

effects [66, 67, 68, 10].

2.2.2 Magnon Hamiltonian

The Heisenberg Hamiltonian, Eq. (2.1), can be expressed in terms of magnons, quanta of the spin waves. An

eigenfunction of spin operator, ©7*, which has a magnitude S and z-component of m satisfies

§te™ = /(S —m)(S+m+1)@"*!

S—O™ =/(S+m)(S—m+1)@m!

SFOT = mer (2.8)
For convenience, we will define a new operator m
m=25— 5% (2.9)

whose eigenvalue m = S — m means the deviation of S* from S. It can take values of 0, 1, 2, ..., 25. Focusing
on the spin deviation, not spin itself, can lead us to define magnons, which are quasiparticle excitations of the
spin waves. Here we use a new eigenfunction Fs(m), which explicitly shows the spin deviation, instead of

O7". Eq. (2.8) can be rewritten as (by substituting m = S — m)

STR.(m) = VA5 —mt DF(m 1) = V351 - "Lk, m 1),

S=F,(m) = /(25 —m)(m + D) Fy(m + 1) = V25vm + 1, /1 — %Fs(m +1),

S?Fs(m) = (S —m)Fs(m). (2.10)

Here we replaced ©7 1! as Fy(m—1) and ©™ ! as F,;(m+1). These equations are similar to those for bosons’

creation and annihilation operators a, af

aC(m) = vmC(m - 1),
a'C(m) = vVm +1C(m + 1),
a'aC(m) = mC(m), (2.11)
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where C'(m) is the m particle sate with the same eigenenergy. We can show that

ST =V25f(S)a=v25/1 - a4 (m—m+1),

28

m
— V3Salf(5) = VaSal 1 -

(2.12)

In general, bosons don’t have a limited capacity of number of particles which have the same eigenenergy.

However m do have the upper limit of 25. This discrepancy can be ignored since

SiF‘;(QS) =0

(2.13)

a state which has m > 2.5 4 1 don’t have any physical meaning. Therefore we can express the spin operators

in terms of the bosonic operators. These bosonic operators a, af are called Holstein-Primakoff operators.

The new operators satisfy following commutation relations

[5*,57] = 28[f(S)a,a’ f(5)],

_ _m _m y ™
=29,/1 25(m+1),/1 5g —a'l— g

=257,
and

[S*,8%] = —[V25f(S)a,ala),
= —V25£(9)[a, a'la,

=-S5t

In the following, we will derive the spin wave energy using Holstein-Primakoff operators.

Eq. (2.12) into Eq. (2.1), expanding up to the lowest order of m/25, $* = S —m, St =

and keeping only second-order terms of a, af leads to

H=2JS Z(azai - aIaj),
(i.3)

(2.14)

(2.15)

Substituting

= +v/2Sal,

(2.16)
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where we used the symmetry with respect to the indices (i # 7):

Z a}ai = Z a;aj, Z a;raj = Z aia;r-. 2.17)
(4.9 (4.9

(4,9 (4,9

In order to diagonalize Eq. (2.16), we Fourier transform a and a'.

1 , 1 )
— QT T_ —iQ-r; T
a; = — e aQ, a;, = —F— e ags
VN % GNTUN % B
(2.18)
where NV is the total number of spins. Substituting Eq. (2.18) into Eq. (2.16) obtains
H=278) "3 (1-e'¥P)afaq,
Q »r
_ 1 _ 1 —iQ-p
=22J8) (1 -1q)ahaq (7@ = > )
Q p
ZZF-Q‘“Q’ (2.19)
Q

where p is the relative position between r; and its neighbors, and =z is the number of neighbors. Therefore a

magnon of wavenumber @ has an eigenenergy

eQ =22J5(1 —vq). (2.20)

In the case of one-dimensional lattice,

eg = 22J5(1 — cosQa), (2.21)

where a is the lattice parameter.

2.2.3 Derivation of the Landau-Lifshitz equation in ferromagnets

We derive the Lagrangian L., and the LL equation Eq. (2.3) in ferromagnets. The local magnetic moment per
electron spin is —gupS = —gup/2, where g is electron’s g-factor and up is Bohr magneton. Magnetization

M, magnetic moment per unit volume, is M = —NgupS/V, where V is the sample volume. We treat spins
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as classical vectors with |S| = S, and its direction, denoted two angles 6 and ¢, are the only variables,

sin O(r) cos ¢(r)
n(r) =5 | sinf(r)sinp(r) | - (2.22)
cosO(r)

Using |An(r)| = S(A0 + sin 0A¢), the Heisenberg Hamiltonian becomes

J J [d& :
H=3 E{Vn(r)]ﬁ =3 / a—;S(AG +sin 0Ag). (2.23)

Due to the commutation relation of spin operators, [Si, S}»] = thegjk S’k, we use path integral to get L.x. To

this end we use the relation between H and action .,

(ny|e”™MEr=td/Mn,) = / Dn(t) eSO/ (2.24)
S = /dtﬂ[n(t)]. (2.25)
We get
d3r .
Loy = ?thb(cosﬁ -1 —H. (2.26)

The Euler-Lagrange equation of motion reads

0Lex  d [(0Le\ OLex
50 _dt< a0 )‘ 20 227)
0Lex  d (OLex) OLex
5o di ( 29 > 99 (228)
So we obtain
hS sin ¢ = —%, (2.29)
RS sin 0 = oA (2.30)

5o’



2.2 Fundamental aspects in spintronics

In terms of n,

sin () cos ¢(r) sin 0(r) cos ¢(r)
% =50 | sin O(r)sing(r) | + S¢ | sin 0(r) sin ¢(r) (2.31)
cos 0(r) cosO(r)
1 6H 10H

“hsind o h o0
"R\ o *\™ sn

Here we used the relations regarding general function F'(0, ¢),

oF oF
s (ee . 5n> 7 (2.32)
OF . OF

In addition, using the vector formula, A x B x C = (A-C)B — (A - B)C, we finally get

dn OH 0H
hE =S5 <6n X (eg X e¢)) =-nx —. (2.34)

The right hand side acts as a torque and is called effective magnetic field, H.g = %. This is the LL equation
of motion. We note that the expression H.g = % also holds when # includes other terms such as anisotropy

and Zeeman interactions [69, 70].

2.2.4 Landau-Lifshitz-Gilbert equation in ferromagnets

The equation Eq. (2.34) for n (in this context n is magnetization rather than spin per electron) can be rewritten

as
dn

o —Yen X B. (2.35)

Let us solve the equation when the magnetic field B is along the z-direction. Each component (x, y, and z) of

the LL equation of motion for the magnetization n can be written as

dng

prai —YeB.ny (2.36)
dc% — ~B.n, (2.37)
dns _ (2.38)

dt
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Differentiating Eq.(2.36) and substituting Eq.(2.37), dj;gw is

2
d“ngy Ny

_ Ny _ _ 2p2
e Ye B> o “Bing (2.39)
In a similar fashion, d;% is
d?n Ny
dt;f = %BZE = —2B%n, (2.40)

Eq.(2.39) and eq(2.40) are equations of motion for simple harmonic motion. Thus one can obtain their general

solutions as follows

ng(t) = Azcos(wt + d,), (2.41)

ny(t) = Aycos(wt + dy), (2.42)

where A,, A,,0,, and J, are arbitrary constants (real numbers), and w = ~.B,. From Eq.(2.38), m, is
constant. The LL equation of motion assumes that magnitude of magnetization |n| = ny is constant. Using
the relation

n2 + n% +n? = n? (2.43)

and assuming initial conditions : n, = A, = A,,n, = 0 att = 0, one can obtain a particular solution as

ng(t) = A, coswt = ngsinfcoswt (2.44)
ny(t) = A, sinwt = ngsinfsinwt (2.45)
n,(t) = nscosd (2.46)

where 6 is the angle between z-axis and magnetization. The result means magnetization rotates around the
direction of magnetic field B constantly. It has a frequency of w = ~,B,. This motion is illustrated in figure

2.4.
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Fig.2.4 Schematic image of the solution A

The damping effect of magnetization can be introduced phenomenologically by so-called Gilbert-term and

the equation of motion becomes the Landau-Lifshitz-Gilbert (LLG) equation,

dn « B+ o dn
— =N an X —,
ar dt

(2.47)

where « is the Gilbert-damping constant. Each component (x, y, and z) of the Eq.(2.54) when B = B.e, is

dng dn, dn
g = e Bt - na
dny dng dn,
-, — Ve ’EBZ ( z—5, — Nz )
g Jentebe (g ey,
dn, (n %771 dnm)

at T dt Yodt

)

(2.48)
(2.49)

(2.50)

In order to solve these equations analytically, let’s keep the leading order terms in the deviation of n from the

z-direction (n,,n,). These are the first-order of n, and n,. Then Eq.(2.48) - Eq.(2.50) can be written as

dnw__ n,B +a(n dnz—ndﬂ
ar el Yodt ®dt
dn, dng dn,
— = Ye sz ( 2", a:i)
T
dn,

dt

Differentiating Eq.(2.51) and Eq.(2.52) under dgtz =0,

d?n dny d?n
Z = eiBz z Y

az ~ )t TS

d? dng d?n,
Ny n B. +an. n

dez  ear 72

)

2.51)
(2.52)

(2.53)

(2.54)

(2.55)
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Eq.(2.54) and Eq.(2.55) have the same structures. Substituting Eq.(2.52) and Eq.(2.55) to Eq.(2.54) (Eq.(2.51)
and Eq.(2.54) to Eq.(2.55)),

d?n n
(1 + a?n?) dt; + 207, B, d: +72B%n, =0 (2.56)
(1+ aQnﬁ)djt’;y + 2a%nsz% +12B2n, =0 (2.57)
Using
@5
O = 1125;22 (2.59)
Eq.(2.56) and Eq.(2.57) can be written as
d?n dn,
y t;’ + 2%ffd—; +Q%n, =0 (2.60)
d;t"; + 2%3% + 0%, =0 (2.61)

Eq.(2.60) and Eq.(2.61) are the differential equation of forced oscillation, and in this case 72 — Q23 =
% < 0. Therefore the general solutions are
nz(t) = Aze Y cos(wt + d,) (2.62)

ny(t) = Aye " cos(wt + &) (2.63)

where w = \/Q2; — 1%, and A,, Ay, 6,, and §, are constants. Note that the relation

n2 + nfl +n? = n? (2.64)

is still valid. The result means magnetization rotates around the direction of magnetic field B//e_ with a

2 p2
frequency of w = % but the precession angle decreases exponentially with time. It relaxes to align
the z-direction after a while. This motion is illustrated in figure 2.5. Figure 2.6 shows one of the possible

solutions of n(t) in the case of A, = 1.
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05

Fig.2.5 Schematic image of the solution B

Fig.2.6 A plot of ny(yes = 1,w = 3.5, A, = 1,0, = 0)

The equation of motion of spins can be obtained in a different way, using the concept of the effective
magnetic field. Let us find it by taking the functional derivative of the energy in the system (exchange,

anisotropy with coeflicient X', and Zeeman terms),

on on K
3 _ 2,2 .
Fn] = /d r,uo( Z% oz, axz 5 sz ngn B), (2.65)
by
B 1 6F[n]
Ber(r) = g (2.66)

Note that now = is a unit vector. When we increment n by dn to get n + dn, F[n] also increases to get

F[n + dn] as follows

Fln + 6n] = /dgruo (§n2 3" 9i(n+dn)-d(n+ on) - gng(nz +61,)? — ny(n+ 6n) - B). (2.67)

i=1,2,3

The difference between F[n + dn] and F[n] up to first-order of dn is

dF[n] = Fin+ dn] — = [ d®rpo( An? Z oim - 9;6m — Kn’n_én, — nsom - B) (2.68)

1=1,2,3

i=1,2,3j=1,2,3

An? > Onjon; — Kn?n.bn. —non-B)  (270)
i=1,2,3 7=1,2,3

(

druo(An? YYD Omdion; — Kn¥n.on. —non-B)  (2.69)
S
(4

2V2n Kn? n,e; — nsB) - on. 2.71)
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From the definition of the functional derivative,

dF[y(r)]
dFy(r)] = /d?’ri -0y (r), (2.72)
[y(r) oy Y
the effective field B.g is given by
Beg = — 1 OF[n] = — ! (fAanQn — Knﬁnzez — nsB> = An,V?n + Kngnye, + B.  (2.73)
pons on(r) HoTs ‘

Using above result, we can find the corresponding LL equation as

dn

% = —YeN X Beffa (274)

where v, > 0 is assumed. Under the particular energy functional,

% = —7en X (An,V?n + Kngn.e. + B). (2.75)

2.2.5 Dzyaloshinskii-Moriya interaction

In chiral magnets, DM interaction [60, 61] appears due to the inversion symmetry breaking. In the continuum
limit, it looks like Hpm = —Dan - (V x mn), with coefficient D. Indeed Hpy is anti-symmetric under the
transform » — —r. It is derived from the second-order perturbation of the spin-orbit coupling and exchange
interaction, with respect to the crystal field. The spin-orbit coupling, Hsor o Z/r.°l - s, is the interaction
between orbital angular momentum [ and spin angular momentum s of electrons. Here Z is the atomic number
and 7, is the distance between electron and the nucleus. It becomes pronounced for heavy elements where Z

is large, such as platinum, gold, or lead.
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Methods

In this chapter, we introduce numerical methods used in the study. The atomistic spin dynamics (ASD),
simulating spins per atom with the LLG equation, is the key concept used in the study of amorphous magnets.
It is introduced in Sec. 3.1. To solve the LLG equation, we use Runge-Kutta method introduced in Sec. 3.2.
When simulating the skyrmion configurations, we employ the Monte Carlo (MC) methods. The Metropolis

MC is explained in Sec. 3.3 and exchange MC is in Sec. 3.4.

3.1 Atomistic spin dynamics

Atomistic spin models treat spins as they are distributing at each atoms. In short, this model separates
electrons (fast variables) and atomistic spins (slow variables) like a spin system version of Born-Oppenheimer
approximation [71, 72]. This model can be applied even when the macro-spin model (assuming there is only
single domain in the system) is no longer valid. The dynamics of spins can be solved using the coupled LLG

equation [11];

E)Sl «
ot = —'yeSi X Beff 7’}/95[51 X [Sz X Bef{]], (31)
where S; is a unit vector and B.g = —g—;. To include temperature to the system, random torque term
—Y.S; x g, is added to above equation,
881 «
5 = eSi X (Bet + i) = 7e5lSi x [Si x (Berr +9,)ll, (3.2)

where g, represents a random torque. When we consider the system is classical, g; doesn’t affect the time
spin-spin correlation in the system, and all the possible states are occupied following the equipartition law

(see also Sec. 4.3). On the other hand, when we consider the system is quantum or semi-classical, we use the

21



22

Chapter 3 Methods

random force g(r,t) whose power spectrum follows quantum fluctuation-dissipation theorem [73, 11],

2 hw

(9a(ri,1)) = 0; (ga(ri)gp(r;))w = 0ij0ab >~ 5 Sl — 17

(3.3)

where a, b denote Cartesian coordinates, w stands for the frequency, 3 = (kgT') ! is the inverse temperature
with kg is Boltzmann constant and 7" is temperature, (---) denotes a time average, and (---), shows a

statistical average in the fourier space.

3.2 Solving the Landau-Lifshitz-Gilbert equation

In this section, we show the way of numerical integration of the LLG equation, Eq. (3.1). LLG equation
is utilized in both studies of amorphous and chiral magnets. The specific definitions of the equations are
respectively in Sec. 4.7 and Sec. 5.4.2. In the following, we show two main ways of solving the differential
equation which can be applied to the LLG equations.

When we would like to numerically solve the the equation of motion only at 0 Kelvin (K), we can use both
Heun and Runge-Kutta method. If we are to integrate an ordinary differential equation ¢ = % = f(z,y)

up to the second-order, we can use Heun method, in other words, Second-order Runge-Kutta method. The

(n + 1)-th variable y,, 1 (where n = fnalvalue —initial value)) jg egtimated to be

ko = hf(zn +h,yn + kl), 3.5
1
Ynt1 = Yn + §(k1 + ko) + O(h?), (3.6)
or
ki =hf(xn,yn), (3.7
1 1
ko = hf(z, + gh,yn + ikl), (3.8)
Yni1 = Yn + ko + O(R). (3.9)

The errors are of the order of O(h3). Heun method evaluates v, 1 by taking average of the derivatives
at (n,Yn) and (2,41, Yn+1). The derivative at (z,,41,¥yn+1) can be estimated using Euler method y,, 11 =
Yn +hf(Zn, yn) at (Xn41, Ynt1). It computes second-order derivatives f,., fyy, included in k2 in Eq. (3.8) by

utilizing Taylor expansion. Considering the derivative at two different points enables to achieve the second
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order accuracy:

1
Yn+1 = Yn + i(kl + k2)

=yt o U nsyn) + S + B+ )}

dy 1d%y

We note that we can further enhance the approximation precision using Fourth-order Runge-Kutta method.

The derivatives are evaluated four times as

kv = hf(@n,Yn), (3.11)
k2:hf(xn+%h,yn+%k1), (3.12)
k‘gzhf(xn—l-%h,yn—i—%k‘g), (3.13)
ky=hf(xn+ h,yn + k3), (3.14)
st =g+ 2 K2 Rs R ) (3.15)

6 3 3 6

The errors are known to be of the order of O(h%). When we integrate equations of motion in the following
chapters, we use Heun method. Figure 3.1 shows the schematic image of the fourth-order Runge-Kutta

method.

3.3 Classical Monte Carlo

In this section, we briefly explain classical Monte Carlo (MC). This method is used in the study of chiral
magnets. In general, when the population of states that mainly contribute to an integral or mean value is very
small, compared to all other states, it is very inefficient if one uses a method where all the states appear with
the same probability. In order to avoid this, MC adopt a method where the states with larger contributions
are preferentially generated from the beginning. This is the concept of the importance sampling. It uses a
Markov process, a chain of states where each state is generate only from knowledge of the previous state.
Let’s say that the current state is 3. The probability of generating a next one ¥’ is a function independent

of time,

PO =3 T(2[=)PUI(E) = TPUY, (3.16)

>

where 7 is called transition probability. The criterion of 7 so that it convergence to the one proportional to
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Yn+k3
n k2

yn+0.5kz
yn+0.5Kkj1

v

Xn xn+0.5h  Xxn+h Xn+1.5h  Xxn+2h

Fig.3.1 Schematic image of the approximation of the fourth-order Runge-Kutta method.

the desired weight W. In a system of particles with low concentration at high T, W = e~ 2/#87  where E is

energy.

TEE)W(E) = T [D)W(5). (3.17)

The above equation is called detailed balance. In combination with the fact that the sum of the probabilities

is 1, W is an eigenvector of the matrix 7 with eigenvalue 1:
SN TEEWE) =W(D). (3.18)
E/

Sufficient conditions for 7 to be converged to the one proportional to the desired weight IV, in the limit of
lim;_, o, are that above detail balance and ergodicity (any state can appear after sufficiently long time, no
matter which initial state you start from) are both satisfied.

One such algorithm, the Metropolis MC at arbitrary temperature 7', is as follows.

step 1. Prepare an initial spin configuration (e.g. random state).
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step 2. Randomly select one spin Sy (S;]i=0o)-

step 3. Rotate Sy by an arbitrary angle while leaving all other spins as they are. Then find the energy difference
dE between the states before and after the rotation.

step 4. Generate a random number 7 between 0 and 1, and if » < exp(—dE/kgT ), accept the rotation.

step 5. Go back to step 2 and repeat.

We note that when 7" = 0, the acceptance probability of new state follows in this way; If the energy
difference between new and old state, dE, is positive, the new (higher energy) state is always rejected since

the acceptance probability P is

P = min (1, limy_, exp (f\dE|/kBT )) (3.19)
= min(1, 0)
=0.

Otherwise, the new (lower energy) state will always be accepted since

P = min (1, %1_}[11O exp (|dE|/k:BT )) (3.20)
=min (1, o)

=1.

3.4 Exchange Monte Carlo

In this section, we briefly explain exchange MC [74]. This method is used in the study of chiral magnets. The
exchange MC is an efficient way of running several Metropolis MCs in parallel. The algorithm is schematically
shown in Fig. 3.2. Each replica with different 7" runs the classical MC. At each MC step and each pair of the
replicas, the spin configuration is swapped in probability exp(—dE/kgdT ), where dT is the temperature
difference between the pair. To ensure the efficiency, there are three necessary conditions as follows;

1. Each replica should be exchanged at nonzero probability. This is confirmed by checking the acceptance
ratio of each replica pair.

2. Each replica should move around the whole temperature. This can be checked by tracking each replica.

3. The highest temperature should be high enough to avoid replica from being trapped at local minima.
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Fig.3.2 Schematic image of the algorithm of the exchange Monte Carlo.



Chapter 4

Magnetically ordered states in

amorphous ferromagnet Co,P

In this chapter, we discuss the spin dynamics and thermodynamics in amorphous ferromagnets, especially
Co4P. Recent experiment revealed that amorphous magnets may transport spin further than the corresponding
crystal [49, 56, 2]. This suggests that amorphous magnets may be capable of transporting spin despite
the random spin configurations. However, following experiments suggest controversial results [4, 5], partly
because magnetic excitations in amorphous magnets have eluded accurate description since the 1970s, a time
in which the computational power severely limited the scale and realism of calculations.

