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Abstract 
Stokesian dynamics method based on the approximation of the additivity of 
velocities was employed to analyze the mechanical behavior of the primary 
thrombus under the blood flow.  The mechanical interactions in the 
platelet-platelet aggregation and the platelet-surface adhesion via biological 
macromolecules such as von Willebrand factor and fibrinogen was modeled by the 
Voigt model.  The process of the primary thrombus destruction was simulated 
under different levels of the mechanical interaction using the developed method.  
When the binding force was weak, which corresponds to the decline of the platelet 
function in the bleeding diseases, it was demonstrated that the platelets did not 
efficiently reside on the injured site of the vessel wall.  The results show that our 
modeling can qualitatively demonstrate the effect of the mechanical interaction via 
adhesive macromolecules on the destruction process of the primary thrombus.  
Our modeling could be a powerful tool to better understand the physiological 
hemostatic mechanism as well as the pathology of the thrombosis and the bleeding 
disorders. 
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1. Introduction 

Formation of thrombus, which is a coagulation formed on injured vascular lumen by 
blood cell constituents such as platelets and erythrocytes, is both physiologically and 
pathologically a crucial phenomenon.  Physiologically, it plays an important role in 
hemostatic function.  Under diseased conditions such as arteriosclerosis etc., on the other 
hand, the thrombus formation can be causes of fatal diseases, for example myocardial 
infraction, which block the blood supply to the periphery(1).  In contrast, failure of the 
thrombus formation due to platelet dysfunction, for instance Glanzmann thrombasthenia, 
von Willebrand disease, hemophilia, etc., shows a critical bleeding tendency(2).  Thus, 
better understanding the mechanism of the thrombus formation helps us clear not only the 
physiological hemostatic mechanism but also the pathology of the thrombosis and the 
bleeding disorders, which ultimately leading us to improve the treatment for such diseases *Received 17 Jan., 2007 (No. 07-0032) 
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including the development of the artificial platelet(3). 
Although the thrombus formation is regulated through a series of physiological 

processes, various mechanical factors are involved in the formation.  In the platelet 
adhesion, platelets are recruited onto the injured surface of the vessel wall, whereas in the 
platelet aggregation, platelets cohere with each other.  These phenomena are made up by 
combined forces between coagulation factors, which exist as long chain macromolecules in 
plasma, and the glycoprotein (GP) receptors on platelet(1, 4-6).  Thus, the thrombus can be 
regarded as a mechanical structure constructed by the platelets which are built with physical 
interaction via the coagulation factors.  Additionally, it is necessary to pay attention to that 
the thrombus is formed under fluid mechanical conditions due to the blood flow.  
Experimentally, it has been found that the number of platelets which are adhered onto 
collagen surface prepared to mimic the injured vessel wall changes depending on the 
magnitude of shear stress exerted on the surface(7, 8).  Another example which shows the 
importance of fluid mechanical factor on the thrombus formation is the fact that the 
thrombus resists against the force exerted by the blood flow. 

Even though recent powerful computational simulations have been attempted to clarify 
the mechanism of the process of the thrombus formation(9, 10), the effects of the mechanical 
factors have not been fully considered yet.  The developed method in those studies did not 
concern with the mechanical aspect such as fluid-thrombus interactions and mechanical 
interactions involved in platelet adhesion and aggregation.  More recently, our group 
conducted particle method to analyze not only the formation but also the collapse of 
primary thrombus in the blood flow, and demonstrated that the process of the thrombus 
formation was influenced by the relative magnitude of fluid mechanical force to the 
platelet-surface adhesive and platelet-platelet coherent forces(11).  In the study, however, 
the spatial resolution was not enough to express the hydrodynamic interactions between two 
close platelets. 

In the present study, we employed Stokesian dynamics method based on the 
approximation of the additivity of velocities(12, 13) to analyze the mechanical behavior of the 
primary thrombus under the blood flow.  Since the Stokesian dynamics method can 
consider more precisely the effect of multibody hydrodynamic interactions, it helps us to 
eliminate the disadvantage of the particle method used in the former study.  For the 
mechanical interaction through the coagulation factors, Voigt model, which is composed of 
spring and dashpot, was introduced.  We applied the developed method for the process of 
the primary thrombus destruction as the first trial.  The computations were carried out for 
different levels of ability for the platelet adhesion and aggregation to study the effect of 
those on the destruction process. 