We present a realistic model of amorphous magnets and calculate entire spectrum of Co4P. The model
includes a realistic atomic structure and to all orders in the magnon-magnon interactions, for the first time, by
combining reverse Monte Carlo and atomistic spin dynamics techniques [20].

First, we investigate the atomic structure of the material using reverse Monte Carlo. Distributing spins
on the positions of the Co atoms, we get a spin model. By solving the LLG equation of the spins, we can
calculate thermodynamic and magnon properties. To obtain the energy spectrum of the material, we derive
the neutron scattering cross-section for amorphous magnets. Using the formula, we calculate the spectra with
several different functional forms of the distance dependent exchange interaction. We compare the results
with experiments, the spectrum from FCC Co, and that from the Quasi-crystalline approximation (QCA) [8].

In Figs. 4.1(a)-(d), we summarize the main results. Atomic structure from RMC is shown in real space in
Fig. 4.1(a) and shown in reciprocal space in Fig. 4.1(b). One can see that the measured and calculated X-ray
scattering functions agree well. As for the thermodynamic properties, magnetization of amorphous Co4P and
FCC Co are shown in Fig. 4.1(c). The red line with circle denotes the results of Co4P and it decreases rapidly
at low temperature region than that of the blue line with diamond, the result of the FCC Co. In Fig. 4.1(d),

we show the magnetic excitations in amorphous Co4P obtained from the spin-spin correlation in reciprocal

27
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Fig.4.1 (a) Amorphous atomic structure from RMC in real space. (b) Comparison of measured and
calculated X-ray scattering intensity. The orange solid line is calculated scattering function from RMC in
reciprocal space and the dashed line is measured one [19]. (c) Magnetization of amorphous Co4P (red
line with circle) and FCC Co (blue line with diamond), obtained from ASD simulation. (d) Magnetic

excitation spectrum in Co4P. The red solid line shows the spectrum in QCA [8] , the orange dots show the
experimental observation [9].

space. The resulted spectra almost quantitatively reproduces the experiment [9] especially at QQ ~ 0A-1,
shown in orange dots. The theoretical approximation [8] is also plotted in the red solid line. At @ ~ 0 and
high energy regions, it agrees well with the numerically obtained spectrum. At Q ~ 3 A=, close to the first
Brillouin zone of the FCC Co and the first peak of the structure factor [see 4.1(b)], there is gapless parabolic

dispersion. We interpret the second dip in terms of amorphous Umklapp scattering [12].

In this study, we found:

* A model which reproduces realistic atomic structure and includes magnon interactions up to all orders.
It enables accurate calculation of the magnetic excitation spectra in amorphous magnets.

Amorphous ferromagnet Co,P has magnons which follow the Bloch’s law, consistent with experiments
and similar to that in crystal ferromagnets.

There are clearly two dips in the magnetic excitation spectrum of Co4P: first dip at wavenumber @ ~ 0
and second dip at Q ~ 3 AL,

Magnons in energy spectrum placed at ) ~ 0 is quantitatively agree with the experimental observation.

The energy spectrum looks similar to that of FCC Co up to the first Brillouin Zone but it is not periodic.

Energy spectrum in QCA correctly predicts the spectra at () ~ 0 and at high frequency region.
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* The second dip, conventionally called “roton-like feature”, may be amorphous Umklapp scattering.

» Regardless of the choice of the asymptotic form of the exchange interactions, we find similar features
in the spectra.

4.1  Amorphous ferromagnetism

Amorphous magnetism has attracted attention since the 1970s, in terms of both static and dynamic properties
[75, 76,77, 78]. Kaneyoshi has proved theoretically that amorphous ferromagnets can be stable with a large
enough concentration of magnetic atoms (concentration of magnetic atoms should be larger than 0.329) [79].
At the Curie temperature T, a second-order phase transition occurs and amorphous ferromagnetism appears.
In the mean field approximation, in the vicinity of T¢, the temperature dependence of the spontaneous
magnetization follows the Curie-Weiss law M (T") ( TT—_T)g where £ ~ 0.4, a little larger than 0.36 in the
three-dimensional crystalline Heisenberg model [76].

In terms of the magnetically excited states, Mook et al. observed magnetic excitations by inelastic neutron
scattering [9]. They found not only magnons at Q ~ 0A~! but also “roton-like feature”, named after rotons
in superfluid He* since both have a dip at finite wavenumber. The roton-like feature has a sharp peak near
Q ~ 3A~1! with a finite gap.

In previous studies, the roton-like feature was believed to originate from short-range static correlation rather
than dynamic effect (as rotons in liquid He). This is because the dip position corresponds to the first peak

position of the dynamic structure factor #(Q, t),

o0

B(Q) = B D)o =14 [ dramr?po(g(r) — 1) 509"
0 QT

.1

where py is the mean atomic density, g(r) is the radial distribution function, p(r) is atomic density as a function
of distance . We note that we ignore scattering term from mean atomic distribution f0°° drdmr? pSig% here,
since this contribution is negligibly small in the limit of » — oco. Having said that, the concrete physical
picture of the roton-like feature remains unknown.

As for magnons in amorphous magnets, Kaneyoshi showed theoretically that spin waves can be defined
there too due to longer lifetime of magnons than typical precession periodicity of spin waves (~ ns) [80].

See section 4.4 for details. As magnons are the quasiparticle picture of spin waves (see Sec. 2.2.2), creation

of magnons corresponds to decreasing of magnetization, so-called demagnetization. Theoretically, the
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demagnetization AM (T can be expressed as [81, 82]

_gpp 4TV [ Q?

V @np ), Y@t 1
_gpp AV /°° " Q?
0

vV (27)° D@ /keT — 1

Q)

where (ng) is thermal expectation value of magnon number at mode Q, ng is magnon occupation number,
I'(z) is Gamma function, ¢(z) is Riemann zeta function, and we assumed spin wave dispersion relation
€(Q) = DQ?. Eq. (4.2) means magnetization decreases as T°/2 if there are magnons with the dispersion
relation of €(Q) = DQ?. We note that there could still be magnons with a different dispersion law which
would have a different exponent. Experimentally, Cochrane et al. conducted magnetization measurement in

Co4P [83]. Demagnetization in amorphous ferromagnet Co,P was confirmed to follows Bloch’s law. We show

AM(T) _ | _ M(T)

the normalized measured demagnetization, A0) 7 (0) where M (0) is the saturation magnetization,

in Fig.4.2.
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Fig.4.2 (a) Temperature T%/2 vs. demagnetization AAI;I(E)T)) of amorphous ferromagnet Co,P measured

by [83]. (b) Normalized temperature t = (T/7c)*? dependence of A]é\f(g), where Tc is the Curie
temperature. The alphabet A, B, C, D, and G represents the five different samples of different concentration
of P atoms: A is 23.6£1.0 %, B is 22.0 %, C is 20.3 %, D is 19.0 %, and G is 21 %. Copyright 1974,

American Physical Society.

As for the magnetic excitation spectra, Kaneyoshi theoretically proposed quasi-crystalline approximation
(QCA), an approximation for energy spectrum in amorphous ferromagnets [8]. See details in Sec. 4.4.
Using this formalism he reproduced dips at finite wavenumbers, though energy gap of the dips is much

larger than observed experimentally. Alben calculated magnetic spectra numerically under linear spin-wave
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approximation [6]. He directly calculated dynamic spin-spin correlation functions by using the structure of
about 1000 amorphous magnetic atoms obtained from the dense random packing of hard spheres (DRPHS)
[84, 85]. He reproduced the dip at Q ~ 3 A~! when he choose Q in such a way that it gives the biggest
contribution to #(Q, t). Roth and Singh obtained an effective medium approximation for magnetic excitations
and found a dip with a smaller energy gap than that of QCA [86]. They interpreted the effect as exciting a few
planes which are in phase, rather exciting many planes associated with the perfect ordering in crystals.

In the 1970s, numerical methods for modeling amorphous magnets was limited; Dense random packing of
hard spheres (DRPHS) has been regarded to be able to reproduce the atomic arrangements in noncrystalline
systems [84]. Previous studies have built DRPHS by hand, pouring about 4000 balls into a container and
shaking them down [87]. They determined the average number of nearest neighbors to be ~ 9.3, which
is similar to that of liquid helium (8.5-9.7) [88], and the mean atomic density was ~ 0.63. Later Gaskell
combined the hand-build model and computer simulation to relax the structure by minimizing the elastic
energy. However, these traditional methods are not capable of reproducing realistic 3D spin configuration
which agrees with experimentally observed scattering functions.

To model the amorphous magnetic properties, the classical Heisenberg model with exchange coupling has

been widely used;

HI*ZJ(Tij)Si'Sj, (43)
<7J>

where J(r;;) is a distance-dependent isotropic exchange interaction between two spins separated by distance

rij = |rj — 7.

4.2 Structural investigation using reverse Monte Carlo

Reverse Monte Carlo (RMC) provides a way of creating an amorphous structure from experimental data, such
as X-ray diffraction and neutron diffraction data. It obtains a possible atomic position that reproduces these
experimental data. RMC is originally developed by R. L. Mcgreevy and L. Pusztai [89] and improved by
Gereben O. et al. [90]. [For the user guide, visit https://www.szfki.hu/ nphys/rmc++/downloads.html]. We
use the latter to create an amorphous structure.

The algorithm is to minimize a cost function ij for an atom type of ¢ and j, which analogues to normal
Monte Carlo which minimizes total energy of the system. This is schematically shown in Fig. 4.3. The
definition of x7; is

¢ = ZalS5(Q - 55Q)" w

o3

where Sg (Q) and 5’5 (@) denote simulated and measured data as a function of wavenumber (), respectively.
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o0;; represents a standard deviation for the cost function ij, the value of which is also a parameter in the
RMC simulation. Here Sg (Q) and Sg(@) are the values in reciprocal space. To compare them, RMC first
Fourier transforms g;;(r), which is either called radial distribution function or the pair correlation function.
It is defined as

9i;(r) _mi(r) (4.5)

- 4r2drpoc;’

where n;;(r) is the number of atoms of type j at distance r from another atom of type i, 4wr2dr is the volume of
a spherical shell and poc; = p; is the number density of atom at j. We note that, since the atomic configuration
from RMC is not unique, we take the configurational average when we study magnetic properties.

RMC avoids to be trapped in local minima, by accepting costly moves with probability exp[— (X 2w — X21q)]

[90]. This probability is the equilibrium distribution Wy, which appears in

Y TEEWH(E) = T(E[E)Wo (). (4.6)

34 >

The equation ensures that there is a state with minimum y? due to the principle of detailed balancing, same
as Eq (3.17),
T(EE)Wo(X) = T (Z[Z)Wo(X), (4.7)

where X and ¥’ respectively denote current and next state and 7 is the transition matrix.

RMC is one of the sophisticated alternatives to the empirical random sphere packings in the early days.
When constructing the structures, we treat atoms as hard spheres and ignore chemical bondings. We can also
include some structural properties; In the case of Co,P, we impose that P should be well mixed with Co atoms
by requiring that two P atoms never touch [19]. This is included as a coordination number constraint in RMC,
imposing the extra cost for P-P pairs closer than 2.75 A.

As input experimental data, we use X-ray, neutron, and polarized neutron scattering data for Co,P taken by
Sadoc et al. [19]. We start from an FCC lattice, which has a similar coordination number of 12 to the average
coordination of Co4P (=11.54) [19]. The typical system size for the calculations is 62500 hard spheres (Co:
50000, P: 12500). The lattice parameter, the size of each side of the cubic box, is 97.71 A and the number
density p is 0.067 A3 [91]. We also consider the finite temperature effect in the analysis by empirically
setting the mean square displacement of the atoms ¢ = 0.015 for both Co and P as this gives a good fit for the
data. This means we assume the distribution of the atomic displacements from the equilibrium positions x4
follow the normal distribution f(z,).

The RMC procedure is as follows. Firstly, we create a random mixture of Co and P atoms as a ratio of 4:1.

Secondly, we start to randomize the atomic positions so that it reproduces the experimental scattering data.
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This move includes swaps of Co and P atoms. After some swaps, the probability of accepting the swap will
be very low, as this move changes the structure a lot. We thus allow swaps for a relatively short period (about
4 hours) for efficiency. This time scale is determined by watching the acceptance rate, how the tried swaps
were accepted. Thirdly, we stop swapping and keep fitting to the experimental data for a longer period (about
8 days). Lastly, we use a smaller (0. 1A, half the mesh as before) mesh of the space and run it for a long period

(about 2 days) to get more accurate configurations.

4.3 Finite temperature effect

We include random force term —v.s; x g, in LLG equation to simulate finite temperature effect.

aSi
ot

= —ysi % [Bit ] =75 s x [0 < [Bi + gl (48)

where g, represents a random force. Eq. (4.8) is called stochastic LLG equation. The Gilbert term was

introduced phenomenologically [92]. This random force is Gaussian process

(g:) =0, (g2(t)g) (t')) = 2d;;00p0(t — 1), (4.9)

where d is the power spectrum of g(t) following d = kgT'. Eq. (4.9) shows that the random force at different ¢
and different site, or different coordination has no correlation. g, does not affect the time spin spin correlation
in the system, and all the possible states are occupied following the equipartition law. When we consider
the system is purely classical, we use the white noise random force with d = const. In other words, the
system follows classical fluctuation-dissipation theorem which states that fluctuation in equilibrium state and
dissipation in non-equilibrium state both develop in the same way [93]

w

™ (0] = 55

(655 ()07 (0)), (4.10)

where §s¢ represents fluctuation of a-component of magnetization at site 4, and x“?(¢ — ') is a response

function corresponding to a external field hz(¢) defined as

t
555 (1) :/ dEXP (t — )hs(t) + O(h3), @.11)

—00
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When we consider the system is quantum or semi-classical, we use the random force g(¢) whose power

spectrum follows quantum fluctuation-dissipation theorem,

2« hw

e T (4.12)

(ga(rist)) = 0;5 (ga(ri)gn(T}))w = 0ijdab

4.4 Quasi-crystalline approximation for spin wave spectra

In quasi-crystalline approximation (QCA) [8], energy spectrum ¢2C4(Q) in amorphous ferromagnets is given
by
Q) = /‘](Tij)g(w)(l — ')Ay, (4.13)

where r;; = r; — r; is the difference of position vectors, r; and ;. Above expression is a replacement of the
energy for crystal

€(Q) = Jij(1— e ). (4.14)
J

Eq. (4.13) is derived under the Heisenberg Hamiltonian, Eq. (4.3).

In order to derive the above equation Eq. (4.13), Kaneyoshi use a high-density expansion, assuming that
the structure of the amorphous magnets is well modeled by the DRPHS. In other words, he drops higher-order
correlation functions of a random function that represents the positions of atoms. He also takes an average
of the Green function over all possible configurations of magnetic atoms. The resulting general expression of

spin-wave energy is determined by

1

E — GQCA<Q) — FQ(E) — WCA(C))

So(E) =0, (4.15)

where I'g (E) and X (E) are obtained by the factorization approximation [76] as

1

{E - EQCA(Q) —To(E) - WCA(Q)

So(B) {G(B)aq) = 2e(B)N(Q - Q).

To(B) - (259 [ 4@ Ma(Q.Q) P82 T8 fleca—Ja)

So(E) = [250 [ dQILQ.Q)) (a0, ~ Ja,)] + -

Jo—g, —J
Bq(E) = N +25p [ 1Qi(Q. Q1) Hxi S

aeng [ 1QE(Q.Q) a0, - Ja,) +

R
M2(Q, Q1) = (pa(Q — Q1)pa(Q1 — Q)). (4.16)
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E is an eigenvalue of the Hamiltonian, G(E)q¢- is the corresponding Green function in reciprocal space,
Jgq is the exchange interaction in reciprocal space, N is total number of magnetic atoms per unit volume,
P = Gryseand pa(Q) = P (Q) — (p'(Q))r, where p'(Q) = L 3. exp(—iQr;) is a random function depending
on the position of magnetic atoms, M2(Q, Q;) = (p.(Q — Q1)):, and (...}, denotes the configuration average

over all possible ones. Here the factorization approximation is

(Pa(Q — Q1,Q2)pa(Q2 — Q3,Qy)) = (pa(Q — Q1)pa(Qr — Q))(Q — Q3)56(Qr — Q1)d(Q5 — Qy)
+(0a(Q — Q1)pa(Q1 — Q)){(Pa(Q — Q3)pa(Qy — Q))I(Qy — Q).0(Q, — Q,) (4.17)

The stability of the spin waves in amorphous ferromagnets is estimated by comparing the inverse lifetime
of the states |Q) with that of the spin waves. The imaginary part of the states, which is proportional to the

inverse lifetime, can be estimated from Im[I'q (E)] due to the relation

AQ(E)(Q - Q')

(G(E)qq) =

{E - Q) ~Tq(E) - g=d=gZa(E)}

-1
OC{E_chA(Q)_ rQ(E)+E_Xg%]} . (4.18)

Expanding the Im[I'g (E)] up to the first order of Q, it follows
(Jo-q, —Ja,)o,-@ — Jq)

Im[I'q(E)] ~ (25p)2/dQ1M2(Q»Q1) E — QCA(Q,) = O(k), (4.19)
Ma(Q. Q1) = O((k — k1)?). (4.20)

When the spin waves have long wavelengths, Im[I'g(E)] is much smaller than that of the typical frequency
of spin waves, which obeys ~ Q2. Therefore we can define the spin waves even in amorphous ferromagnets,
as far as the wavelength is sufficiently large. Later, we show that QCA can produce some dips at finite
wavenumbers, but they are very shallow compared with the experiment.

In Appendix A, we note how our energy spectrum using JAMS (the name of our program), ’AM3(Q), is
quantitatively related to the QCA spectrum. We confirm that our spectra ¢’AMS((QQ) obtains quantitatively
equivalent dispersion relation to QCA. This means we should get a very good agreement between QCA and

JAMS in the small @) region, which is indeed confirmed later.

4.5 Inelastic neutron scattering cross-section for amorphous magnets

Neutron scattering is widely used technique to investigate structures and energy spectrums also in amorphous

Co4P [19]. Following a book [94], we derive suitable expression of cross-section for magnetic inelastic
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scattering, which can also be used in amorphous magnetic systems. See Appendix B for detailed derivation.
We assume the amorphous magnetic systems, in particular Co4P, can be approximated by the Heisenberg
Hamiltonian; The dynamical fluctuations in length of the magnetic moment may be ignored.

Here we just summarize the results. The differences between crystal and amorphous systems may be:
1. "lattice parameter" is length of the unitcell (crystal) or that of whole system (repeating unit) (amorphous)
2. "lattice vector" is what span the unitcell (crystal) or that span whole system (repeating unit) (amorphous)
3. The statement "assuming all site is the center of symmetry" cannot be applied for amorphous systems. (cf.
Eq. (B.59) and Eq. (B.67))
The cross-section of unpolarized neutron for amorphous magnets may be

_ 97217"(2) 2 2 _ A A —iQ-ri;
S(Q.w) = T2L(E(Q)* Y (dur — QuQs) e
ab @]

) 4.21)
X / dte_m[(Sa(Ti70)Sb(7"j7t>> = (Sa(r:)) <Sb("“.i)>}

— 0o

where Q is the neutron scattering vector, Q@ = Q/|Q| is the unit vector of @, ~,, = 1.931 is the neutron’s

g-factor, ro = €?/mec? = 0.28179 x 10~ cm is the classical electron radius, €'(Q) = % jo(Q) is the atomic

form factor where the values, jo(Q) for Co, are taken from the table [95].

4.6 Reproduction of scattering functions from experiment

In order to study the magnetic properties, we need to first equilibrate the system at a fixed temperature to find
thermal equilibrium spin states. After that, we also perform time averaging to collect the fluctuations from
the thermal equilibrium. In amorphous systems, one should also take a configurational average, averaging
over multiple solutions of the amorphous structures. This is to collect the fluctuations of atomic structures in
amorphous systems. We create10 independent amorphous configurations and all the magnetic calculations,
shown in the following, are averaged over the 10 replicas. The averaged results are found to be almost the

same as that of a single result, maybe due to the large system. Hamiltonian reads

H==> J(ri;)S(r:)- S(r;) —puB->_S(r;). (4.22)

i#j i
As for the magnetic moment of Co atoms, we use the experimental value p = 1.0upg [9]. The spin vectors
S(r;) mean the same ones as S; in Eq. (4.3) and the position vector of the spins are explicitly shown. The
exchange interaction J(r;;) is assumed to be distance dependent though it is not necessarily up to the nearest

neighbors. The form of J(r;;) in amorphous magnets is unclear, thus we tested several asymptotic forms.
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Fig.4.4 (a) Distance dependent spin-spin exchange interaction J(r;;). The cutoff rcutor is introduced at
Tewtoff = 5.45A. This means J (rij) = 01if r;5 > reutosr. (b) Pair correlation functions g(r;;) of Co-Co,
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image of an amorphous atomic configuration generated from RMC with 62500 atoms. Blue spheres stand

for Co atoms and red spheres show P atoms.
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One such example is an exponentially decaying one, shown in Fig. 4.4(a),

Jexp(Tij) = Joexp (—”;TO) : (4.23)

where typical choice of the parameters in the following are Jo = 6.733 meV, ro = 2.54 A and w = 0.66 A.

Another example is RKKY-like [76], where the sign of exchange coefficient oscillates with distance,

2kp(rij —ro)cos{2kp(rij —ro)} —sin{2kp(ri; — 7o)}

4.24
2k (r; — o)} ’ (29

J(rij) = =Jo

where kp scales the length scale of the oscillation. As different exchange interaction forms did not give
significant differences (shown later), we use the exponential one in the following main results. We impose
Jeap(rij) = 0 when r;; > 5.45 A to reduce the calculation time.

One can see that the P atoms are almost homogeneously distributed and P atoms rarely touch each other,
from the pair correlation functions g(;;) in Fig. 4.4(b). There is no strong peak of the P-P pair correlation and
the largest peak is at ~ 4.0 A, much larger than the P diameter. The double-peaked structure of g(r;;) of the Co-
Co distribution, i.e., around 4.4 Aand 5.0 A, is one of the familiar features of amorphous metalloids [76]. This
feature is also found in our result. The average number of neighbors of each pair is as follows: Co-Co=7.53,
Co-P=1.96, P-P=0.30. In Fig 4.4(c), an example of real-space amorphous structure created from RMC is
shown. In Fig. 4.5 we show the comparison of the scattering functions from RMC and the experimental
data. The latter is used as an input of the RMC simulation. The calculated results all agree well with the
experimentally observed ones. As a whole, we can say that the RMC process reproduces a realistic structure
of amorphous Co,P. Since the magnetic moments are mainly on Co atoms [96], so P atoms are essentially

voids in the amorphous Co.

4.7 Magnon properties and Bloch’s law

To calculate magnetic properties, we extract magnetic atoms Co from the structure obtained from RMC and
ignore nonmagnetic P atoms. Putting spins on top of each Co atom gives rise to a spin model. In Fig. 4.6, we
display the model. We use LLG equation to simulate the time dependence of each spin. This is our original
idea, combining RMC and LLG equations together for calculating magnetic properties in amorphous systems.
The damping constant of LLG equation is « = 0.01 and we introduce finite temperature effect via a stochastic
field, a quantum thermostat [11]. This thermostat is capable of providing reliable results for thermodynamic

properties until the Curie temperature [97, 98].
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Fig.4.6 Schematic explanation of construction of the spin model. We extract Co atoms from the RMC
structure, put spins on the top, and simulate the spin dynamics by LLG.

In Fig. 4.7(a), we show reduced magnetization vs. temperature for amorphous Co4P and crystalline FCC
Co,
(4.25)

1 N
M(T) = <NZS>

T
where M (T') is normalized magnetization and (...), means thermal average. We determine T from the peak

position of the susceptibility x(T'),

(M(T))7 — (M*(T))r
kpT

x(T) x (4.26)

In both cases, the magnetization decreases following the Bloch’s law, M(T) = 1 — By »(T/Tc)*/? at low
temperature. The constant of Bloch’s law in the amorphous system is larger than that of the crystal system,
meaning that the magnetization of the former system decreases faster than in the latter case. This result is
consistent with the experimental observation in the same material [83]. We find B;/, = 0.16 in the case
of FCC Co, almost the same as that observed, Bs,, = 0.17 [76]. In the Co,P case, we find the constant to
be B3/, = 0.22. This larger value may be due to the randomness of the atomic positions in the amorphous
system [76]; In QCA, Kaneyoshi suggests that the random structure of the system modifies the spin wave
stiffness constant D as

D~ (9%¢/0Q%) ,_, — D, (4.27)

where D is attributed to the atomic position randomness. The value B s2 = 0.22 is about the half of the
measured one Bz, ~ 0.4 [83]. This means that the magnetization reduces more rapidly in reality than
that in our calculations. The difference between the calculated and measured value of Bs ), are also found
in previous studies; In experiments, B3/, deduced from the spin wave stiffness D, measured by neutron

scattering, is often smaller than that from M (7). One possibility for this discrepancy is that non-collinearities



42

Chapter 4 Magnetically ordered states in amorphous ferromagnet Co,P

in the magnetic ground state, because of some antiferromagnetic interactions, i.e., superexchange via P atoms
or local anisotropies [99]. This remains one of the possibilities since they are not included in our model
Hamiltonian. Near T, we can see that M (T') in FCC Co drops faster than that of amorphous Co4P. This
may suggest that structural disorders broaden the critical behavior associated with the second-order phase

transition.

4.8 Energy spectra and magnetic excitations

Our main interest is the unusual roton-like excitation in the spectrum. To understand the magnetic excitations,
we calculate it using the spin-spin correlation functions in the Fourier space and plot the neutron scattering
cross section, Eq. (4.21). We note that amorphous systems don’t have a well-defined reciprocal lattice vector
momentum — due to the lack of translational symmetry. This means we cannot use Bloch’s theorem in the
system. However, we can still study magnetic excitations using a sample vector Q; It is the scattering vector
of a neutron beam in experiments. In our simulations, it evaluates the Fourier transformation of the spin-spin
correlations from all spins in the system. The evaluation of the spin-spin correlation function has been very
difficult to treat analytically in the previous studies; For amorphous systems it cannot be evaluated easily,
even in the framework of the linear spin wave theory. Our approach allows us to output the correlations after
solving the spin dynamics of the many-body non-linear LL equations, and the higher-order correlations are
implicitly included. Hence, we do not approximate the spin-spin correlations.

In the calculated spectrum, Figs. 4.8(a) and (b), we find a quadratic dispersion of magnons, which is
consistent with the experiment and the QCA. As Bloch’s law comes from the assumption of a quadratic
dispersion, the spectral result is in agreement with our thermodynamic calculations. In the crystalline case,
Fig. 4.8(a), the linewidth of magnons follows I" ~ aw. Whereas in the amorphous case, Fig. 4.8(b), one can
see a broadening which expresses a shorter lifetime of them. In Figs. 4.8(b), we have shown the approximate
spectrum in the QCA [8],

Our simulations suggest that the QCA fairly predicts the magnons at Q ~ 0 and a diffusive high energy
region of the magnetic excitations. In addition, we find a sharply peaked parabola placed at () ~ 3 A1 where
the first peak of the static structure factor appears. The minimum of the second parabola is positioned at a
larger wave number and much lower energies than the second parabola from the QCA. Even though the second
dip is gapless, differently from the experiment, the linewidth is so narrow that indicates the comparable lifetime
with the magnons at Q ~ 0. Interestingly, the QCA hasn’t predicted this dip and it does appear in addition
to the dips from QCA predictions. We attribute the second parabola to amorphous Umklapp scattering,
spin waves with smaller wavelength than that of ) ~ 0. This was initially suggested in neutron scattering

measurements [12] but here our models do not include any experimental ambiguities.
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Fig.4.8 (a) Spin wave spectrum of crystalline FCC Co. We use the quantum thermostat at temperature
T = 300K. The color shows the neutron scattering cross section in Eq.(4.21). (b) Calculated and the QCA
spin wave spectrum. The red solid line shows the QCA prediction. The dashed orange line denotes the
magnons and the orange dots denote roton-like features, observed in Co4P by [9]. The same parameters
are used for both simulations.
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4.9 Additional aspects regarding spectra

4.9.1 Dependence on the different asymptotic form of J(r;;)

To see how the different spatial dependence of J(r;;) affect the spectra, we tested many different forms of
J(ri;). However, just a few of them are shown as examples: exponentially decaying one with the longer decay
length and RKKY-like shapes. In Fig. 4.9, we show the relative relations of exchange interaction and the
pair-correlation function of Co-Co and the magnetic excitations in the case of exponential decay with longer
interaction range, w = 2.91 A. Fig. 4.9(b) shows that the QCA prediction, shown in the red solid line, agrees
with the spectrum of higher energy region. In Figs. 4.10, and 4.11, we show the results when the exchange
function is RKKY-like. We choose parameters in such a way that it exhibits ferromagnetic state. In this case,
we don’t see much difference from the exponential function cases. Regardless of the qualitative differences
in J(r;;), we always find the second dip. We note that the energy scale just reflects the amplitude of J, and
does not affect the shape of the spectra. We also tested Gaussian form with different range (not shown) and

find all the spectra are qualitatively the same.

4.9.2 Dependence on the average coordination number

To see the average coordination number 2~ dependence of the spectra, we use constant exchange, J;; =
JoO(T —ri;), where O(r) is a step function. We note that this assumption also helps us to separate disorder
in exchange interaction and disorder in atomic configuration. Exchange interaction length 7 is the only
parameter in the system, changing averaged coordination number. 2" is the g©°~°(r) of smaller system,
with 16384 atoms. We use a classical thermostat at 77 = 10K <« T so that the magnon distribution has
enough values at high energies.

In Fig. 4.12 and Fig. 4.13, we show the average coordination number dependence of the energy spectra,
ranging from 2 = 5 to & = 32. Regardless of the number of average neighbours, there is always the
magnons near Q ~ 0 A~!. When the average neighbours is larger than 8, the spectrum starts to obey the
QCA shown in red solid line in Fig. 4.12 and Fig. 4.13. This again suggests when the average number of the
nearest neighbor is large enough, QCA may be a good approximation and is consistent with the fact that QCA

is a high-density expansion.

4.9.3 Effect of P vacancy

In Fig.4.14, we compare magnetic spectra of CosCo, where we put Co atoms where originally occupied by P

atoms. This is to see if the different P vacancy gap the second dip at Q) ~ 3A~L. Co atoms are dense in the
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Fig.4.11 (a) Relative relation between J(rs;), g(r), and J(ri;)g(r). J(ri;) is RKKY-like with Jo =

—4787.9meV, ro = 0.6 A, and kr = 1.55A L. (b) Spin wave spectrum of amorphous Co4P with classical
thermostat at 10 K. The Red line shows the QCA theory.
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Fig.4.14  Spin wave spectrum of amorphous CosCo with classical thermostat at 10 K. J(r;;) is the
exponential decay with Jo = 26.932 meV, ro = 2.54 A, and w = 0.66A.

model and the P concentration is 0%. On the other hand, the results shown so far, i.e., Fig.4.8(b), are the case

of 20% concentration. We find that the overall feature does not sensitively depend on the P concentration.

410 Conclusion

In conclusion, we have succeeded to built a model for amorphous Co,P and calculated magnetic properties.
We reproduce experimental results, peak positions of static structure factors, Bloch’s law in demagnetization,
and spin wave stiffness constant of magnons at wavenumber~ 0, without assuming complicated long-range
exchange interactions. Also, we find a bright sharp dip in the spin wave spectrum, which is centered at the
same wavenumber as the ‘roton-dip’ measured in Co4P. Though the dip is gapless, different from the original
experiment by Mook et al., it does have a narrow linewidth. This sharp second parabola suggests that there
exist low energy magnetic excitations in very short length scales. We attribute this to Umklapp scattering in
amorphous ferromagnets [12]. Shirane et al. have pointed out the original experiment only measures one
channel, S(Q,w)_+, of S(Q,w);- — S(Q,w)_, which may lead to an experimental artifact to observe the
dip. S(Q,w)+- —S(Q,w)—_ should be plotted instead to remove any contributions from phonons and elastic
scattering. Our simulation supports gapless magnons and Shirane’s argument. The broad spectrum at higher
energies indicates a strong scattering or short lifetime of excitations. Our model can be used regardless of the
magnetism, which means that this can also be applied to antiferromagnetism or spin-glass systems. We expect
it is also a good start to studying spin transport properties in amorphous systems in the field of spintronics.

We hope this study encourages many researchers to explore exotic magnets and find many ways to utilize them
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in the field of spintronics.



Chapter 5

Magnetically ordered states in

anisotropic 2D chiral magnets

In this chapter, we discuss the spin configurations in two-dimensional (2D) chiral magnets, especially magnetic

skyrmions with the topological number,

N = % /d2rn(r) - (0zn(r) x Oyn(r)) = £1. (5.1

Recent theory and experiment revealed that the magnetic skyrmions in chiral magnets may be capable of an
information carrier of the magnetic memories and computer devices, utilizing their topological stability [13,
57]. To enhance the device controllability, it may be crucial to manipulate the inter-skyrmion interactions.
Typically, the skyrmion-skyrmion interaction between two circular symmetric skyrmions is known to be only
repulsive. Recently, however, attractive inter-skyrmion interactions are found to appear in some specific
chiral magnets; In a system with frustrated exchange coupling [100] and in the three-dimensional (3D) cone
phase [17, 18]. However, the general mechanism of the appearance of the attraction has been unclear and thus
the manipulation of the interaction has been impossible.

In this study, we theoretically investigate the 2D chiral magnet with in-plane anisotropy. We analytically
derive an approximated interaction potential at a distance and numerically study the interaction under an
in-plane magnetic field and/or a magneto-crystalline anisotropy [21]. In general, the magneto-crystalline
anisotropy depends on the crystal plane direction to the film [101, 102, 103, 22]. We consider a (011) film
to break the C; symmetry in spin space to create distorted skyrmions. Furthermore, we study the SkX
configurations induced by attractive interactions. By changing the strength of the external magnetic field and
the magneto-crystalline anisotropy constant, we investigate the optimal lattice structures in detail.

In Figs. 5.1(a)-(d), we summarize the calculation setups in (a) isotropic system where the magnetic field

51



52

Chapter 5

Magnetically ordered states in anisotropic 2D chiral magnets

Fig.5.1
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(a)-(d) Calculation setups (a) in an isotropic geometry where the magnetic field B points to
the perpendicular direction z, (b) in an in-plane magnetic field with the tilting angle ¢, (c) under a
magnetocrystalline anisotropy with three hard axes p1,2,3 and anisotropy constant A, and (d) in both in-
plane magnetic field and the magnetic anisotropy. The parameters (B.J/D?, ¢, A/B) are (e) (0.75, 0, 0),
(f) (0.75, 30°, 0), (g) (0.75, 0, 0.5), and (h) that of a bounded skyrmion pair with (0.75, 0, 2.0). (i)-(m)
Inter-skyrmion interaction potential in each case. The parameters are the same. Reproduced from [21].
Copyright 2021, American Physical Society.

B points to the perpendicular direction B || e., (b) under the in-plane magnetic field with tilting angle ¢,

(c) under the magnetocrystalline anisotropy with the three hard axes p; 2 3 and anisotropy constant A, and

(d) under both the tilted magnetic field and the magnetic anisotropy. Figure 5.1(e)-(h) shows the typical

single-skyrmion shape in each case. We plot inter-skyrmion potentials in each setup in Fig. 5.1(i)-(m).

In this study, we found the following things:

* The analytic expression of approximated inter-skyrmion interaction, V,,,(R), at a distance R can be

obtained from a single skyrmion configuration.

* Vapp(R) correctly predicts the interaction V' (R) at a large distance.

* There are two mechanisms of inducing the attractive interactions: a small deformation of skyrmion

shape and formation of magnetic domain between two skyrmions.

* A small distortion of skyrmions and the formation of the magnetic domain can induce small and large

attractions, respectively.

* The attractive interaction induces elongated triangular bimeron lattice with magnetic domains in the

background, as a ground state.

* 1D skyrmion chain appears as an excitation in the FM phase.

* There is a range of the magnetic field where the SkX is sustained by the attractive interaction.

* The attraction can be tuned in the range over double-digit by the in-plane magnetic field.
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5.1 Magnetic skyrmions

Magnetic skyrmions are nanometer-sized spin vortices with the finite topological number A/. People are
interested in them due to the potential applications as an information carrier of magnetic memories and
computing devices, utilizing their topological stability [13, 57]. Skyrmions were originally suggested as an
elementary excitation by T. Skyrme in nuclear physics [104], whereas skyrmions found in chiral magnets form
a skyrmion crystal (SkX) which appears in thermal equilibrium [59] and stabilized due to the Dzyaloshinskii-
Moriya (DM) interaction [60, 61]. These skyrmions are found in chiral magnets, i.e., B20-type alloys M X
(M = Mn, Fe, Co; X = Si, Ge) [58, 63] and 8-Mn type Co-Zn-Mn alloys [101]. Experimental identification
of the skyrmionic spin textures are conducted by the ac-susceptibility measurements [62], Fourier-space
imaging by neutron small-angle scattering intensities [58], real-space imaging by Lorentz transmission
electron microscopy [63], and detection of the topological Hall effect [64, 65].

In order to expand skyrmion-hosting materials, with the aim of utilizing a magnetic skyrmion for an
information carrier, many attempts have been conducted both theoretically and experimentally. The basic
materials to stabilize skyrmions are non-centrosymmetric magnets, such as chiral magnets and the polar
magnets, GaV4Sg and GaV,Seg [105, 106]. The Bloch-type skyrmions are found in the former case and the
Néel-type skyrmions are observed in the latter case. Some of the skyrmion hosting materials are multiferroic,
such as the chiral magnet Cu;OSeO3 [107, 108, 109] and the polar magnets GaV,Sg and GaV,Seg, suggesting
the possibility of controlling skyrmion motions by means of the electric field [110, 111, 112]. Strong DM
interactions are also induced in multilayer systems of magnetic layer and heavy metal layers, such as iron mono-
, bi-, and tri- layers on an Ir substrate. The system hosts atomic-scale skyrmions [113, 114, 115, 116, 117]. At
room temperature, multilayer stacks of Pt/CoFeB/MgO, Pt/Co/Ta, and Pt/Co/MgO stabilize skyrmions [118,
119, 120]. In addition, recently the centrosymmetric magnets Gd;PdSiz [121] and GdRu,Si; [122] are
also found to host skyrmions: The former is because of a triangular lattice structure which is geometrically
frustrated [123] and the latter is due to the four-spin interactions via itinerant electrons. The very small
skyrmions (~ 2 nm in diameter) are found in these materials, which is appealing not only for the possible
new mechanism of stabilizing skyrmions but also for the potential applicability to the high-density magnetic
storage. We note that spin configurations with different topological charge from the Bloch and the Néel
skyrmions with A = 1, such as anti-skyrmions with charge N' = —1 [124, 125] and merons with charge
N =1/2[102, 22], have also been observed.

In this study, we focus on chiral magnets, FeGe and Co-Zn-Mn alloys, a few examples of them, stabilize
either stable or meta-stable skyrmions in the wide region in the temperature—magnetic field phase diagram.

The temperature range includes room temperature and the magnetic field range expands up to ~ 0.5 T [101,
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126, 127, 102, 128, 103, 129]. In FeGe, even at zero-field, robust skyrmions are observed [130]. Though in
a bulk chiral magnet, the SkX phase is restricted to a small area in the vicinity of the Curie temperature [58],

the SkX phase expands until 0 K in thin films [63, 131, 132, 107, 133].

5.1.1 Analysis of a typical model of chiral magnets

Let us analyze the most fundamental Hamiltonian composed of three terms. This model is the minimum

model to exhibit SkX phase as a ground state,

Funln) = [ % funln(r), On(r)), 52)
fuen (1), 9] = L (0,m)? + (9] + Dam (¥ x )~ Bm. 63)

The form of the DM interaction, the second term of fiy, [n(7), Vn(r)], in chiral magnets is in general given
by aD - (0,n x n+ dyn x n), where D || [111] in i.e., MnSi and Co-Zn-Mn alloys. Theoretically, a Monte
Carlo simulation has found that D = e, (e,) along z(y) direction reproduces qualitatively the same phase
diagram of B = Be, as observed experimentally [134, 63]. The sign of D determines the helicity of the
skyrmions, the winding direction of the in-plane spin components, and the sign of the topological charge
N = +1. The 1D phase diagram under B = Be, is schematically shown in Fig. 5.2. This is found by another
Monte Carlo analysis under the same Hamiltonian fiy,, at OK [55]. When B = 0, Helix phase propagating in

the = direction with wavenumber () (shown in the low field region in Fig. 5.2) is written as

nopur, = (0, cos@Qz, sinQx). 5.4
Its length scale is estimated as ~ D/.J by

aftyp.
oQ

— (preferred Q) = %. (5.6)

= Ja’Q —Da=0 (5.5

By inserting noppr, into above energy functional, the energy of Helix is found to be Fopyr, = —127—;. The
phase boundaries are of the same order of Esppr,; When the energy profit from Zeeman energy overcomes
FEspnr, the SkX phase appears. Indeed SkX phase emerges at intermediate field, B > B.,q ~ 0.23D?/.J and
ferromagnetic phase (FM) appears at high field, B > B2 ~ 0.78D?/J [55]. In the 3D model, on the other
hand, the SkX phase is no longer a ground state, since the 3D cone phase has lower energy. The cone phase,

twists along the z direction, can only appear in the 3D model and hence SkX remains the ground state in the
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Fig.5.2 1D phase diagram of external magnetic field B = Be.. Helix, SkX, and FM phase appears
respectively at low, intermediate, and high field. Helix—SkX phase boundary is denoted by B.;1 and
SkX-FM phase boundary is Bcys.

2D model.

5.2 Inter-skyrmion repulsions / attractions in isotropic / anisotropic

systems

It may be crucial to manipulate inter-skyrmion interactions to enhance the device controllability. Note that
we consider inter-skyrmion interactions between those embedded in a uniform background spins (FM state).
Typically, the skyrmion-skyrmion interaction is known to be repulsive and decays exponentially in a 2D
circular symmetric chiral magnet, under out-of-plane magnetic field [135, 14].