2. Methods 

2.1 Stokesian dynamics method 
The framework of the method we employed followed Stokesian dynamics method 

which has been developed based on the approximation of the additivity of velocities and 
applied for ferromagnetic colloidal dispersions by Satoh et al(12, 13).  In the present study, 
however, the binding force mediated by the coagulation factor was introduced instead of the 
magnetic force.  The binding force was modeled using the Voigt model as described in the 
following section. 

Stokesian dynamics is a powerful method to trace the motion of the multi-particles in 
suspension, and takes into account the hydrodynamic interactions between particles 
accurately.  Although the approximation of the additivity of velocities is inferior to the 
other approximation of the additivity of forces(14) in the reproduction of the lubrication 
effect, the calculation of the inverse matrix is unnecessary in the simulations(12, 13).  Thus 
the additivity of velocities can considerably reduce the computational time, which means 
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that it is applicable to a much larger system.  Since we are interested in the thrombus 
formation, which is composed of a large amount of platelets, a larger system is desirable.  
Moreover, the lubrication effect is not thought to be significant in our system because the 
binding force is dominant in the case where the platelets close to each other.  Also 
Stokesian dynamics based on the additivity of velocities is superior in the reduction of the 
computational time in comparison with the other computational fluid dynamics.  Stokesian 
dynamics method does not require the spatial discretization for the dispersed medium, and 
employing the approximation of the additivity of velocities only needs O(3N) operations to 
obtain three velocity components using Eq. (3), which will be subsequently derived.  In 
contrast, other methods such as finite difference, finite element, lattice Boltzmann methods, 
etc. require a large amount of computational meshes for the particles and the dispersed 
medium, which enforce huge computational effort.  Even a boundary element method, 
which only needs discretization for the surface of the object, may require 100-1000 surface 
meshes per one object and enforces O(3NM) operations for tracing the motions of N 
particles, where M indicates the number of surface meshes per a particle. 

The plasma, which is the dispersed medium in our system, is assumed to be 
incompressible Newtonian fluid.  We consider the motion of platelets only near the vessel 
wall.  Since the size of platelet is about 2 µm, we can assume that the flow field around 
platelets is governed by the Stokes equation 

∇p = η∇2u , (1) 
and the equation of continuity 

∇⋅u = 0, (2) 
where p is the pressure, η is the viscosity, and u is the velocity vector. 

The other cell constituents than platelet were neglected, because there is a plasma layer 
in the vicinity of vessel walls, where large blood cells do not exist.  The platelets were 
idealized as solid sphere particles.  Although this is a strong simplification, activated 
platelets have rather spherical shape than disc shape(15).  Moreover, for the artificial 
platelets, various kinds of microspheres can be used(3).  Although activated platelets 
possess extensive pseudopodia(15), there is no accepted model which appropriately deals 
with such objects with complex shape.  In this study, we only deal with activated platelets, 
and they are modeled as solid spheres with near field forces. We consider the dispersions of 
multiple spheres with identical radius.  Stokesian dynamics based on the additivity of 
velocities due to the force exerted on the particle yields the particle velocity of: 

vα = U (rα) +
1
η

1
6πa

Fα + aαα −
1

6πa
I

 
 
 

 
 
 

β=1(≠α)

N

∑ ⋅ Fα

 
 
 

  
+ aαβ

β=1(≠α)

N

∑ ⋅ Fβ

 
 
 

  
+ ˜ g α

β=1(≠α)

N

∑ : E , (3) 

where U(rα) is the velocity of background flow filed at the position of particle α, Fi (i = α, 
β) are the forces acting on the particle i, a is the particle radius, E is the rate-of-strain tensor, 
I is the unit tensor, aij and ˜ g i  are the mobility tensors, and N indicates the number of the 
particles in the system(12, 13).  The mobility tensors can be found in a standard text, such as 
Kim and Karrila(16).  In the present study, Fi is considered as a sum of the binding force 
induced between the particles by the coagulation factor, Fi

b( ), and the contact force induced 
by the collision of particles, Fi

c( ) , thus, 
Fi = Fi

b( ) + Fi
c( ) . (4) 

Since the platelets are too large for Brownian motion to be taken into account, it does not 
appear in Eq. (3).  We neglected the difference in the density between the plasma and the 
platelet as well.  The rotational motion of particles was neglected in this study.  Because 
the rotational velocity at r due to the torque exerted on a particle at the origin of coordinate 
decays as r-2, where r is the distance, in the far field.  On the other hand, the velocity at r 
due to the force exerted on a particle at the origin of coordinate decays as r-1, which is much 
larger in the far field.  The update for the particle position was done using a modified Euler 
method given by: 
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rα[ ]t+∆t = rα[ ]t + ∆t vα[ ]t + vα[ ]t− ∆t( ) 2, (5) 

where the subscript t, t − ∆t, or t + ∆t indicates that the value is for current, previous, or next 
time step, respectively. 