However, by taking the 3D magnetic structures into account, the attractive inter-skyrmion interactions
are explained both in a bulk and a thin film [16, 17, 18]. The attractive interaction accompanied with the
magnetization softening in the vicinity of the Curie temperature is also reported [136]. There are a few other

ways known to induce the attractions, besides chiral magnets: With the frustrated exchange interactions,
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oscillatory property of the inter-skyrmion interaction, between repulsion and attraction, are found [100, 137];
In the case of a polar magnet, anisotropic interactions are found between two skyrmions in a tilted background
FM state, and they are connected in a certain direction [138]; In centrosymmetric magnetic films, a tightly
bound pair of two skyrmions, called biskyrmions, are reported. They are stabilized due to the dipole-dipole
interaction combined with the easy-axis anisotropy [139, 140, 141, 142]. The interactions between two

skyrmions with higher topological charge, N’ > 1, are also studied in Refs. [143, 144].

5.3 Analytic expression of the interaction

We consider a thin film and use a continuum model, assuming that spin configuration varies slowly compared

to the lattice parameter « in space. The energy density is expressed as

2,
Fln] = [ 5 fn(r), On(r) (5.7)
fln(r), Vn(r)] = JTG[(@xn)Z + (0yn)?] + Dan - (V x n) + Ue(n, Vn). (5.8)

The coordinate axes are taken in such a way that the z-y plane is the in-plane. f stands for the energy per
one spin, n(r) is the direction of the magnetization and a 3D unit vector, .J is the spin-exchange interaction
coefficient, D is the magnitude of the the DM interaction, « is the lattice parameter of the original lattice
model, and U;(n, Vn) expresses the anisotropy potential in the spin space which is a function of n and
Vn = (0,n,d,n). We assume there is a stationary solution of a ferromagnetic state n(r) = ¢, in the system.

This solution is stabilized by a magnetic field B || £, and in this case, the anisotropy potential is

Ues(n,Vn) = —Bt-n. (5.9)

The uniform solution £ emerges as either stable or metastable in the vicinity of the FM — SkX phase boundary
at least. We focus on the interaction between two such isolated skyrmions in the region.
Let’s evaluate the inter-skyrmion interaction at a distance. We assume that a single-skyrmion state 714 (7)

is a stationary solution, where a skyrmion located at » = 0 is embedded in a FM configuration, i.e.,

11k (0) = —t, nyg(00) = . (5.10)

Using above state ni5,, we obtain a spin state of two skyrmions located at points

Py:r=+R/2 (5.11)
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by adding two vector fields,

ny(r) = nix(r F R/2), (5.12)
utilizing the stereographic projection [135]. We introduce
R: 5% S2 (5.13)

as a rotation operator about e, x £ by angle arccos(e,, - t), with e, (o = x,y, 2) is the unit vector along the a

direction. Fig. 5.3 schematically shows that the rotation R maps e, to £, i.e.,

Re, = t, (5.14)

and the z-y plane the plane which is perpendicular to ¢. The stereographic projection

p:CUoco— §? (5.15)

maps a complex number u = u; + ius to a 3D unit vector in a following way;

2u1, 2ug, 1 — |ul?
p(u) = T+ u? [ul” (5.16)

The double-skyrmion state is thus given by

nag = Rp[p™ 'R~ (ny) +p~ 'R (n-)]. (5.17)

The detailed calculations can be found in Appendix C. The interaction potential is defined as the energy

difference of a double-skyrmion state and two single-skyrmion states concerning the FM state:

VR = [ O] [fnas) ~ f(n) — in) + 108, (5.18)

a2

After extensive calculations (see Appendix D for details), we identify that V' (R) at a large distance may be

given by
1
‘/app(R) = an / Eij(A_+ — A+_)¢dlj, (519)
r
__Pfd) 9*f (%)
(A+7)Z = m6n+,a6n77ﬁ + 8(8kna)a(8lnﬂ) (ak(STLhoé)énfyﬁ (520)
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Fig.5.3 Definition of the rotational operater R and its inverse operator R ~* which acts in the spin space.
The operator R ! maps £ to e and the plane orthogonal to £ to the z-y plane. The vector m = R~'(n)
stands for the magnetization whose z component is always parallel to the direction of the uniform stationary
solution £. The projection of n to the Re.., Re,, and Re, corresponds to m,,, m, and m. = £, respectively.
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Fig.5.4  Schematic geometry considered for calculating the inter-skyrmion interaction. The two
skyrmions are placed at P, and P_. The line integral along I" approximates the interaction between
the skyrmions, as shown by Eq. (5.19). Reproduced from [21]. Copyright 2021, American Physical
Society.

where I' shows the orthogonal bisector of the segment P, P_, d¢ is the line element of I" along e, X R
(see Fig. 5.4), ¢;; expresses the Levi-Civita symbol, and we imply to sum up repeated indices, where Roman
(Greek) indices stand for the components in the coordinate (spin) space and return the values x and y (=, y and
z). Here, we use dn to express the projection vector of n on the perpendicular plane to £, i.e., on = n— (n-t)t.
To derive Eq. (5.20), we assumed that dn on the integral path I is sufficiently small so that approximated

n_ are given by

1 —[0oni|?t + ong ~t + dn. (5.21)

We note that the approximated potential, Eqs. (5.19) and (5.20), can be used to other continuum spin models

as far as they have a FM state and a confined skyrmion in it as stable spin configurations.
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5.3.1 Anisotrpic potential

As the anisotropy potentials, we consider the Zeeman field and the magneto-crystalline anisotropy. The

Zeeman field contributes to U, as

U%)(n,Vn) = —Be - n(r), (5.22)

where By expresses a uniform magnetic field.
The lowest-order contribution of the magneto-crystalline anisotropy on a 3D cubic lattice is given by [145]
(me,3D) g K a? L \12
U (n, V) = Y S An-p)" = =0 (n-p))" ¢ (5.23)

. 2
v=1,2,3

where A and K show the anisotropy coefficients, p; 5 3 are the unit vectors along crystalline axes, and the
derivative along p, is denoted by 0,. We consider a (011) thin film, not a (001) thin film which is typically
considered, since the crystal orientation would result in distorted skyrmions. This is due to the breaking of the
C, symmetry in the spin space. The magneto-crystalline anisotropy in this case is expressed with p; = ey,
P2 = (e, +€.)/V2, and p3 = (—e, + e.)/v/2. In a 2D film, we can ignore 9, since it is sufficiently thin
along the z axis. The resulting anisotropy potential is given by

Um0 (n, W) = A |n + (ny +n.)* N (=ny +n.)*']  Kda?

[2(010)* + (Byny)* + (9yn2)°] -

4 4 4
(5.24)
5.3.2 Concrete expression for the interaction
Using Eq. (5.8) and the anisotropic potential U, = UZ® + Um0 Eq. (5.20) becomes
(A4-)i
= Ja*(0;6n,) - dn_
— Da(dng x dn_);
— Ka2(8m6n+1z)5n_7m5i7r
Ka?
- [(Dyong y)dn_ , + (Oy0ny . )on_ ] 0;,. (5.25)

We next discuss how each term contributes to the inter-skyrmion interaction.
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Circular symmetric case

In the circular symmetric case, where the perpendicular external magnetic field is applied B.x = Be, and
no magneto-crystalline anisotropy is assumed A = K = 0. Obviously the uniform solution for this setup is
t= e.. In this case, the only contribution becomes finite is the J term; The contribution from the D term of

Eq. (5.25) vanishes due to 6n, x dn_ || t = e.. The J term at a distance is given by

Vapp(R) = 2J/ €5 (0;0m_) - dnydlj, (5.26)
r

with the partial integration using dn (co) = 0. The obtained expression is the same as the consequence of
the baby Skyrme model [135]. In addition, we can also evaluate Eq. (5.26) in the same manner. In fact we
indeed reproduce a repulsive inter-skyrmion interaction Vypp(R) o Ja?Ko(\/B/J|R|), where (r, ¢) is the
polar coordinates with respect to the center of the skyrmion, and K, (z) is the modified Bessel function of n-th
order. The approximated behavior is known to be K,,(z) ~ /7/2ze~* when z — co. To obtain the above

interaction, we use the asymptotic solution of one skyrmion, dn sk (r, ) ~ Ki(y/B/Ja?r)(—sin g, cos ¢, 0).

Effect of skyrmion deformation
We emphasize that it is a subtle energy balance between the x and y components of the inner product in the
integrand of Eq. (5.26) that decides the sign of the interaction. In the above case, it results in the repulsive

inter-skyrmion interaction. To see this point, let us rewrite Eq. (5.26), by choosing R = Re,, as

Va(Rea) =27 [ 3 10.ma(R/2.)ma(~R/2 )y (5.27)

X a=xy

where m = R~ (n«), and m, and m,, are the in-plane components of n which are projected on the
perpendicular plane to £ [see Fig. 5.3]. Fig. 5.5 shows the plot of 2 and y components of the m and 9,m
in the z-y plane. We numerically obtain m as a stationary solution of the LLG equation (see Methods). We
also plot m and 0, m along x = £ Ry for various U;(n, Vn) in Fig. 5.5, where we set Rys to be similar to
the skyrmion radius. Figure 5.5(a) is the result for U.(n, Vn) = —Bn,, from which one may see that the
product of the x (y) components contributes negatively (positively) to Eq. (5.27). In case (a), the summation of
these terms results in small positive value, a repulsive interaction. This subtle balance can be easily changed
by the skyrmion deformations either by tilting the external magnetic field [Fig. 5.5(b)] or by offering the
magneto-crystalline anisotropy [Fig. 5.5(c)]. In Figs. 5.5(b) and 5.5(c), we can see that the contribution from

the = (y) components becomes larger (smaller) and the resulting interaction becomes attractive.
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Effect of the D term

The D term in Eq. (5.25) also becomes finite to when the background magnetization is somehow tilted from
the z axis, ¢ # e.. The contribution of the D term can be given in terms of m = R~ (ngq). Suppose that
double-skyrmions are located in a background magnetization £ = (cos y sin ¢, sin y sin ¢, cos ¢) with their

relative position being R = Re,. Using dn = R(m,, m,,0), the D term contributes to the interaction as

2D [
—/ dy(ény x on_),
a — 00

2D o R R R R
= 7sin(;Scosx/_Oo dy {mx (—27y> My (2,y> — My (2,y> My (—27y)] . (5.28)

We note that this term, Eq. (5.28), indeed vanishes when the skyrmion configuration is a simple spin rotation
of that under the potential U.(n,Vn) = —Bn,, due to the symmetry: m,(—R/2,y) = m,(R/2,y) and
my(—R/2,y) = —my(R/2,y) [see Fig. 5.5(a)]. Therefore there should be an additional deformation of the
skyrmion shape for the nonzero contribution. Roughly speaking, we can say that the above contribution,
Eq. (5.28), is smaller than the contribution from the J term Eq. (5.27) by a factor of sin ¢ cos x. The concrete
values depend on how much the skyrmion is deformed under the anisotropic potentials. In Secs. 5.5 and
5.6, we will numerically show that the contribution of the D term is negligible at large distance R but is

comparable to that from the J term for small R.

Effect of the K term

When K # 0, the K term in Eq. (5.25) should also be taken into consideration. To evaluate the effect, we
consider the interaction of skyrmions aligned along the z axis. Let’s assume that the uniform background
magnetization is in the z direction, i.e., £ = e, for simplicity. The approximate interaction at a large distance

is obtained as

oo oo

VaPp(Rew) = 2(‘] - K) / [8wmI(R/2’ y)] mw(_R/Q’ y)dy + 2J/ [8mmv(R/27 y)} my(_R/27 y)dy

— 00 — 00

(5.29)

From the equation above, the K term modifies the weight of the = component in Eq. (5.27).
According to the expression, if K is negative and K < —J(I, + I,)/|I,| is satisfied, where
I = [7 [0:ma(R/2,y)] ma(—R/2,y)dy, the interaction becomes attractive even when the skyrmion is not
distorted at all. However, we find that K/J < —1.6 is required so that K/J < —(I, + I,)/|I,| is satisfied
(see Table 5.1). For the evaluation, we use the spin configuration shown in Fig. 5.5(a). Such a strong

anisotropy accompanies the deformation of skyrmions anyway, and the shape of which is no more circular.

The deformation modifies the inter-skyrmion interaction via the J term, which is already discussed. Thus,
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.77

Rsite] & Iy
18 -0.007457 | 0.137210
16 -0.019489 | 0.061040
14 -0.050069 | 0.285613
12 -0.122373 | 0.501477

Table 5.1 Example of R dependence of the values of the integrand /., « = z,y, when A = 0 under the
perpendicular magnetic field.

in the following calculations, we discard the K term for simplicity and investigate two specific situations (i)

under a in-plane magnetic field and (ii) under the onsite magnetic anisotropy A.

5.4 Micromagnetic simulation

5.41 Model Hamiltonian

To numerically survey the interactions and stable spin structures, we use the classical spin and a 2D square

lattice model. The Hamiltonian reads

H=- JZST' ' (S'I‘Jrel. + S'r+ey)
~ D (S X Spie, - €x+ Sp X Spie, - €y)

+ S U(s,), (5.30)

where S, is the unit spin vector at r € {an,e, + anye, |n,,n, € Z}, J and D are the same ones as those
already defined in the continuum model, and U (S;.) is the general anisotropy potential, the continuum model
counterpart of which is U, (n, Vn). The Hamiltonian (5.30) is the discretized version of the continuum model
Eq. (5.8). It is obtained by replacing n(r) with S,., 9;n(r) with (Syie, — Sr)/a, and [ d*r/a® with Y,
respectively. Note that we evaluate n(7r), the above replacement is implied in the following calculations.

As an anisotropy potential, we consider the Zeeman field and the magneto-crystalline anisotropy of a (011)
thin film. The breaking of the Cy symmetry is crucial for the skyrmion deformation that induces an attractive
inter-skyrmion interaction, and thus we choose the (011) film rather than (001). Although the 2D lattice grid

(mc,011)

of a (011) plane is not square, we use a square lattice for simplicity; We use discretized U. on the square

lattice. This approximation is justified when the size of the skyrmion is much larger than the lattice parameter.
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The resulting anisotropy potential, including the Zeeman field of Eq. (5.22), is given by

U(S;) = — Be - Sr

4 4

xT T 1 1 z 4
+K [S,, Stie, +5(SES e, + S,,S,,+ey)] . (5.31)

In the rest of the paper, we independently discuss changes of the inter-skyrmion interaction due to (i) an
in-plane magnetic field and (ii) the onsite magneto-crystalline anisotropy (the A term). In both calculations,
we choose K = 0 as discussed in Sec. 5.3.2. In case (i), we apply the in-plane magnetic field along the x axis

and use the anisotropy potential given by

Ui(Sy) = —B(SZ cos ¢ + Sy sin ¢), (5.32)

where ¢ is the angle between the external magnetic field to the z axis. In case (ii), we apply an external

magnetic field perpendicular to the film and use the anisotropy potential

(Se+S3)* | (=St+ 52!

Ui(Sr) = = BS; + A | (S7)" + = 1

(5.33)

5.4.2 Skyrmion-skyrmion interactions

We calculate the inter-skyrmion interaction in the following way; Firstly, we find the energy of a metastable
single-skyrmion state, Eg, and that of a metastable double-skyrmion state, Eyg (R) where the two skyrmions
are placed at relative position R. Also, we find the energy of the FM state of S,. = t, Eferro, since this gives
the standard of the energy. The above stationary states can be found by numerically integrating the Landau—
Lifshitz—Gilbert (LLG) equation,

dsS, dSy

FT —8p X Begg + oSy X o (5.34)

where B.g = —0H /4SS, is the effective magnetic field, H is Hamiltonian given in Eq. (5.30), and « is the
damping constant. Note that the temperature is kept at absolute zero in the study. We fixed the positions of
skyrmions by using a strong pinning field at the skyrmion cores. The pinning field is only on one site. The

inter-skyrmion interaction is generally expressed as

V(R) - EZsk(R) — 2E15k + Eferros (5.35)



5.5 Appearance of attractive interactions under tilted magnetic field

65

which is the discrete model version of the continuum model, given in Eq. (5.18).

5.4.3 Stable SkX structure

In order to seek the ground state lattice structures of the model Hamiltonian, we used two kinds of Monte
Carlo (MC) algorithms, the exchange MC [74] and the Metropolis MC. The typical system size used is 72 sites
x 72 sites x 1 site with the periodic boundary conditions in « and y directions. We first run the exchange MC
to efficiently find the thermal-equilibrium configurations with the temperature range of 0.01J < kg7 < J/2.
Here, 30 replicas are empirically used in the simulation. After the thermalization, we seek the state with the
lowest energy at kg I = 0.01J during the MC simulation of a few tens of thousands of steps. Finally, we use
the lowest-energy state of kg7" = 0.01J as an initial state of the Metropolis MC, and run with 7" = 0 until it

converges to find the energy-minimum state.

5.4.4 Parameters

We fix J = 1,D = 0.5, and a = 1 in the study. We confirmed that, with the parameters, the SkX phase
appears in the same magnetic field range as the previous studies have reported, By < B < B¢y, where
the two critical fields are By ~ 0.23D?/J and B ~ 0.78D?/J, respectively [55, 146]. The triangular
skyrmion lattice constant 4w.Ja/ (\/§D) [13] corresponds to the diameter of an isolated skyrmion 2Rg in
the vicinity of the FM—SkX phase boundary. Our choice of the parameters obtain the skyrmion diameter as
2R« = 14.6a(Rsg = 7.3a), which means that Ry is satisfactorily larger than «, validiating the use of the

square grid for a (011) thin film (see Sec. 5.4.1).

5.5 Appearance of attractive interactions under tilted magnetic field

Using the anisotropy potential U;(.S,.) defined in Eq. (5.32), we show the ¢, the angle from z axis, dependence
of the inter-skyrmion interaction. The previous work [15] has already investigated a similar system and found
that the interaction becomes anisotropic. We reproduce these results and additionally show that the attractive
interaction appears at a larger distance than that of the authors of Ref. [15] have studied.

Figures 5.6(a), (b), and (c) show the interaction potential V' (R), numerically obtained one, for skyrmions
along the x direction at a distance R for ¢ = 17°,22°, and 30°, respectively. The approximated interaction
Vapp(R) defined in Eq. (5.19), as well as the first and second terms of Eq. (5.25), are also shown. They are
also evaluated with the numerically obtained single skyrmion shape as the stationary solution of the LLG
equation. In all cases, the attractive interaction appears for a large R. Interestingly, the attraction becomes

larger for larger ¢, though the interaction energy remains as small as a few percent of J.
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Fig.5.6 (a)-(c) Inter-skyrmion interaction V' (R) between two skyrmions aligned along x under a tilted
magnetic field of strength B.J/D? = 0.73 and tilting angle (a) ¢ = 17°, (b) ¢ = 22°, and (c) ¢ = 30°. The
numerically calculated interaction V' ( R), the approximate interaction Vipp (R), and the J term (deformation)
and D term (tilting background) in Eq. (5.25) are shown. (d),(e) Spin configuration m = (S, - (e, X
t),SY, S, - ) of a single skyrmion for (d) ¢ = 0° and (e) ¢ = 30°, where the arrows stand for the vector
m projected on the thin film plane (z-y) and the color plot expresses m. || . Tilting of the external
magnetic field hardly causes the rotation of the skyrmion shape in spin space but deforms the shape to
induce attractive interaction.
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Vapp(R) agrees very well with V(R) when R is larger than the distance which minimizes V(R). By
comparing them we find the origin of the attraction mainly comes from the J term. At around the potential
minimum, the D term also contributes to the interaction as much as that from the J term.

We describe the appearance of the attractive force using the deformation of a single skyrmion. In Fig.
5.5(b), we plot m and 9, m for ¢ = 30°. The distribution of m, (m,) along the x axis enlarges (shrinks)
compared with that for ¢ = 0 [Fig. 5.5(a)]. As ¢ increases, Vypp(R) for a fixed R (2 2Rq) decreases and
eventually becomes minus, due to the negative (positive) contributions to Eq. (5.27) from the = (y) component
. Eq. (5.28) also contributes to the appearance of the attraction, which is seen from Fig. 5.5(b).

The magnetization profile m = (S, - (e, x t), SY, S, - t) of single-skyrmion at ¢ = 0° and 30° are also
plotted in Figs. 5.6(d) and (e), respectively. This profile convinces that the skyrmion configuration is indeed
different from the simple rotation of the shape at ¢ = 0 in spin space but with the additional deformation,
leading to the change in the sign of the interaction.

The interaction between two deformed skyrmions depends on the relative direction as well, which is also
discussed in Ref. [15]. Figure 5.7 shows the relative position R = (X,Y’) dependence of the interaction
potential. The potential has a minimum in the direction of the in-plane magnetic field, i.e., the x axis in this
study. On the other hand, the inter-skyrmion interaction along the y axis enlarges as ¢ increases. This feature
reproduces the result in Ref. [15]. However, Ref. [15] has not mentioned the attractive interaction since they

have investigated smaller distances, up to R = 14 site in our parameter.

5.6 Appearance of attractive interactions with the magneto-crystalline

anisotropy

Next, we consider skyrmion deformation from the magneto-crystalline anisotropy Uj; (S, ) shown in Eq. (5.33).
Interestingly, when the crystalline anisotropy (A term) dominates the Zeeman term, the resulting easy axes for
the magnetization tilt from the z axis. The three hard axes, p1, p2, and ps, prefers the z-z plane. In Sec. 5.6.1,
we calculate such preferred direction for the FM state £. The interaction between two skyrmions embedded
in the FM state £ = e, and ¢ # e, are discussed in Sec. 5.6.2. In the following, we treat only the A > 0 case,

because the qualitative behavior of the interaction is the same regardless of the sign of A [see Sec. 5.6.1].

5.6.1 Preferred spin direction under the magnetic anisotropy

When the Zeeman term is neglected, the magneto-crystalline anisotropy Uj;(.S,.) with A > 0 has the eight
preferred orientations: S, = (+1/+/3,0,4,/2/3) and (£1/+/3, £,/2/3,0). The external magnetic field along

the z axis resolves the degeneracy of eight directions, and the new easy axes are the ones having the biggest
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Fig.5.7 Inter-skyrmion interaction potential V (R) between two skyrmions with relative position R =

(X,Y) in a tilted magnetic field. The strength is BJ/D? = 0.73 and the tilting angle is ¢ = 30° in the
axis. Reproduced from [21]. Copyright 2021, American Physical Society.

z component, i.e., (£1/v/3,0, \/2/3). The spin orientation eventually changes from (+1/+/3,0,/2/3) to e,

as the Zeeman energy becomes large. The preferred spin direction is obtained by using a uniform FM state
S, =t = (sinf, 0, cosh), (5.36)
and minimizing the one spin energy
£x9)=,4(gn49+-;cm#9> — Bcosf (5.37)

with regard to §. The energy minimum can be found at § = 0 (i.e., £ = e.) when A/B < 0.5, but it
disappears (changes to a local maximum) when A/B > 0.5 (i.e., t deviates from e.). This is because

d*E/db* —2A + B. Fig. 5.8 shows the resulted preferred angle 6 vs. A/B. Note that there are two

|9=0 =

degenerate preferred directions £+ = (4sin 6,0, cos ) since E() is an even function of §. The two magnetic
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Fig.5.8 Resulted favorable angle 6 of a FM state as a function of |A|/B. In the case of A > 0 (A < 0),
the spins are angled in the x (y) direction. Once the magnetic anisotropy dominates the Zeeman energy,
when A/B > 0.5 or —A/B > 0.25, the preferred angle becomes finite and spins are tilted from the z axis.
Reproduced from [21]. Copyright 2021, American Physical Society.

domains of S, = t.. indeed appear when the anisotropy is sufficiently strong [see Sec. 5.7].

Let’s think about what happens when A < 0, the magneto-crystalline anisotropy prefers the spins to be
S, = (£1,0,0) and (0,+1,+1)/+/2. Combined with the Zeeman term, the easy axes result in lying in the
y-z plane in the spin space. The angle from the z axis can be calculated in a similar way as in the A > 0 case,
and the dashed curve in Fig. 5.8 shows the result. In the case of A < 0, § becomes finite for |A|/B > 0.25.

The magneto-crystalline anisotropy leads to the skyrmion deformation even when £ = e.. In Fig. 5.9,
we show the single skyrmion shape with BJ/D? = 0.70 for A = 0 (a), A = 0.5B (b), and A = —0.25B
(c), which indicates that the skyrmion shape for A > 0 (A < 0) is elongated in the x (y) direction. It is
sufficient to investigate the A > 0 case only, because our interest is the effect of the skyrmion deforms on
the inter-skyrmion interaction. Although the might be small quantitative changes in the interaction due to the
spin configuration near the skyrmion, the behavior is qualitatively the same for both cases, A > 0 and A < 0.

We thus discuss only the case of A > 0 in detail.

5.6.2 Inter-skyrmioin potential in single domain

Let’s discuss the inter-skyrmion interaction in the single domain, the spins are tilted from the z axis either
by +6 or —. We start from the simple case where ¢ = e,. When A/B < 0.5, the skyrmions are distorted

under the magneto-crystalline anisotropy and the background spins are along the z axis. Figure 5.10(a) shows
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(a) (b) 1.0
SZ
-1.0

Fig.5.9 Stable shape of the single-skyrmion (a) A = 0, (b) A = 0.5B, and A = —0.25B and at
BJ/D? = 0.70. These are obtained as a stationary solution by numerically solving the LLG equation. The
arrows denote the spin vector S, projected to the z-y plane, Sy and S¥, and the color plot indicates ;.
The circular shape at A = 0 (a) is elongated laterally (in the = direction) and vertically (in the y direction)
for A > 0 (b) and A < 0 (c), respectively. Reproduced from [21]. Copyright 2021, American Physical
Society.

the numerically obtained interaction potential V' ( R) between the two skyrmions alinged along the x axis with
BJ/D?* = 0.75 at A/B = 0.0,0.1,0.25,0.33,0.4, and 0.5. The attractive interaction appears at R > 2Ry,
and it becomes stronger for larger anisotropy constant A/B. However, even in the case of A/B = 0.5, the
potential depth remains shallow (a few percent of .J), which is the same order of magnitude as that under the
in-plane magnetic field. We also plot the interaction for analytic approximation V,p,(R) calculated from the
single-skyrmion shape. It well reproduces V' (R) at a large distance and up to around the potential minimum.
For example, when A/B = 0.4 where the potential minimum is located at R = 18 site, the two curves almost
become identical at R > 20.

Because the background magnetizations are not tilted, t = e, for A/B < 0.5, there is only the J term
which gives a finite contribution to A _ [see Eq. (5.25)]. Therefore, we can see that the attractive interaction
purely originates from the deformation of the skyrmion shape as discussed in Sec. 5.3.2. Figs. 5.5(c) and
5.9(b) indicate that the skyrmion deforms in such a way that the profile of the = component, S, expands,
which enhance the negative component to Eq. (5.27), giving rise to the attractive interaction along the x
direction.

When A/B > 0.5, the situation changes drastically. We show the interaction V' (R) of two skyrmions
lined up along the x axis with BJ/D? = 1.0 and at A/B = 0.67,1.0, and 2.0 in Fig. 5.11(a), (b), and
(c), respectively. The background spins are tilted from the z axis in these cases. The contributions to the
approximate interaction V,p,(R) are both from the J term and the D term. They are also shown in the same
plot. Interestingly, V' (R) in Fig. 5.11 appears to be much stronger than V,,,(R) especially around the potential
minimum, which is very different from Fig. 5.10. The attractive interaction becomes as large as 0.1.J to J for
A/B Z 0.5. One may see that the preferred distance for skyrmions, the distance which minimizes V' (R), is

smaller than that of Fig. 5.10. This is due to the different skyrmion size because of the different value of B;
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Fig.5.10  (a) Inter-skyrmion interaction V' (R) along the 2 direction with BJ/D? = 0.75 under the

magneto-crystalline anisotropy for 0 < A/B < 0.5, where the background spins are £ = e,. Shown are
the numerically obtained one V' (R) and the approximate one V;p, (R) for each case. (inset) Magnified view
of the potential up to R = 40 sites. (b)-(d) Stable single-skyrmion shape when (b) A/B = 0.5, (c) 0.4,
and (d) 0.0 and at BJ/D? = 0.75, obtained numerically. The details of the figures are the same as that in
Fig. 5.9. Although the distortion of the skyrmion in (b)-(d) is smaller compared with that in Figs. 5.9(a)
and (b), it has a significant effect on V(R), as shown in (a).

Stronger B favors the smaller skyrmions, but the depth of the potential is almost the same regardless of the
exact value of B.

The strong attractive interaction is thanks to the formation of a magnetic domain between the two skyrmions.
Differently from the in-plane magnetic field case, which is discussed in Sec. 5.5, there are two energetically
degenerate uniform states ¢ in this case. Thus, a small magnetic domain of S,. = £_ can be formed between

two skyrmions, when two skyrmions are placed in a FM state S, = ... In Figs. 5.11(d)—(f), we plot the spin
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configuration of two such skyrmions for B.J/D? = 1.0 and A/B = 1.0. The region of SZ < 0 is circled by the
domain wall of S? = 1, which tightly bounds the two skyrmions. Also, the two skyrmions are embedded on
the domain wall. The strong attraction suggests that the bound-state will be robust against external diffractions
such as thermal fluctuations.

In Fig. 5.12, we plot the relative angle dependence of the interaction, plotted as a function of R = (X,Y)
for A/B = 1.0 and BJ/D? = 1.0. Attractive interaction is found when the angle between the two skyrmions
is less than ~ 45° and otherwise repulsive. We note that qualitatively the same result of V(R), Fig. 5.12, is

obtained regardless of the exact value of A/B.

5.7 Elongated SkX and phase diagram in the presence of the

attraction

We have investigated the inter-skyrmion potential in anisotropic geometries. Next, we discuss the ground-
state lattice structures induced by the anisotropic attractive interaction, focusing on the case with the magnetic
anisotropy which stabilizes the magnetic domains between two skyrmions when A/B > 0.5.

In Table 5.2, we summarize the ground-state phase diagram depending on B and A/B. This is obtained
by the Monte Carlo (MC) simulations [see Sec. 5.4.3 in detail]. Regardless of the formation of the magnetic
domain, A/B < 0.5 or A/B > 0.5, there are two critical magnetic fields B, and Bg,. The uniform FM
phase, a single domain, appears at B > B, a SkX structure is obtained at B.;; < B < B, and a spin helix
state emerges at B < B.;. When A/B < 0.5, the FM phase points to the z axis [see Region (i) in Table 5.2].
By decreasing the magnetic field B below B, with keeping A/B as the same value, an elongated triangular
SkX along the y direction appears [see Region (ii)]. This distortion along the y direction is attributed to the
anisotropic property of the interaction, as shown in Fig. 5.12: The interval of the skyrmions in the z direction
is smaller than that in the y direction since the attractive interaction favors the smaller distance along the z
axis. Further lowering B below B, stabilizes a helical spin configuration [see Region (iii)]. On the other
hand when A/B > 0.5, the FM state is composed of the tilted spins S* # 1 due to the combined effect of the
magneto-crystalline anisotropy and the Zeeman energy. When the magnetic field is high enough, the system
prefers the single domain structure of the preferred directions £ [Region (iv)], since making the domain wall
is energetically refused. The lower magnetic field than B, [see Region (v)] prefers an elongated triangular
lattice along the y axis, similar to the case of Region (ii). However, unlike Region (ii), the background of
the lattice is composed of the magnetic domains of S = ¢... This results in that skyrmions line up along
the domain walls [see Fig. 5.14(c)]. In this Region, the domain walls are favored in terms of accompanying

skyrmions with them.
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Fig.5.11 (a)-(c) Interaction potential V' ( R) between two aligned skyrmions along the x axis in a magnetic
field of strength B.J /D2 = 1.0 and magneto-crystalline constant (a) A/B = 0.67, (b) 1.0, and (c) 2.0,
where the background spins are tilted from e. in the z-z plane. Numerically obtained interaction V' (R),
the approximate potential Vpp(R), and the two contributions from the J and the D terms in Eq. (5.25)
are shown. (d)-(f) Magnetization configurations of a double-skyrmion state with B.J/ D? = 1.0 and
A/B = 1.0 at a fixed relative position R = Re, with R = 14, and the color plots indicate (d) Sy, (e) S¥,
and (f) S;. A magnetic domain with S7. < 0 is formed between two skyrmions. They are surrounded by
the domain wall, S7 = 1, and give rise to the strong attractive potential as shown in (a)-(c). Reproduced

from [21]. Copyright 2021, American Physical Society.
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Fig.5.12 Inter-skyrmion potential V' ( R) for deformed skyrmions along x at relative position R = (X,Y).
The magnetic anisotropy constant is A/B = 1.0 and the external magnetic field is at BJ/D? = 1.0. No
matter A/B is below or above 0.5, the angular dependence is almost the same. Reproduced from [21].
Copyright 2021, American Physical Society.

Specifically, the topological object which appears in Region (v) is a bimeron, not a skyrmion [22]. Here, a
bimeron is a pair of merons and has the same topological charge as a skyrmion. It is the boundary condition
surrounding the object that differs between a skyrmion and a meron: The magnetization around a skyrmion
is pointing to the same direction, whereas that around a meron has a finite winding number 71 (S*) [147]. In
the system in consideration, a skyrmion lattice continuously changes to a bimeron lattice, as we increase A/B
and ¢ tilts from the z axis. For convenience, we express both of them as skyrmion in the thesis.

The critical magnetic fields B, and B, which appear in Table 5.2, depend on A/B. We find that B
is almost insensitive to A/B and is ~ 0.3D?/.J, while B strongly depends on the values of A/B. The
behavior of B, can be seen from the A/B vs. the single skyrmion excitation energy. If there was only
repulsive interaction, B, is determined as the magnetic field at which the single skyrmion excitation energy
(the energy to create a single skyrmion) in the FM state becomes zero: This is because the inter-skyrmion
interaction plays an important role only when the two skyrmions are close enough; The skyrmion lattice

becomes exactly the ground state once the excitation energy becomes negative in this case. In Fig. 5.13, the
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B A/B 0<A/B<0.5 0.5 < A/B
B2 < B (i) Single Domain (S, = 1) (iv) Tilted Single Domain (S, # 1 and S, # 0)

Ber1 < B < Bep | (ii) Elongated Triangular SkKX | (v) Elongated Triangular SkX with Magnetic Domains

B < Ben (iii) Helix

Table 5.2 Ground-state spin configurations obtained by the MC in a magneto-crystalline anisotropy A
and an magnetic field B points to the z axis. The value of critical magnetic fields B and B, depend on
A/B. The single domain phases at large magnetic field regions, (i) and (iv), mean the FM phase. For a
detailed explanation of the phases, see the text.

single-skyrmion excitation energy AE = Fi5x — Fferro is shown as a function of the external magnetic field
BJ/D? for various A/B. The strong dependence on A/B of the zero point of AE is consistent with that of
B> dependence. We note that, in the present case, the attractive interaction shifts the phase boundary.

To study the phase boundary of the FM — SkX, we use the LLG equation to calculate the energy of
the SkX state in the following way. We prepare a unit cell of size 2dz x 2dy and place two skyrmions at
(dz/2,dy/2) and (3dz/2,3dy/2) in such a way that a periodic arrangement of the system reproduces the
elongated triangular lattice found in the MC simulation. After relaxing the spin structure with the LLG
equation, we calculate the energy per spin of the stationary state. The optimal skyrmion interval, dz and dy,
are that minimize the one spin energy Eigin. In Fig. 5.14(a), we show E)pi, as a function of (dx, dy) with
A/B = 1.0 and BJ/D? = 0.625 (a-1), 0.65 (a-2), 0.66 (a-3), and 0.67 (a-4). Please note that the energy is
with respect to that of the FM state, S = ¢, . Given that the energy minimum exists and the energy is negative
in Figs. 5.14(a-1)-(a-3) clearly demonstrates that the SkX is the ground state at the corresponding magnetic
fields. The single-skyrmion excitation energy AE with A/B = 1.0 crosses zero when BJ/D? = 0.625
(Fig. 5.13), meaning that the SkX phase at B.J/D? > 0.625 is due to the skyrmion condensation induced by
the attraction. Increasing the magnetic field B enlarges the domain width in the y direction, and the domain
size eventually becomes comparable to the system size. This is nothing but the phase transition to the FM
phase. There is no energy minimum where 10 < dy < 40, as shown in Fig. 5.14(a-4). This indicates that the
phase boundary is at B.J/D? ~ 0.66.

The distribution of S* of the optimal lattice are shown in Figs. 5.14(b-1)-(b-3), which are obtained from
Figs. 5.14(a-1)-(a-3), respectively. It is visible that the magnetic domains of S* > 0 and S* < 0 (which
corresponds to the domains of § = ¢, and ¢_, respectively) alternately align in the y direction. Due to the
sign of the DM interaction (which favors counter crock-wise winding of spins in z-y plane in this model),
the spins above (below) the domain wall has S* > 0 (S* < 0). Therefore, skyrmions can only emerge on
the domain walls where S* becomes the same sign as the skyrmion structure, and they cannot appear on the

other ones. The inter-skyrmion energy between the two skyrmions in the y direction, over the domain wall, is
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Fig.5.13  Single skyrmion excitation energy, AE = Eis — Eferro, VS. BJ/ D? for various A /B. Repro-
duced from [21]. Copyright 2021, American Physical Society.

negligible; This is because the resulted energies for the skyrmions in the optimized SkX are almost the same
as those shown in Fig. 5.14(a).

In Fig. 5.14(a-4), we can find an optimal dz when we fix dy. This means that if several skyrmions are
excited, they align along the x axis with the spacing dz. We indeed find 1D skyrmion chains as a metastable
state from the MC simulation, shown in Fig. 5.14(c).

Finally, in Fig. 5.15(a), we mention the detailed ground-state phase diagram with A/B = 1.0 near B = Bqp.
Figures 5.15 (b) and (c) show the interaction potential V' (R) with B.J/D? = 1.0, same as that in Fig. 5.11(b),
and a zoom up of the single-skyrmion energy A F, same as that shown in Fig. 5.13, respectively. The attractive
interaction is ~ 0.6.J at the optimal distance, as Fig. 5.15(b) shows. The SkX phase is thus stabilized when
AE ~ 0.6J, the magnetization of which corresponds to B.J/D? < 0.66 as shown in Fig. 5.15(c). Interestingly,
this estimation coincides well with the numerically obtained result in Fig. 5.14. This indicates that the SkX
phase in the region is due to the energy gain from exciting the skyrmions, further confirmed from the fact
that AE < 0 for BJ/D? < 0.625 [see Fig. 5.15(a)]. Whereas, the SkX phase with 0.625 < B.J/D? < 0.66 is

attributed to the attractive interaction. The width along the magnetic field B in the region is almost the same
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Fig.5.14 (a) One spin energy Eispin of SkX obtained from a unit cell of size 2dx x 2dy with the periodic
boundaries. There are two skyrmions in it with (a-1) BJ/D? = 0.625, (a-2) 0.65, (a-3) 0.66, and (a-4)
0.67. The white letters indicate the optimal lattice spacing, dz and dy correspond to the energy minimum.
No minimum is found in (a-4). (b) Real space image of optimal SkX obtained in (a). The distributions of
S” are shown. (c) Plot of S® with BJ/D? = 1.0 found in the MC simulations. This is an excited state.
Reproduced from [21]. Copyright 2021, American Physical Society.

as the depth of the potential. When the magnetic field exceeds B.J/D? > 0.66, the ground state is replaced
by the FM phase, which can host a 1D skyrmion chain as an excited state [see Fig. 5.14(c)].

We note that when A/B < 0.5, we find phase boundary qualitatively the same. However, because of the
small inter-skyrmion interaction for A/B < 0.5, B is much narrower. We have confirmed that the in-plane
magnetic field also gives rise to the similar ground-state phase diagram as that of A/B < 0.5; It includes the

SkX phase induced by the attractive interaction and meta stable 1D skyrmion chain.

5.8 Tunable attraction by means of the in-plane magnetic field

We consider what happens when both effects, the in-plane magnetic field and the magneto-crystalline

anisotropy in a (011) thin film, are combined. Please note that the magnetic anisotropy in the section is
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Fig.5.15 (a) Detailed phase diagram near the second critical magnetic field B, with A/B = 1.0. In
terms of the origin of the SkX, the phase can be separated into two regions: One region is attributed to the
negative skyrmion excitation energy (BJ/D? < 0.625), and the other is attributed to the large attractive
interaction (0.625 < BJ/ D? < 0.66). Above BeaJ / D? = 0.66, skyrmions appear as excitations and line
up in a 1D chain due to the attractive interaction in the = direction. (b) Magnified view of the interaction
V(R) replotted the one in Fig. 5.11(b); The potential depth is |V (R)min| ~ 0.6J. (c) Magnified view of
Fig. 5.13, the single-skyrmion excitation energy AF vs. B.J/D? with A/B = 1.0. Solid arrow denotes
0F = |V (R)min| and dotted arrow indicates the corresponding 0 B, which determines the width of the SkX
phase induced by the attraction. Reproduced from [21]. Copyright 2021, American Physical Society.

the same as the A term. The anisotropy potential reads

Uiii(Sy) = — B(SZ cos ¢ + Sy sin ¢)

(S +S57)* L s SE)*

A x\4
+A|(SH i ,

(5.38)

where the stable FM state can be expressed by the same form as Eq. (5.36). However, in this case the in-plan
field lifts the degeneracy of the two easy-axes +£6 shown in Fig. 5.8. In Fig. 5.16(a) we show the preferred
angle 6 in this case and metastable solutions —@ for various tilting angle for magnetic field ¢. Notably, the
metastable solution (—#) disappears when A/B becomes small. It is only if the metastable solution ¢_ exists
that the two skyrmions strongly interact by forming a magnetic domain ¢_, when two skyrmions are embedded
in the uniform background S, = t..

We find the drastic change of the strength of the attraction V(R = Re, ), induced by the disappearance
of the metastable magnetic domain, shown in Fig. 5.16(b). V(R = Re,) for different ¢, ¢ = 17° and 30°

with A/B = 2.0, are shown in Fig. 5.16(b). Answering the appearance of the metastable domain solution,
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the interaction has a deep (shallow) dip with ¢ = 17° (30°). The inset in Fig. 5.16(b) displays that it is due to
the formation of the domain that the large attractive interaction is induced. This is seen from the fact that the
approximate interaction V,,(R) doesn’t reproduce V(R).