2.2 Binding force via plasma proteins 
In order to express the binding force between particles via the coagulation factor, we 

introduce the Voigt model which consists of parallel spring and dashpot (Fig. 1 (a)).  The 
modeling was based on the idea proposed to model material such as mortars which mediate 
the interaction between sands and pebbles in concrete structures by Hakuno et al(17).  Von 
Willebrand factor (vWF) and fibrinogen (Fbg) are well-known plasma proteins which play 
an important role to form the primary thrombus.  These proteins exist in form of long 
chain macromolecules in the plasma.  For example, vWF forms the multimer which can 
have various molecular weights from 500,000 to 2,000,000 M.  The structure is 
filamentous with a diameter 2-3 nm and a length of up to 1,300 nm, approaching the 
dimension of a platelet diameter, as well as loosely coiled molecules with an apparent 
diameter of 200-300 nm(6).  It has been known that the size is well functionally regulated 
under the fluid mechanical factor such as the shear stress.  In order to reproduce such 
function as long chain molecules, we define separation vector s as 

s =
r j − ri

| r j − ri |
| r j − ri | −2a{ }, (6) 

and exert the binding force as follows.  We assume that the binding force is generated only 
when two particles, which once satisfied | s |≤ L0 , goes away from each other so that s 
satisfies 0 0| |L Lε≤ ≤s , where L0 is a natural length for the spring.  The spring is set to be 
broken once | s | exceeds εL0 and resist only against the stretch, where ε is the maximum 
stretch of the spring.  By assuming Voigt model as shown in Fig. 1(a), the binding force 
can be given as 

Fij
b( ) =

s
| s |

K b( ) | s | −L0{ }+ η( b ) | ∆s |
∆t

 
  

 
   (7) 

where K(b) and η(b) are the spring elastic modulus and the damper viscous coefficient, 
respectively, and ∆t is a time interval. 

Although the physiological process of the platelet adhesion to the injured surface is 
different from that of the platelet coagulation, the main factors which bridge between the 
platelet and the wall are vWF and Fbg similarly as the platelet aggregation.  Hence, the 
binding force between the platelet and the wall, Fwall

( b ) , was modeled using the Voigt model 
too, as shown in Fig. 1 (b).  Eventually, the binding force acting on a particle i is expressed 
as 

Fi
( b ) = Fij

( b )

j
∑ + Fwall

( b ) . (8) 

η K η K

(a) (b)  
Fig. 1  Voigt model used for the binding force and the contact force.  The Voigt model consists of parallel 
spring, which has elastic modulus η, and dashpot, which has viscosity coefficient K.  The identical model 

was applied for both (a) the particle-particle and (b) the particle-surface interactions. 
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2.3 Contact force 
Essentially, the lubrication effect caused between nearly touching particles induces very 

large hydrodynamic force, which avoids the direct collision of the particles.  Stokesian 
dynamics has ability to reproduce the lubrication effect.  However, in our system, such 
rigorous treatment is not so important, because the balance of the binding force and viscous 
drag force dominates the destruction process of the platelets.  The force was modeled 
using the Voigt model similarly as the binding force.  But the contact force is induced so 
that the spring can resist against the compression, only when the particles satisfy the 
following equation: 

| r j − ri | −2a ≤ 0. (9) 
The force is expressed as: 

Fij
c( ) =

s
| s |

K c( ) | s | +η c( ) | ∆s |
∆t

 
  

 
   (10) 

where K(c) and η(c) are the spring elastic modulus and the damper viscous coefficient, 
respectively. 