Let’s compare the potential depth with that of Fig. 5.11(c). The shallower potential for ¢ = 17° is because
of larger anisotropy energy of £_, appearing between two skyrmions, than that of the background spins. That
is, Uiii(f,) > [Jiii(f+), while they are the same for ¢ = 0. The shallower potential for ¢ = 30°, on the other
hand, is due to the change of the skyrmion deformation; Under an in-plane field tilted to the x axis, the S, < 0
(Sz > 0) component shrinks (expands) than the ¢ = 0 case, which causes smaller attraction [see Fig. 5.5(b)].

This deformation also affects the ¢ dependence of the interaction potential. Figure 5.17 shows the interaction
for various ¢ with keeping A/B = 0.5. This value, A/B = 0.5, means that no domain is formed between two
skyrmions. As we increase ¢, the attractive potential first gets larger and then becomes smaller. This behavior
is very different from that of A = 0 case [see Fig. 5.6], where the potential well monotonically becomes
deeper as we increase ¢. The inset convinces that the attraction comes mainly from the J term, the skyrmion

distortion. We note that the attraction is almost the same regardless of the value of B.

5.9 Attractive interactions with preserved C, symmetry

So far, we have focused on the (011) thin film since it breaks the Cy symmetry in spin space. In this section,
we treat a (001) thin film instead to see how the above results, especially in the absence of the in-plane
magnetic field, are modified. In this case, the C;y symmetry is preserved and the anisotropy potential is given
by A [(SE)* + (S¥)* + (S7)*]. It has eight easy-axes along (111) when A > 0 and six easy-axes along (100)
when A < 0. For A < 0, since the external magnetic field in the z direction resolves the degeneracy of the
easy axes and obviously prefers [001]. Thus, no domain is formed in this case. Whereas in case A > 0, the
spins in the system prefer a direction between the z axis and (111) direction, in a Zeeman field along the
z axis. We denote the angle between the thin film plane and the z axis as ¢ and calculate the optimal ¢ by
minimizing the single domain energy, similarly to the (011) film case. In Fig. 5.18(a), we show 0 vs. A/B.
As you see in the graph, A/B > 0.25 is the condition for the formation of domains. This suggests the strong
inter-skyrmion attraction may be found when A/B > 0.25.

We plot the inter-skyrmion interaction V(R = Re,;) in Fig. 5.18(b) under an out-of-plane (A/B = 0.2) and
tilted (A/B = 2.0) background FM spins. The interaction when A/B = 0.2 is always positive. The reason
for this is that the shape of a single-skyrmion is almost circular due to the preservation of the C; symmetry
in the spin space. On the other hand, when A/B = 2.0, the interaction is large attraction. This is attributed
to the domain formation between the two skyrmions, same as the case of A/B > 0.5 in a (011) film. The

smaller |V (7 )min| compared with Fig. 5.11(c) is again because of the Cy symmetry, since the distortion of the
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Fig.5.16 (a) Preferred angle 6 of a FM state under a tilted magnetic field to the x axis and the magneto-
crystalline anisotropy A > 0. A/B dependence of stable solution, > 0, and metastable one, 6 < 0, are
shown. We note that 6 and ¢ denote the directions of the background magnetizations and the tilted external
fields in the z-z plane. The metastable solution vanishes below a certain value of A/B. (b) Skyrmion-pair
potential V'(R) aligned along the z axis when BJ/D? = 0.5, A/B = 2.0, and ¢ = 17° and 30°. In both
cases, when ¢ = 17° and 30°, the background spins £ are tilted. Since the metastable solution exists only
when ¢ = 17°, the large attractive potential is found in the parameter. Whereas, for ¢ = 30°, the attractive
potential is found but quite small because of the absence of the domain of the § < 0 . Inset replots the
potential with ¢ = 17° in the main panel, the approximate one Vip,(R), and the J term and D terms in
Eq. (5.25). Reproduced from [21]. Copyright 2021, American Physical Society.
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Fig.5.17  Pair potential V' (R) between two skyrmions lined up in the = direction with A/B = 0.5,

BJ/D? = 0.75 and ¢ = 17°,22°, and 30°. Inset shows the comparison of the data at ¢ = 17° with the
approximate potential Vipp(R), and the J and D terms in Eq. (5.25), which contributes to the interaction.

skyrmion is smaller. This is seen from the inset of Fig. 5.18(b), where we show the approximate expression
Vapp(Re,) and the contributions from both the J and D terms. Since the J term contribution doesn’t obtain
the attraction, we conclude that the deformation of the skyrmion does not enhance the attraction.

The relative position dependence of the interaction is plotted in Fig. 5.19, which clearly shows the C4
symmetry. Although the maximum attractive interaction is a bit smaller than that of a (011) film, the
interesting point is that the attraction can be found in all the relative directions, unlike the (011) film case.
There are 4 kinds of magnetic domains in the system (i.e., 4 different directions are found as solutions of the
stable uniform state), and the magnetic domain is formed between two skyrmions along the x or the y axis.

We mention the ground-state phase diagram. There are two main differences from that of a (011) film case.
Firstly, the SkX phase stabilized by the attraction appears only when A/B > 0.25. Secondly, due to the Cy
symmetry, a square lattice of skyrmions becomes stable in the intermediate strength of the magnetic field, and

the four energetically degenerate magnetic domains align alternatively.
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Fig.5.18 (a) |A|/B dependence of favorable angle 6 from the z direction of a FM spins in a (001) film.
We replot the ones for (011) film [see Fig. 5.8] as a guide for the eye. When A < 0, the spins are parallel
to the z direction regardless of the value of |A|/B, while the tilted spins, along the [110] direction from
e., are preferred when the magnetic anisotropy dominates the Zeeman field at A/B > 0.25. (b) Pair
interaction potentials V' (R) for the skyrmions along the x axis with a magnetic field BJ/D? = 0.75 and
the magneto-crystalline anisotropy A/B = 2.0 and 0.2. Inset displays the V' (R) with A/B = 2.0 in the
main panel, the approximate potential at a large distance Vip,(R), and the two contributions from the J
and the D terms. Reproduced from [21]. Copyright 2021, American Physical Society.
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Fig.5.19 Relative position R = (X,Y") dependence of the inter-skyrmion interaction V' (R) on a (001)
thin film. The magneto-crystalline anisotropy is A/B = 1.0 and the magnetic field is B.J/D? = 0.75. The
potential V (R) reflects the fact that the Cy symmetry is preserved in the system. Reproduced from [21].
Copyright 2021, American Physical Society.

5.10 Complementary issues

5.10.1 Actual values of the magneto-crystalline anisotropy coefficient A in real mate-

rials

Our calculations requires |A|/Ber2 > 0.5 to realize the large attraction and the domain wall skyrmions. The
reported values of the ratio in real materials are | A|/ B2 ~ 0.00364, |A|/Ber2 ~ 0.385, and |A|/ B2 ~ 1.59
in a Cuy,0SeO3 thin film at 5 K [107, 148, 149], in a Fey.7Cog 3Si thin film at 5 K [150, 151], and in a
Cog 5Zn7 sMny thin film at 330 K [103, 22], respectively. In the last case, Cog 5Zn7 sMny, the domain wall

skyrmions (or bimerons) certainly appears in a very thin film with ~ 50 nm thick.
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5.10.2 Bound states at finite temperature

We comment on the relevance of the pair interaction obtained at O K to finite temperature. The large binding
energy, |V (R)min|, as large as J, is of the order of the energy of one skyrmion: Assuming a single-skyrmion
embedded in a uniform magnetizations, the amount of the J and D terms [see Eq. (5.8)] is evaluated to be
mJ/2 by using |[Vn|? ~ 1/R% and V x n ~ —1/Ry where we consider only inside of the area mR% at
Ry ~ Ja/D. Although the energy per spin is very small because of many spins involved in a skyrmion.
Given that skyrmions are in fact observed in large thermal fluctuations at room temperature, however, the
skyrmion-bound states which possess comparable binding energies might be also observable in a similar

temperature.

5.10.3 Attractive interactions in the 3D cone phase

We also comment on the inter-skyrmion interactions in the 3D configuration, by applying our model to a 2D
cross-section. Experimentally, the attractive inter-skyrmion interaction of skyrmions in the 3D cone phase is
reported [17, 18]. We think that this can also be explained in our framework; The skyrmion tube structure
has a tilted magnetization in the background. This is a similar situation to the tilted magnetic field case where
skyrmions are not circularly symmetric anymore. Applying our result, the relative angle dependence of the

sign of the interaction, we find that the stacking of the 2D planes results in an attractive interaction on average.

5.10.4 Effect of the dipole-dipole interaction

In the above calculations, we ignored the dipole-dipole interaction (DDI). Even when A = 0, DDI enlarges
the size of the skyrmions and shifts the phase boundary of the SkX and FM states. When A # 0, it enhances
the deformation of the skyrmion shape and quantitatively modifies the skyrmion-pair potential. Leaving the
detailed study of this as future work, we have numerically found that the results of the thesis are the same
even with the DDI. In the following, we show numerical data.

The DDI Hamiltonian reads

Sry - Sry — 3(Sr, - #12)(Sp, - T12)
71 — 7o

Hppr = gaa Y

1,72

) (5.39)

where gaq = 10 M?2/(47), pio is the vacuum permeability, M denotes the magnitude of the magnetic moments,
and we define ’I’A’lg = (7‘1 — 1"2)/|’I"1 — 7'2‘.
In Fig. 5.20(a), we show the comparison of the interaction V' (R) with and without Hppy, when A = ¢ = 0.

The V(R) is isotropic repulsion for both cases. In the calculation, gqq/a® = 0.00439.J is used in such a way
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that the skyrmion size is visibly changed. One can see that the skyrmion size is indeed increased from the shift
of V(R) with DDI to the right in Fig. 5.20(a). The Hppy only enlarges the skyrmion. The inset of Fig. 5.20(a)
compares V (R) and Vi, (R) with Hppr, demonstrating that the dipole interaction commits to V' (R) only via
the J term in Eq. (5.25).

On the other hand, when skyrmion is in the tilted background magnetization, the DDI non-trivially modifies
the inter-skyrmion potential. Figure 5.20(b) displays V (Re,) with A/B = 1.0 and ¢ = 0 in the presence and
absence of the DDI, where the same gqq as Fig. 5.20(a) is used. Notably, as for the A # 0, Hpp; enhances the
attraction. Furthermore, due to its long-range nature, the DDI may also modify the approximate interaction
potential, Eq. (5.19). We also plot the V,,,(R) in Fig. 5.20(b) with or without the DDI, from which one
can see that the V,p,(R), especially with the DDI case, does not reproduces the pair-potential even at a large
distance. In Fig. 5.20(c), we compare V (R) with the DDI at ggq/a® = 0.00439.J (replotted) and larger one
gada/a® = 0.0196.J. It follows that the larger DDI not only deepens the attraction but also makes the potential
more long-ranged. Although the larger DDI hardly changes the qualitative spin profile in the real space, as
the Fig. 5.20(d) shows, Hpp; modifies the configuration as if the A term is enlarged; It prefers the in-plane

magnetization.

5.11 Conclusion

In conclusion, we studied inter-skyrmion interactions and (meta)stable spin states in 2D chiral magnets on
a (011) thin film. The film is assumed to be under a (tilted) magnetic field and/or the magnetocrystalline
anisotropy. We find the approximate expression of the interaction V,,,(R) at a large distance, using a single
skyrmion configuration. V,,,(R) can predict that the deformation of a skyrmion shape may lead to the sign
change of the inter-skyrmion interaction. Numerical calculations back up the exhibition of the attractive
interaction in an anisotropic geometry; When A = 0 or ¢ = 0 and A/B < 0.5, V(R) is a weak attraction
in a certain direction and consistent with V,,,(R). However, under the sufficiently large magnetocrystalline
anisotropy (¢ = 0 and A/B > 0.5), the attractive interaction becomes much larger than that predicted by
Vapp(R). The giant attractive interaction, ~ J, is due to the magnetic domain formation between the two
interacting skyrmions. Notably, the magnitude of the attraction can be controlled by the direction of the
in-plane magnetic field by two orders of magnitude. The possible high controllability of the interactions,
demonstrated here, may pave the way to utilize skyrmions as an information carrier.

In the vicinity of the SkX-FM phase boundary, the inter-skyrmion attraction stabilizes the distorted SkX
as a ground state. It accompanies the magnetic domain wall in the background of the skyrmions. The strong
attraction also enhances the upper critical magnetic field of the SkX in the phase diagram. We also find the

1D alignments of bound skyrmions as an excitation in the FM state.
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Fig.5.20 (a) Interaction potential V (R) with or without the Hpp; at A/B = 0.0 and gaq/a® = 0.00439.J.
The inset shows V' (R) with Hppr in the main panel and the approximate potential Vi, (R). The relative
position of the two skyrmions is R = Re, with ¢ = 0 and BJ/D? = 0.9. (b) V(R) with or without the
Hppr at A/B = 1.0 and gaa/a® = 0.00439.J. Other parameters are the same as that in (a). Approximate
potentials V;pp(R) in the presence/ absence of the DDI are also shown in the same panel. (c) Interaction
potential V(R) with the Hppr at A/B = 1.0 and gga/a® = 0.00439.J (replotted) or 0.0196.J. Other
parameters are the same as that in (a). (d) Magnetization configuration of a bound two skyrmions at a
relative distance R = 14 in (c) with the larger DDI, with g4q/a® = 0.0196J. The color plots denote S¥
and the black arrows show the in-plane (x-y plane) spin vector components.



Chapter 6

Conclusion

In the doctoral study, we investigated magnetically ordered spin configurations using atomistic spin dynamics
simulations. Especially, we focused on spin states in amorphous and chiral magnets, which are capable of
spintronics applications.

In terms of the spin dynamics simulations in amorphous ferromagnets Co,P, we demonstrated a model
which combine RMC and ASD methods, to calculate the magnetic excitation spectra. It enables accurate
calculation by reproducing realistic atomic structure and including magnon interactions up to all orders. Using
the model, we have found that Co4P has magnons which follow the Bloch’s law, consistent with experiments
and similar to that in crystal ferromagnets. There are two parabolas in the magnetic excitation spectrum. First
dip is centered at Q ~ 0 and second one is at Q ~ 3 A~!. The second dip, conventionally called “roton-like
feature”, may be interpreted in terms of the magnon Umklapp scattering. This may be caused by the residual
ordering in the re-created amorphous structure. The energy spectrum of CosP looks very similar to that of
FCC Co up to the first Brillouin Zone. However, unlike crystals it is not periodic and second dip is not repeated
at higher wavenumbers. We found that energy spectrum in QCA correctly predicts the spectra at () ~ 0 and
at high frequency region. The method for investigating the magnetic properties of amorphous magnets can
be applied to other magnetism, such as antiferromagnets and spin glasses. It can also be extended to study
the spin transport properties, i.e. using the Kubo formula [152], and may pave the way to utilize amorphous
magnets as magnetic devices in the field of spintronics.

In terms of the anisotropic magnetic skyrmions in chiral magnets, we found the analytic expression of
approximated inter-skyrmion interaction at a large distance from a single skyrmion configuration. Two
mechanisms of inducing the attractive interactions are revealed: a small deformation of skyrmion shape or
formation of magnetic domain between two skyrmions. The latter induces small attractions and latter causes
large attractions. The large attraction in the latter case affects the ground state SkX and elongated triangular
bimeron lattice appears with magnetic domains in the background. Due to the large attraction, there is an

area in the phase diagram where the SkX is sustained by the attractive interaction. In addition, we found the
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attraction can be tuned in the range over double-digit by the in-plane magnetic field.

In this study, we have focused on 2D systems and ignored inter-layer interactions, i.e., in bilayer and
multilayer systems. This interaction does not contain the spacial derivatives and does not change Eq. (5.19);
We believe that the qualitative behavior of the skyrmion-skyrmion interaction is unchanged and leave the
quantitative investigation as future work. The extension of the model to the multilayer systems may find a
way of controlling the skyrmion qubits [153, 154, 155]. Similarly, time-dependent modulation of skyrmion
shape, caused by the thermal fluctuations, etc., is also expected to adjust the skyrmion-skyrmion interaction.

The result of the work would be a guiding principle for controlling the effective skyrmion pair potential.



Appendix

A Validation of the simulation at small wavenumber region

We note how our energy spectrum using JAMS (the name of our program), e’AMS(Q), is quantitatively related

to the QCA spectrum, eQC4(Q),

QA (Q) = 25NV / dri; 7 (i) g (i) (1 — €197, (A1)

where we include the original coefficients introduced by Kaneyoshi; Since the integrand is isotropic (meaning

we can integrate over angular variables), Eq. (A.1) is rewritten as

QCA /Ay oo i) ( _sinQri)
€ (Q)—%/drw T JOJ g(rij) (1 QTZ-]-J , (A2)

where J# = 8S7mpcoJy. Note that Eq. (A.1) can be exact in the case of lattice if we rewrite J(r;;) — J(74;)

and g(’l“,'j) — g(’l"ij).

Let us confirm that our spectra ¢/AM3(Q) obtains quantitatively equivalent dispersion relation to Eq. (A.2),

by inserting specific values: Jo = 2.8 x 1072 [J] =17.478 [meV], pc, = 0.8p = 0.0536, S = 1.

€QCA(Q)[meV] = 23.544 / drij J(;;j) x g(rij) (1 - Slg%) . (A.3)

In the limit of @ — 0, Eq. (A.3) is approximated to

J(ri5)

7 n(T’ij)(QT'ij)2. (A4)
0

QA (Q)[meV] = 5.83 / drij

where we used the relation n(r) = 4wpcor?g(r).
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To be specific, we consider FCC lattice: n(r) = z$8c0(r — rom.) + ...) and J(ri;) = JoO(ram. — 7);

eQCA(Q)[meV] = 5.83/ o drij z%sctcé(r — rn,n,)(Qrij)Q
0

=95.83 X Zé%c Thn, X Q2 (AS)

Inserting 2(%- = 12 and rp, , = “Fﬁ gives

€A (Q)[meV] = 49.5 X apcc X Q% (A.6)

In our program, ¢(Q)?AMS is defined as

h
6JAMS[ %

(1 —eQrid), (A7)

meV](

'L]JAMS
ij

By inserting values vy, = 1.76 x 10 [s7IT71], Jy = 2.8 x 1072 [J], p = 1.0up = 9.27 x 10~ 24[JT1],

34.84 < J(ri;)
N ~ Jo ZijJAMs(

AMSmeV](Q) = 1—e'Qris), (A.8)

Note that the transformation coefficient from [J] to [meV] is 6.242x102!. Above equation can be rewritten as

34.84 J(r 1]) ,
N Jo Zij s ans

ij

EJAMS [meV] (Q)

(1= cosQry5), (A.9)

where r : is the vertical component to @ and z; ans 18 the number of interacting spins under specific J(r;;).

In the limit of @ — 0, Eq. (A.9) is approx1mated to

MM meV](Q) = 17]'\;12 Z J(;;j)z;jJAMS (rilj)z Q2. (A.10)

ij

In the case of FCC lattice: J(r;;) = JoO(run. — 1),

MM meV](Q) = 1742 x 2, (rm . )? x Q2. (A.11)
Using the relations,
/ 2 1st
Zn.n.JAMS = gZFCC’ (A'lz)
o S (A.13)

N.N.JAMS ﬂrn.n.a
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it follows that

MM meV](Q) = 5.81 x 2zt (rn)? x Q2. (A.14)

We can clearly see that Eq. (A.6) and Eq. (A.14) have almost the same coeflicient before 2.

B Derivation of the amorphous neutron scattering cross-section

Following a book [94], we derive suitable expression of cross-section for (polarized neutron beam’s) magnetic

inelastic scattering, which can also be used in amorphous magnetic systems.

B.1 Elastic scattering

There are several good reasons why thermal neutrons are widely used in the field of condensed matter physics;
Firstly, they have comparable wavelength to the space between nuclei in crystals.c Secondly, the energy is of
the same order as the excitations in solids, liquids, and gases. Thirdly, they are neutral particles and have
magnetic moments.

Let us derive the general expression for the neutron cross-section. Let U be the initial state of a neutron,
and V- be the final (scattered) state of a neutron. If the incident flux (number of the neutrons per unit area

& per unit time) is NVy,, then the scattered neutrons into the solid angle d$2 = sinfdfd¢ per unit time is

do

Nindig

s, (B.)

where ‘fi—g is the differential cross section. In order to calculate 3—8 in the case of elastic scattering, the

transition probability from Wq to Wy is necessary. This probably is given by Fermi’s Golden rule

2
oo (E), (B.2)

2 ~
Woogr = % ’/dr%,v%

where V is the potential which causes the transition, and pg’(E) is the DOS of final states per unit range of

energy. We assume that the system is consist of free electrons, meaning

1
Vg = T3 exp(iQ - ), (B.3)
L\*d L\?
par(B) = (%) - (27r> nain. (B4

Here we used dQ = Q?dQ)dk and E =

212 <
h22 , and assumed the volume of the system is L3. The incident flux
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velocity of incident neutron flux)/L3 = hQ{ . (B.5)
( mL3
From (B.2), (B.4), and (B.5),
dO = Wg_, ¢ /(incident flux) (B.6)
2
_ 716 m 2 * Y
~I (Wﬂ) ‘/dr\I/Q,V\I'Q 0 (B.7)
m 2 N
= (50) 1@1V1Q) 20 (B.3)
The scattering amplitude F(Q, Q’) is defined as
de
0~ [F@.Q)P. (B.9)
From Eq. (B.8), we can take
n__m Ry,
FQ.Q) =555 (@IVIQ). (B.10)

B.2 Inelastic scattering

In this case, the initial and final change by an energy difference. Let’s say they are |\) and |\') respectively,

having energies ) and E)/. The cross-section becomes

doe Q'

2 ~
AQgasgn | Q (502) l@XIVIQN) P (B.11)

They should conserve the energy

h2 2
@ + FEy) = + Ey. (B.12)
2m 2m

Building the condition into the cross-section to define a "partial differential cross-section" as

d?0 Q s m \2 N
T ornarr = 0 (aeiz) H@XIVIQN) Polho + By~ Ex) (B.13)



B Derivation of the amorphous neutron scattering cross-section

93

where £/ = E, and

o = 2 (@2~ Q) = Ex— By. (B.14)
m

We have to sum Eq. (B.13) over all possible final states of the targets |\’), and average it over all the possible
initial states. Initial states occur with probabilities py, and we also take into account the spin states of neutrons

(denoted by ©, ©’). The master formula is

d*e "romo\2 .
15— & (5z) Somre X (QON|VIQON Polhw + By~ Bx).  (B1S)
A0 PN

Note that above equation is the first Born approximation to the cross-section (Eq. (B.2) is derived from

perturbation theory).

B.3 Coherent and incoherent scattering

From experimental results, nucleon-nucleon interaction is a very short range (~ 10~%A), which is much less
than the thermal neutrons’ wavelength (~ 1A). So the scattering is isotropic, containing only s-wave. The
scattering can be characterized by one parameter: scattering length £ (complex). For now, we assume that the

target is single spinless isotope with having a scattering length &.

It is only V/(r) o &(r) which gives isotropic scattering when we use the Born approximation (cf. Fermi

1936). If the nucleus is at position R, the Fermi pseudo potential is

_ 2 h?
T om

V(r)

&(r— R). (B.16)

Note that above equation is just a formal artifice. Substituting above Eq. into Eq. (B.10), the scattering

amplitude is given by (we take R = 0)

m 2mh? P .
F = 52 §/drexp(—zQ -1)d(1r)exp(iQ - T)
= —¢. (B.17)
Giving rise to
do

Jq = |¢? and ©¢ = 4r¢]?, (B.18)
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where O is the total cross-section.
Next, let’s consider a scattering from an array of V;, nuclei, which are rigidly bound at site R;. We
remove the restriction that a target is single spinless isotope. The each scattering length is denoted as ;. The

interaction potential is

m

R 2
ey = 220 S &d(r — Ry). (B.19)
l

The cross-section is

d2@ / 2
T = % (500) Yopave D 1(ONexpli(Q — Q') - R) [OX) [*(hw + Ex = Ex),  (B.20)
2,0 \,0/

since (Q'| V' |Q) is now

. 2
Q'v\Q) = 27;? > & /drexp(—z’Q' -1)8(r — Ry)exp(iQ - 1)
l
2
= Taenl(@- Q) R B.21)

In the case of crystal, the energy can be approximated that it is independent both of isotope distribution and
the states of nuclear spins, which are the only states the quantum numbers A, )\’ refer to. So the scattering is

elastic, and the cross-section is reduces to

O =Y pape e (i(Q Q) (R — Ru)} (OM & [ON). (B22)
A0

L

Expressing
G&=> pN&gaN (B.23)
A
is convenient. Using the expression and 3, pe = 1, Eq. (B.22) is now

d -
P =Y e (i@~ @) (R~ R)IGE. (B.24)

LU
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Since &; and ¢; are not correlated,

Ga=4= 7 GfL#1), (B.25)
Ga=1aP =[P Gf1=1), (B.26)
(B.27)
so in general
& =€+ o (€2 — [€]%). (B.28)

We can substitute above equation into Eq. (B.24), to obtain

00 = e ((Q Q') (Ry— Ru)} 6+ b1 (EF — )]

LU

_(dey , (d®
a dQ coh df2 incoh’

> exp(i(Q - Q') - Ry)
l

2

=[P + [Nin|€ — €2 (B.29)

Physical meaning of the coherent and incoherent scattering are follows; The "mean scattering potential” is
the only component which affects on the interference, thus coherent potential is proportional to £ (average over
all different scattering lengths £). Whereas the deviations from the mean potential distribute randomly, and

they cannot interfere, thus the incoherent potential is proportional to |¢ — £|2 (mean-square of the deviation).

B.4 Scattering by magnetic interactions

We first review the cross-sections for scattering by unpaired electrons. We handle two cases (a) when the
unpaired electrons’ wave functions are localized and (b) when the itinerant behaviors are allowed. The
Hamiltonian in the case of single neutron with magnetic moment p and mass M in magnetic field B and

electric field E is (up to the order of 1/m?)

B . 1 . . hu -

where the second term is the only magnetic interaction among the four (the first term is the kinetic energy, the
third term is the third and fourth terms is important when we consider polarized neutrons).

Let’s focus on the interaction with magnetic field arising from the unpaired electrons in crystals. Rewriting
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the second term

—fi-B=—9,un® B (7, =-1.91), (B.31)

B due to a moving single electron (with spin s, mass m,, and velocity V.) is

sxX R eV. xR
Brot< E >c RP (B.32)

due to Biot - Savart law. Here we assumed that v. << ¢, where the origin of R is where the electron is. The

second term is now

N A SXR e R O©xR OxR N
_H~B—'76,UN{2MB®~I'O‘E (m>—m<pe- R + E -Pe>}7 (B.33)

where the second term is due to the operator nature of p, = mV. (This means that —f - B was chosen to
satisfy = HT). The first term is classically dipole-dipole interaction and the second term is due to the

electron’s motion. Substituting above equation into Eq. (B.13) gives the cross-section in this case as

d*e

m 2 2 Q'
045 (W) (2vepnps)’ Y apAP@CS(hN + Ex — Ex)
AN
2

X

(B.34)

.§i><R) 1<A ®xR OxR

A=Y A o . -y
<QA@\;@ rot( &P o \P RE T RP pz> [a2%5)

The matrix elements (Q’| >, © - ot (71%5) - 5 (i)i . OxR éﬁg : j)i) |Q) can be calculated by utilizing

the relations

|R|
1 1 R o
= ‘ﬁ/dqqﬁ {g % (3 x q)} TR, (B.35)
as
(Q'|© - rot <§TI;<|31{> |Q) = 4mexp(ir - 7;,)O - {k x (8; X k)}, (B.36)
® xR A X
Q|- W Q) = —ﬁ’exp(m 70 - (& x py), (B.37)

where k = (Q — Q') and kK = k/|k|, and r; is the position of the i-th electron. Here we used the relation
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r=r;+ R.

Since exp(ik - ;) commutes with &£ x p,, we can rewrite the cross-section as

d*e

m 2 ! R .
dQdE (27rh2) (8mvepnpin)” ) gPMD®| (AB|©-Q, [NO)|? x §(hw + Ex — Ey),

AN©
where we defined Q | as

7

Q, Ezi:exp(m~m){f€><§i X’%_M(’%Xi’i)}'

If we focus on unpolarized neutron scatterings,

Zp@ <®‘ éaéb |®> = 5(1, by
S)

2
where a, b are x,y, z components. Using 5% - 8Ty un B = 2= (N = Q;Lhc), we have finally
p

mec

d*e Yee? 2 Q' .
s = (25) S Tml QU P x alhe + By - Bx)
¢ AN

= %62 2Q/ P 3T 1\ A
= (mecz> G 2 0an = Faf) 3 pa A QLIN) (V] Qu 1),

ab AN
where Q| = & x (Q x &) and Qi Q= > ap(Gap — Fafip)Qf Qp were used.

In many cases, the orbital moment is quenched or zero. In this case, Q is simplified to

Q= Zexp(in 1) 8.

(B.38)

(B.39)

(B.40)

(B.41)

(B.42)

In the case of crystal, all sites are identical, so they can be specified by a vector R;; =l + d, where [ is the

position of unit cell (lattice vector) and d is the position of atoms in the unitcell. This allows us to rewrite Eq.

(B.42) as

Q=> expl(ir- Rig) Y exp(ir - 1,)3;.
l,d

v(d)

(B.43)

In the ground state, the spins will be coupled together to obtain total spins S,4. This is the only vector in Q,
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so it must be proportional to S (Wigner-Eckart theorem). We can rewrite (\'| Q |\) in Eq. (B.41) as

(NQIN) = exp(ik - Ria)Fa(k) (N| Sia | ), (B.44)
l,d

where F;(x) is the Fourier transformation of (normalized) spin density which is associated with the d-th site
ion, called form factor. Inserting above equation into Eq. (B.41) gives the partial differential cross-section

due to the scattering with only spin angular momentum as

a2 vee2 \ 2 Q' o i} .
015~ (25) G s =) S S R o i (Rew — Run)
€ a,b AN l,d U,d

x (A S8 XY (N[ 864 |A) 6(hw + Ex — Ex). (B.45)

If we want to take the orbital momentum into account, the cross-section becomes

2 e2 2 2 Ay
d?ld%’ = ( Je > {;(JF(“)} % Z((sa#b — RaRp) ZPA Z Zexp {ik - (Ryar — Ryq)}

2
meC
¢ a,b AN l,d U,d

x (NS INY (N 8h g [N 8(hw + Ex — Ex). (B.46)

where F(k) = jo2* + (jo + j2)(=2*) (jo, Jj2 are spherical Bessel functions of order 0, 2, and gupS is the
total magnetic moment of each ion). Note that here we assumed the wave functions of the unpaired electrons

have much smaller momentum than || (dipole approximation).

B.5 Elastic magnetic scattering

The elastic scattering due to magnetic interactions are used in two ways. (a) Determinate magnetic structures
such as directions and positions of the spins, and (b) get the information on magnetic form factors which
reflects the properties of the unpaired spins.

In the case of scatterings due to purely magnetic interactions, the starting point is Eq. (B.46). Elastic

scattering requires £\ = E/, so

de vee2 \2 (1 Q L . Sa &b
o= (25) {3or0 ) & S un fui) X S exp i (R~ R} (1S3 (A1 SE 1)
a,b A T

(B.47)

Note that we assume the system is Bravais lattice and choose the quantization axis to be parallel to the mean
direction of all the spins (such as z axis, so that the density matrix is diagonal).

We want to estimate >, px (A| S¢ [A) (A| S5 |A). This is different from ($¢5%). In the case of ferromagnet,
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we can choose the states |\) to be independent of the positions of spins R;. Under this condition,

1 1
N </\‘ S total |)‘> N ll z <)\| S total |)‘> (B48)

(A7 |A) =

obviously S2 .., = 3", 57.

B.6 Correlation functions in magnetic scattering

In the localized model, we found Eq. (B.46) is the cross-section due to the magnetic scatterings in crystal.
The orbital motion of the spins are taken into account under dipole approximation. To rewrite Eq. (B.46)

using a correlation function, we use delta function of the integral representation as

Zp)\ (Al exp(—ik - Riq) S |NY (N exp(—ik - Ryrg)Shy [N 6(hw + Ex — Ex)
AN

= ng = / dt exp(—iwt) (A exp(—ik - Riq)SY |\)
AN

X </\’| exp(iHt/h)exp(—ik - Ry )exp(—iHt/h + iHt/h) S yexp(—iHt/h) |\)

- / dt exp(—icot) {exp(—ir - Ria(0))Sfy(0)exp(—ir - Ruar (1))Sh (1)). (B.49)

Here we used exp(ik - R(t)) = exp(iHt/h)exp(ik - R)exp(—iHt/h). The above equation can be rewritten

- ﬁlh O;dt exp(—iwt) <exp(—in - R14(0))S74(0) / dr'exp(ir - v')8(r' — Ry (t))Shy (t)>
= % _O:o dt exp(—iwt) </ dr exp(ik - r)d(r — Rld(o))glad(o) / dr'explire - 1)3(r' = Rl/d,(t))glb,d/ (t)>
_ % oo dt exp( i) </dr exp(ik - )8 (r + ﬁld(o))gﬁd(o)/d,«/exp(m ~r)s(r' — Rl/d'(t))s'zb/d' (t)>

— dt / dr exp(ik - 7 — iwt) / dr (r + Ryg(0) — )83 (0)d(r —Rl/d/(t))gf’,d,(t)>. (B.50)

Hence the partial differential cross-section Eq. (B.46) can be rewritten as

d*e B ~ee? ’(1 2Q’ oo
ddE (mec2> {29F(”)} q 2o = Fak)

a,b

27rh/ dt /dr exp(ik - 7 — iwt)Tap(r, 1), (B.51)

where Nj, is the total number of unit cells, and

ol )= — 35 / v’ (5(r + Rua(0) — #)$0(0050 — Rua ()50 (0)) . (B52)

_N
modv.d
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To a good approximation, it is known that the motion of ions are independent of the direction of spins (since

the spin dependent force is small). So I'y;(7,t) becomes

Fab’l“t

Z 3 (38,(0)58 4 (1)) / dr' <5(r + Rya(0) — #)3(r' — Ryw (t))> . (B.53)

mldl’d’

In the case of the system is a Bravais lattice,

Lop(r,t) Z'yab (1,)&(r, 1) (B.54)

Yav(l,t) = = D (85 (0)50, 11 (1)) = Yan(l, 00) + 7ap (L, 2) (B.55)

®i(r 1) = /dr/ (8 + Rof0) — #)5(+" — Rult)) )

= &(r,00) + &(r,t). (B.56)

In the above equation, &;(r, c0) and ~y,; (7, o0) mean the limit of ¢ — co. In this limit, the correlations between
the two terms of the right hand side of Eq. (B.55) and (B.56) disappear. This vanishes the time dependence of
both functions. Also, in the case of liquid, the density is uniform (let’s say p) in the system. So &,(r, 00) = p

and &7 (r,00) = 0 ("&*" means the self correlation). So I'y;(r, t) becomes

Cap(r,t) Z%b (1,00)8;(r,0) +Z’yab (1,00)8(r,t) +Z'yab L, t)®(r,00) —|—Z%b L) (r,t).

(B.57)

The first term is the elastic magnetic scattering, the second term is elastic magnetic scattering and inelastic
vibrational (phonon) scattering (called "magnetovibrational scattering"), the third term is inelastic magnetic

scattering, and the last term is inelastic scatterings due to both spin and phonon systems.

B.7 scattering from phonons

To evaluate &;(r,00) in Eq. (B.57), let us treat scatterings from phonons. We consider calculating the
cross-sections when the configuration of nuclei can deviate from the equilibrium one. The system is assumed
to be periodic. Initially, we will focus on the case that the displacements are up to quadratic terms, which
is called harmonic approximation, giving rise to a non-interacting phonons. Let us say that u(R;) is the
deviation from lattice, which is assumed to be a Bravais lattice. The potential energy U of the system is the

lowest when all the deviations u(R;) are zero. Expanding U around the potential in equilibrium Uy, in a series
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gives

N —

U=Up=5>_> ua(Ri)Aa(l,!')up(Ry) + (higher order), (B.58)
a,l bl

where A (1, 1) is the second-order differential coefficient. This satisfies

A1) = Apa (1) = Agp(1 = 1') = Apa (1, 1), (B.59)

since all the atoms are symmetric if it’s a crystal. In this case the equation of motion reads
Miig(Ry) = = Aap(1,1)up(1). (B.60)
b,

The right hand side of above equation should vanish when all the nuclei moves to the same direction at the
same time (by identical amount). So ), Au(1,1") = 0. Assuming that the time dependence is exp(—iwyt),the

EOM becomes

Muwua(Ri) = Aap (1,1 Yup(l'). (B.61)
bl

Using the lattice’s translational symmetry, we can assume

ta(R)) = %exp(iq ‘R)). (B.62)

Now the EOM can be written as

Mw2O, = exp(—iq- R)) Z Aap(1, 1 exp(iq - Ry)Oy
bl

= Aa(exp(—iq - R)Oy. (B.63)

b,1

Corresponding to three values of a, there are three corresponding solutions of w?. Let’s express this fact by

denoting w;(q), where index j takes three values. The EOM is now

w3 (q)0i(q) = Auw(9)0](a). (B.64)
b

Aula) = 12 3 Auwllesp(—iq - Ry). (B.65)
l
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The latter of above equation tells that

w5(@) = Aap(—q). (B.66)

If all the sites are the center of symmetry, such as a Bravais lattice case,

(@) = Aaw(q). (B.67)

We assume ©37(q) = ©/

a

(—q) by ignoring the arbitrary phase factor. Also we can choose

> 0 (9)0](q) = das, (B.68)
J

> 0:(q)0] (q) = ;. (B.69)

a

By analogy with position operator & = 4/ % (a+ a') and momentum operator p = —iy /28 (¢ — a'), we

define d,(1) and @] (1) via the transformations

aq(l) = \/%n Z ©7(q)exp(iq - 1)a,(q), (B.70)
7.9
1 .
al(l) = ——"_ 0 (g)exp(—iq - )i} (q). (B.71)
Nin J»q ’
Thus we get
il =3 i) (O @eplia- Dis(a) + 0 (@esp(—ia Daj(a)}. BT

Let’s calculate the cross sections for coherent and incoherent scatterings from phonons. The scatterings are
due to vibrations under harmonic potentials. In the case of Bravais lattice, from Eq. (B.29),

@ el _% 2
dS) Coh_47r

/dr exp(ir - 7){p(r))| . (B.73)

Here O, = 47[£|2. In this case,

(p(r)) =Y _(6(r — Ri(0) — a(Ry)))

l

3
_ (;ﬁ) / dQ Y expliQ - (r — Ry))(exp(~iQ - a(Ry))). (B.74)
l
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Using the relation (expQ) = exp {%(Q%} , Q = (linear combination of operators a and a'),

(exp(~iQ - a(R))) = exp(~ 5 ({Q - a(R)}))
and the expansion with a;(q) (Eq. (B.72)),

h Q- ©(q)]
2NinM j.a wj(q)

{Q - a(R)}?) = {2n;(q) + 1},

where n;(q) = (&;(q)&j(q». Thus the Debye-Waller factor e~ 2(@) is

e WQ) = ((IQUR)Y _ oy

(q)

h Q-©(q))
AN M Z w; {2ny(q) + 1}
J.q
Substituting above equation into Eq. (B.73), it follows that

/ dr exp(irs - r)(p(r)) = 3 explir - Ri)exp {~2(x)}
l

el - )3
<‘£) — NZSC (QV) > (k= T)exp(—22(k)).

coh -

From Eq. (B.29), the cross-section due to incoherent elastic scattering is

el : ) A )
(Zg)h - > texpl=in- Ri(0))fexplin - Fu(0)
= NL?exp(—QQU(&)).

In the case of inelastic coherent scattering,

het el NinO. Q/ 1 . . /
<dQ)coh T Ar aﬁ/dt eXp(ZWt)/dT'eXp(zn.r)@ (r,t)
&' (r,t) = &(r,t) — &(r,00)
1

8(r.0) = gy 2 [ 1QEP(Q T ep(-iQ RAO)expli@ e ()

6(r:00) = 5oy 2 [ 4QeP(iQ ) exp(-iQ - R0 (x0(i@ - R (0)

1 . .
= Nu(2n)? %: / dQexp(—iQ - r){exp(—iQ - (R; — Ry))exp(—-22(Q))

(B.75)

(B.76)

(B.77)

(B.78)

(B.79)

(B.80)

(B.81)

(B.82)

(B.83)

(B.84)
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In the case of Bravais lattice, we can rewrite (exp(—iQ - R;(0))exp(iQ - Ry (t))) as

{exp(—iQ - Ri(0))exp(iQ - Ry (1)) = exn(—iQ - (Ry — Ry)){exp(—iQ - a(l, 0))exp(iQ - a(l', 1))

= exp(—20(Q))exp((Q - ©(1,0)Q - a(l', 1)), (B.85)
since
(expAexpB) = exp {;[A, B]} (exp(A + B)), (B.86)
where A = —iQ - a(1,0), B =iQ - a(l',1)), and
(exp(A + B)) = exp{;<(/i+é)2>}. (B.87)

So the cross-section is

(d@)m _ % Ql 1 /dt exp<—iwt)exp(—2m(f€)) ZGXP {_i,{ . (Rl _ Rl’)} [exp((n . ’&(l, O)K, . ’I:L(l/7t)>) . 1].

@) T arqam >
(B.88)
For inelastic incoherent scattering, [ = [,
inel /
<Z(3>coh = %%ﬁlh dt exp(—iwt)exp(— zl: exp((k - a(l,0)k - a(l,t))) — 1]. (B.89)

B.8 Correlation functions in magnetic scattering -again-

Let us return to evaluate &;(r, o) in Eq. (B.57). Using Eq. (B.77),

3
autro0) = (5 ) [ daeplia- (0~ Ry expl-2210) (B.90)
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Using the result into Eq. (B.57), the cross-sections corresponding each term are given by

(Z(g) meelphvel (Zme; ) 2 {;QF(”) }2 > (Gab = Fafiv) Nin ; exp(—ir - Ry )exp(—=20(k))van(l, 0)

a,b
(B.91)
iG) 2\ (1 ‘qQ - .
(dQ>m:eL’ph:inel N (7’2362> {29F(K/)} 6 §(6ab - Haﬁb)Nin %;exp(_ui . (Rl - Rl/)exp(_ZQn(Kl))
X 5= /dt exp(—iwt) {exp(k - w(l,0)k - a(l',t)) — 1} yap (' — 1, 00) (B.92)
2 Ay
(Zg) = (” ) { (n)} % > " (6up — Rafs)Nin Y exp(—ik - Ri)exp(—22(x))
m:inel,ph:el a,b l
X o h/dt exp(—iwt)yo, (1, t) (B.93)
iG] Yee *Q - .
(m) . ( ) { <,§>} G DB = Fa) Now Y exp(—ir - (Ry — Ru)Jexp(—220(x))
m:inel,ph:inel a,b [N
X 5= /dt exp(—iwt) {exp(k - w(l,0)k - a(l',t)) — 1} 4L, (I = 1,t) (B.94)

B.9 Relaxation functions and generalized susceptibilities in the localized model

Relaxation function is a response function when the external force forms a step function. This time we treat

localized model and Bravais lattice. Let’s express 7,5 using spin operators Sg,

= Z exp(—iq - Rl)gla, (B.95)
1
w1 , ra
Spt = N ;exp(zq - Ry)Sy. (B.96)
Thus
> exp(ir - Ri)van(l,t) S5, (0)55,4,(1))

l

1
= Zexp(zn R)) <
Nin Lm

1

:Nl_ <N1mZexp(i(q1+q2) R,,)S; (0 )RS}, ()>

Nl > (Gar-asS5, (000, -a, 54, (8))
q,,92
- NLn <§Z(O)gi“(t)> ’ (B.97)

ZeXP iq, - Rp) Sa ZGXP iqy - m+l)S ( >>
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where we used the relation R,,; = R; + R,,. Summing up Eq. (B.91) and Eq. (B.93) (total cross-section

in terms of magnetic scattering) reads

(déil@E’) - (731652)2 {;9”“)}2 g >~ (ab = Fafio) Nin Zl:exp(—m - Ry)exp(—220(x))

a,b

X

% /dt exp(—iwt) [V, (1, 1) + Yan(l, 00)]

(2 > {;gm)}g S o Faesp(~200e)) 3 [ it exp(—it) (SEO)SL,(0))

MeC Q oy

(B.98)

The above equation satisfies the detailed balance condition,

4?0 d?e
(deE’ > L exp(ft) <deE’> e (B.99)
The above equation shows that
_ RIC) _ d’e

e CEA (deE,> = e tEx (deE,> : (B.100)

We assumed the neutrons’ population of energy E obeys Boltzmann distribution.
If we assume that the external magnetic field is weak enough to use the linear response theory, we can

express the cross-section Eq. (B.98) using Green function of spins, &2 (t) — if(t)([S(t), 5% ,.(0)]) as

2
mecC b
)

(B.101)

The above equation is quite general.

B.10 Polarization Analysis

We haven’t taken into account the spin states of the neutrons, though it is important to specify the state of
them. In order to understand how the polarization affects the cross-section, we have to know:
1. the relation between polarization of incident neutrons and the cross-section, and

2. the relation between polarization of scattered neutrons and the target system’s properties.

In short, we will see that the cross-section of polarized neutrons are independent of polarization when

there is no preferred axis in the scattering process (target system) itself. However, when the target system has
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preferred orientation such as ferromagnets, the new term appears due to the interplay of nuclear and magnetic
scatterings in the case of elastic cross-sections. The polarization will be created due to inelastic magnetic
scattering, the direction of which depends on whether the elementary excitation is created of annihilated in

the scattering process.

Let’s define the polarization of a beam of neutrons as

P=2(5)-(T), (B.102)

where Y are Pauli matrices. When we focus on single neutron which is fully polarized, the density matrix 9

can be expressed via Pauli matrices as

(I - r) , (B.103)

>
Il
DN | =

where

P = 2Re(03,), By =2Im(o})), B- = o1+ — 04y (B.104)

When it comes to a beam of neutrons, the polarization of the beam should be defined by averaging over all

the polarization of single neutron as

1
_ J\THZ%' (B.105)
J

From Eq. (B.15), the partial differential cross-section is given by

d*©

= (W) Zp/\pe S OV V() [OX) P6(hw + Ex — Ex), (B.106)

PN CL

where V(n) is the Fourier transformation of the potential V between the injected neutron and the targets.

In the case of nuclear scattering from nuclei,

- 27h? ) .
Vn(k) = > " exp(ir - Rig)éia, (B.107)
1,d
. 1 . .
§1a = Ag + §Bld® g, (B.108)

where &4 is a scattering amplitude operator (this operator reproduces the same properties of the scattering
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length &; in Eq. (B.16)) and 1,4 is the angular momentum of the nucleus at site R;,.

In the case of magnetic scattering from unpaired electrons (cf. Eq. (B.38)),

2

Var (k) = (%FLQ) (%e ) 6. Ei:exp(m 1) {n X & X Fo— %(k x pi)} . (B.109)

m MeC?

Above two potentials both have the same form

Veéta O (B.110)

where ¢ and a reflect the properties of target system. So all we have to do is to study the modification of the

general form of potential Eq. (B.110) due to the polarization.

Let’s consider a part of cross-section Eq. (B.106) which depends on the neutron spins €)
> e (BIVIEO) (@'V]6). (B.111)
0,0

If there is no correlation in phase between the states |©) (meaning that the density matrix with respect to © is

diagonal), the above equation can be reduced to
> pe (BVIV]6). (B.112)
e
Using pe = (0] p|0) and (0’| p|0) = de e (O] p|O), Eq. (B.111) can be rewritten as
> pe (BIVIE) (©'[V]O) =Y (6]VIVj[e) =Tr pViv. (B.113)
0,e B

The cross-section Eq. (B.106) is now

d*e "romo\2 ) .
i % (507) o paTeal (V| V() 1N) o (o + By — Ey). (B.114)
AN

Next, let us consider the polarization of the scattered neutrons §3’. This represents the transfer of spins in
the incident neutron beam (defined by J3), associated with the interaction potential V. Thus

,  Tr ﬁffré)]}

— (B.115)
Tr pViVY
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Note that the normalization Tr 5VTV was chosen so that |J3'| = 1.

So P’ (dgil% ) (full scattered polarization) becomes

m’( o ) = () S T (A V() [X) © (N1 V() ) 800 + B — B,

dQMdE’ 27 h?

Q

FBY

Using the general form of the potential v, Eq. (B.110),

where we used Eq. (B.103). For Tr pV1@©V, we have

TrpViev =ffa+alé +fép+al(a-P)+ @ - Pa

—p-(a'-a)—ial xa+iff(axP)+i(P x ah)é,

where we used the identities:

éaéb = (Sa}bI + ieab’yeéz
Tr 6°0° = 20,1
Tr éaébéz = ieab%TI‘ é’yé éz = 2i6ab’ye

Tr 620°070° = 2(3up0+,5 — Savy, Obs + 0as, )

Note that if we assume that the nuclei have randomly oriented spins, the term (EtT

magnetic scattering (since nuclear scattering vanishes if we use [©%, ©%] = 2i€qby, ©F).

B.11 Inelastic magnetic scattering

(B.116)

(B.117)

(B.118)

(B.119)
(B.120)
(B.121)

(B.122)

x a) should be purely

Let’s focus on inelastic magnetic scattering, since this is the case we want to treat. We can utilize the general

form Eq. (B.117) and Eq. (B.118) to calculate cross-section and the polarization of scattered neutrons. In

this case, £ = 0 and a is

o= (2) (25) {oreo} e i ) (5 (5 ¢ )

(B.123)
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We used Eq. (B.46), and included the orbital momentum contribution under the dipole approximation. Using

f = 0in Eq. (B.117), the cross-section becomes

d*e / T "N
m—(wﬂ) %p,\{)\ YNTE D) + i - AT V) x (V] @A) } 3w + By — Ex).
(B.124)
For the polarization of @', scattering beam, is
d*® Q t .t X
/ / /
¥ (z05 ) = (55) G o {8 Wy W m )+ e B )
—sp O at V) ] ala) —a (at |y x (V) aw} §(hw + Ex — Ey). (B.125)

Finally, let’s express above equations in terms of correlation functions. We choose the simplest term to

examine how it changes due to the incident beam’s polarization. We focus on the term

m \2 Q' At N ] A
(55) Q%m{w X) (X[ &[0 } 3 + By — By). (B.126)

Inserting Eq. (B.123) into above equation and assuming py = exp(—bE))/Tr exp(—bH) (Boltzmann distri-

bution),

Eq. (B.126):(;eei)z{;gF(n)}z (Trexp) S exp(—bE) Y. S exp {ir - (Rya — Ria)}

FBY Ld U',d

X (N[ & x (S1q x &) [N) (N & x (Spar x &) |N)d(hw + Ex — Ey)

(2 o ) G e

AN l,d U,d

N N 1 o0
X <>\| K X (Sld X R',) ‘)\/> </\/| K X (Sl’d’ X I%) |>\> %/ dtexp(—ihwt — 1B\t + iEXt).

— 00

(B.127)

Using Sya (t) = exp(i#it /7)Spar exp(—iHt/h) and Sjrp (£) = & x (Spa (t) x &),

€2\ 2 > R R
Eq. (B.127)(Z;CQ> {;g } =5 S explin - (Roa — Rld)}zlh / dtexp(—iwt) (87(0)8),, (1))

l,d U,d

(B.128)
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Similarly, other terms can also be evaluated to get

d?e ’}/662 2 Ql
dQdE' - (m 02> {29 } ZZeXp {ZK' Rl’d’ - Rld)}

Ld Ud
< g [ dtesp(=ien) {(8100) 8y () + B - (51(0) x Bru )} (B.129)
(PO (e Q
» <deE/> a <me02> {2g } %:;;exp {ir - (Rra — Ria)}
x ﬁlh :)O dt exp(—iwt) {(Szd(O){‘ﬁ : Szl'd/(t)ﬂ +({PB- S;(O)}S’;—d, (1))

~9(514(0) 80 (1) — 1(814(0) x 8,0 (1))} (B.130)

Note that Eq. (B.130) is a vector, not a scalar.

Finally, in the case of the unpolarized neutron, the cross-section for amorphous magnets may be (from Eq.

(B.98))

d*e 7662 ? 1 2 Q'
= — F v
dQdE’ <m662> {29 ("5)} 0 Z((S — Rakp)=— /dt exp(—iwt)

a,b

x 33" explin(Ria — Rua)) <S7d(0)Sﬁd, (t)> / dr' <5{'r + Rua(0) — #Y6{r" — Ry (t)}> :

Ld U,d

(B.131)

where we assumed the motion of ions are independent of the direction of spins. If we don’t assume this, then

the Eq. (B.131) becomes (from Eq. (B.52))

d’e B Ye€? ’(1 2Q' L
dQdE" <m6c2> {ZgF(K)} 62(5@—%@%)

a,b

1 ba T &b
X5z dt exp(—iwt) %%<exp —ik - Ryg(0 ))Sld(O)exp(m~Rl/d,(t))Sl,d,(t)>. (B.132)

Since we are assuming that the positions of atoms don’t change while the simulation, w(R,;) in Eq. (B.77)
is 0. In other words, we may be able to ignore Debye-Waller factor, since the thermal fluctuation is already

included in the LLG equation, and the positions of atoms are fixed. This simplifies Eq. (B.131) as

20 (e (1 2 o
dQdE" (m602> {QQF(R)} az(éab*”a’%)

a,b

21h dt exp(—iwt) Z Z exp(ik(Rig — Ryar)) <§l‘ld(0)§f7/d/ (t)> . (B.133)

Ld U,d
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This means we don’t consider nuclear scattering. In the above equation, contribution of elastic magnetic
scattering is the limit ¢t — oco. Otherwise, Eq. (B.133) is the cross-section for inelastic magnetic scattering of

unpolarized neutron beam. In the case of the polarized neutron, Eq. (B.129) is the alternative result.

C Analytic expression of double-skyrmion state

We show how to combine two single-skyrmion states to obtain a two-skyrmion state. The stereo-graphic

projection is defined as

p:CUoo — §2, (C.D

where a complex number v = u; + iug (u1,u2 € R) is mapped to a normalized three-dimensional vector:

2uy 2uy 1 — |ul?
- . c2
p(v) (1 F 2 T+ w2 1+ [uf? €2)

p denotes the projection which maps u = 0 to |u| = oo and p(0) = (0,0, 1) to p(co) = (0,0, —1). In addition,
we introduce an orthogonal transformation R which is a rotation about e, x £ by cos ! (e - ). Here R satisfies
R(e.) = t. Thus, the coupled operator p;(u) = R[p(u)] maps u = 0 to p;(0) = £. The boundary condition
regarding u(r) = pgl [n(r)] is given by u(o0) = 0, for a skymion configurations n(r) that satisfies n(cc) = .

Using the two single-skyrmion solutions n,(r) = p;(u) and n,(r) = p;(v) which have skyrmion charge

densities pen (1) = n - (0;n x dyn)/(4n) near r = r,, and r,,, we can obtain a composite skyrmion states as

Ny (r) = pi(w), w=u+w. (C.3)

Note that the total skyrmion chargeth is preserved in the procedure, with keeping the boundary condition: If
1, (00) = n,(00) = £, i.e., u(o0) = v(00) = 0, M,y (00) is given by n,,(c0) = p;(0 + 0) = ¢. Eq. (C.3) stands
for the composite skyrmion state, at sufficiently large distance |r, — 7|.

Next, we approximate n,,(r) in terms of n, ,(r). In the following discussion, we assume £ = e, for
simplicity. In the case of the general ¢, the result is given by applying the operation R to all 72,, 1, and 7.

When a unit vector n is almost the same as n(, we can expand n as

1
n:n0+exn0+§ex(exn0), (C4)

as a property of unit vector fields, where € is defined to be satisfy € - ny = 0. Under the approximation of
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Eq. (C.4), n satisfies the normalization condition up to the second order of €:
In|? =1+ o(e?).
Using the relation dn = € x ng, € can be expressed as
e=txon.

Also, if ng=,, () is far from the skyrmion core, r = r, is close to t. Thus it is expanded as

N ~ 1 N
na:t—l—egxt—l—iegx(egxt), a=u,v

When ¢ = e, the expansion of Eq. (C.2) near u = 0 obtains

5nu = (2U1, 2U2, 0)7

€) =1t x dn, = (—2uy, 2uy,0).

Similarly, we find 6n, = (2v1,2v2,0) and €0 =t x dn, = (—2vy, 2v1,0).

(C.5)

(C.6)

(C.7)

(C.8)

(C.9)

The combined configuration n,, is now found to be approximated as follows, due to the above equations.

When |r, — r,| is sufficiently large, v = p~!(n,) follows |v| < 1 near » = r,. We can thus expand n,, in

terms of the linear terms of v as

ny, =p(u + v)
(2w Hv) 2(ugHvr) 11— |u + v]?
S\l |utv 14 u o2 14 |utvf?

o 201 209 _2(ulvl + Ugv9) B 2(ugv1 + ugv9)
NI T 1+ |uf? 1+ |ul?

=Ny + % (14 ny2)0m, — (ny - 0ny) (e, +ny)] + O(’UQ)'

Applying Eq. (C.4), n,, up to the second order of v is obtained as

1
Ty = Ny + €y X Ty + iev X (€, X My) + O(v?),

1
€, = §nu X [(14 n,-e.)dn, — (n, -on,e,].

n, + O0(v?)

(C.10)

(C.11)

(C.12)
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When ¢ # e, we use R for all vector fields and obtain Eq. (C.11) and
1 . .
€ = 5y X [(1 + My )My, — (1 - 6nv)t] . (C.13)

We can also expand n,, around r = r,, in the similar way as

Ny = Ny + €y X Ny + %Eu X (6u X n71> + O(U3)7 (C14)
T

D Derivation of analytic approximation of the inter-skyrmion interaction

Firstly, given the energy functional (5.7), we derive the equation which is satisfied by a stationary solution.
Suppose that we have ng(r), a stationary solution and satisfies the boundary condition, 7y (c0) = £. Using

Eq. (C.4), a spin state with a small fluctuation close to ng(7) can be expressed as

n(r) =~ ng(r) + €(r) x no(r), (D.1)

up to the linear terms of e€(r). The energy difference between the sates of n(r) and that of ng(r) is

T
_ [ 8f(n0)_ai5f(’if) (€ x o)

et b .
-] 2™ on oom | '

Using above equation, the stationary solution n(r) satisfies

df(no) df(no) B
ng x [ 5 — 0 o } =0, (D.3)

which is equivalent to the LLG equation for stationary solutions, dn/dt = —n X Beg + an x dn/dt. Here,

the effective magnetic field is

df(n) df(n)
~“on T %0m (D-4)

Finally, we consider the inter-skyrmion interaction of which is located at r = +R/2. We assume that a
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single-skyrmion solution placed at = 0 is expressed as n s () and satisfies Eq. (D.3). The single-skyrmion
state placed at r», = R/2 is given by n,(r) = nj«(r — R/2) and that placed at », = —R/2 is obtained as
n,(r) = nik(r + R/2). Whereas the double-skyrmion state is approximately expressed as the composite
skyrmion state derived in Sec. C: nagx ~ 1y, = pf(ptfl(nu) + ptfl(nv)).

Here we derive an approximate expression of Eq. (5.18) at large |R|. The region of the integral can be
divided into Dy and D_, which corresponds to the right and left sides of the integral path I" in Fig. 5.4,

respectively, and Eq. (5.18) is rewritten as

Vvint(R) = V+(R) + Vo (R)a (DS)
VelR) = [ G {ftn) — fn) = flm) + 0] (D.6)

If | R| is much larger than the skyrmion size, we can respectively replace nyg and n, by the right-hand side

of Eq. (C.11) and Eq. (C.7) in D, . Further expanding the integrand up to the linear terms of €, and €’ gives

d2r

V+(R):/D+a2 [f (nu—ﬁ—evxnu—i—;evx(evxnu)) —f(nu)—f(f—i—egxf—}—;egX(e%xf))—i—f(f)}

- / dQT |:af(nu> ’ (EU X nu) + 8f('nu) 'ai(ev X nu) - af(f) ' (60 X £) af(i) : 6i(60 X tA):|
D

N az on 0o;n on v - 90;n v
[ &, [9f(ny) of) o ;
- /D+ e [ om0 X M) = G (€0 t)}
B dt;  [0f(nw) RO
= £D+ 2 il { 80.m (€ X My,) 20,1 (e, x t)|, D.7)

where ¢;; denotes the Levi-Civita symbol in 2D, 0D stands for the boundary of the region D, and d¢
represents the vector integral element. From the second to the third lines, the relation that n,,(r) and £ satisfy
Eq. (D.3) is used. From the third to the fourth lines, Green’s theorem is used.

If the system is large enough, the integral along 0D becomes zero, except for the boundary between D

and D_, due to the relations n,, — ¢ and €,, € — 0 as r — oo. We thus obtain

de; of (ny of(t .
Vi(R) ~ /_r a—;eﬁ [gg;) (€y X M) — (‘;;E: (2 xt)|. (D.8)

Because | R| is so large, we can also expand n,, as n,, ~ t + dn,, on the boundary I" to obtain

05(m) _0Ih) | 0*4()
00;ing — 00ing  0(0ing)Ong

(€y X My)q 0Ny o — (dTy, - 61y tas (D.10)

Snu g + ;614 5, (D.9)
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where Eq. (C.12) is used. By substituting the above equations into Eq. (D.8), we find

[, [91) ) I ()
VJ’,(R)_/F?EJZ [aazna (6nu 6nv)ta m&luﬁ&lv’a m(@k&ﬂuﬁ)énvya .

(D.11)

We note that the bi-linear terms of €, and € ignored in Eq. (D.7) obtain the higher-order contributions of
6, to Vi (R), when ng rapidly converges to £. This is, for instance, the isotropic case under out-of-plane
magnetic field, where dng(r) oc e=7/+/7 with # = |r|//B/Ja?. To be more specific, the second-order

terms’ contributions to the second line of Eq. (D.7) are shown as

O e o L R (R LS

. a? on 2 80;n 2
- %ff) [;62 X (€y x tA)] - ggfi) - 0; Beg x (€2 x i)}
+ m&v X Tuy) o (€ X T0y) g — 5(?125(;2, € x ), (2 x t)5
+ 2;;‘2% [0i(€r X Ty ) o] (€0 X My)5 — 28;1{5;;5 [0:(€2 % )] (€2 x )5
+&ig$w@wanMW%xmm&gggw@@uag@@yad}

(D.12)

Using Eq. (D.3) and the Green’s theorem, as the previous case, the first and the second lines becone line
integrals along I', resulting in the third-order terms of dn. On the other hand, the other lines cannot be
rewritten as simple line integrals. When €, and € rapidly vanish, however, the area integral of D, mostly
comes from the boundary I', where n,, can be approximated as n, ~ t + 6n,,. In this case, we can expand
the derivatives of f in the vicinity of n, ~ £ as in the case of Eq. (D.9), subtract each of the last three lines,
obtain an additional component én,,. In this way, the contribution of F, to V. (R) is in the third-order of
on,,, and hence can be ignored compared with the leading terms, Eq. (D.11).

Similarly, we obtain the approximation for V_ (R), given by the right-hand side of Eq. (D.11) withT" — —T'

and on,, <> on,. To summarize, Vi (R) in Eq. (D.5) can be approximated by

at;
%PP(R) :A Tgeji (Avu - Auv)l ) (D13)
__#10) 0 1(d)
)i =G o0 5 )0(0mg) e (19

which are the same as Eqgs. (5.26) and (5.20) with v — 4 and v — —.
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