Similarly, the contact force between the platelet and the wall, Fwall
( c) , is modeled.  Thus, 

the contact force acting on a particle i is expressed as 
Fi

( c) = Fij
( c )

j
∑ + Fwall

( c) . (11) 

2.4 Parameter for reproducing dysfunction of coagulation factor 
Qualitative or quantitative dysfunction of coagulation factors results in the failure of the 

thrombus formation.  One of examples of such dysfunction is von Willebrand disease, 
which shows the dysfunction of vWF, and the other is Glanzmann thrombasthenia, which 
shows the dysfunction of GP IIb/IIIa, a receptor for vWF and Fbg.  These dysfunctions 
result in decrease of the coagulation factors which have ability to bridge between the 
particles.  In order to model that, we set a parameter Nbind, which shows the number of the 
platelets with which one particle can interact.  The smaller Nbind reproduces the higher 
level of dysfunction.  Introducing the parameter, Nbind, rather than controlling adhesive 
force comes from the fact that the receptors are not uniformly distributed on the activated 
platelet.  For instance, the population of the receptor GP Ibα was found to be coarse on the 
pseudopodia, and partly clustered on the activated platelet(18).  We assumed that such 
uneven distribution of the receptors does not necessarily induce the reduction of the 
adhesive force. 

2.5 Two dimensional thrombus destruction model 
We applied the developed method for the process of the primary thrombus destruction 

as the first trial (Fig. 2).  All the particles have an identical radius a = 1.0 [µm].  We 
considered the interactions between particles and the wall only in x = 0-200 [µm] region, 
and the injured wall was set between x = 10-50 [µm].  The particles were initially arranged 
above the region in the shape of Gauss distribution to mimic the primary thrombus.  The 
number of the particles was N = 105.  In this study, we neglected the effect of the 
roughness of the endothelial surface on the flow, because the height of the endothelial cell is 
significantly small compared with the size of the thrombus with the height of approximately 
20 µm.  There were no other particles than the initial ones in the domain.  The 
background flow field was assumed to be Couette flow which is expressed as  

( ) xyγ= δU r  with 15000 [s ]γ −= , where background flow means the induced flow when 
there is no particles.  For this case, the rate-of-strain tensor E has only Exy and Eyx as 
nonzero components; 2xy yxE E γ= = .  For the viscosity of the disperse medium, that for 
water was used: µ = 0.797×10-3 [Pa⋅s].  For the properties of the Voigt model applied for 
the contact force, those of glass bead are used; K(c) = 4.9×109 [Pa], and µ(c) = 1.43×10-3 
[Pa⋅s].  Since the properties for the coagulation factors such as vWF or Fbg has been 
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hardly known, we attempted supplemental simulations and set K(b) = 4.0×102 [Pa], and µ(b) = 
4.08×10-6 [Pa⋅s].  The natural length of the spring was assumed to be quarter of the particle 
diameter; L0 = 0.5 [µm].  The maximum stretch of the spring ε was set to be 1.05.  Table 
1 summarizes all the parameters.  The computations are carried out for three different Nbind 
of 0, 5, and 10.  The time increment ∆t was set to be 1.0×10-9 [s], and the computations 
were carried out for t = 2.0 [s] with 2×109 timesteps. 

200

*Dimensions in µm

10 40

y

x

Visualized domain

Injured wall

 
Fig. 2  Monolayer model for the destruction process of the primary thrombus.  Couette flow was given for 

the background flow field.  The surface, where the contact force was estimated, was set on y = 0.  The 
injured site, where the binding force was estimated, was set on the region x = 10-50 [µm].  Particles were 

piled up above the injured site in shape of Gaussian distribution, simulating the primary thrombus. 

 
Table 1  Parameters used for the background flow field, the disperse medium, the particle, the contact force 

model, and the adhesive force model. 

Background flow field Shear rate γ  = 5000 [s-1] 

Disperse medium Viscosity µ = 0.797×10-3 [Pa⋅s] 

Particle Radius a = 1.0 [µm] 

 Total number N = 105 

Contact force model Elastic modulus K(c) = 4.9×109 [Pa] 

 Viscous coefficient µ(c) = 1.43×10-3 [Pa⋅s] 

Adhesive force model Elastic modulus K(b) = 4.0×102 [Pa] 

 Viscous coefficient µ(b) = 4.08×10-6 [Pa⋅s] 

 Natural length L0 = 0.5 [µm] 

 Maximum stretch ε = 1.05 

 

3. Results and Discussion 

Three different cases for Nbind of 0, 5, and 10 were simulated under the set of the 
parameters shown in Table 1.  Although it is unnatural that the thrombus is formed in 
the case of Nbind = 0, in which no adhesive force is induced between platelets, we analyzed 
such extreme case for the comparison with the other cases of Nbind = 5, and 10. The time 
series of the motion of the particles are visualized in Figs 3-5.  It was observed that the 
original thrombus gradually collapsed according to the shear flow in all the cases.  
However, the manner of the collapse was changed depending on Nbind.  In the case of Nbind 
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= 0, since the adhesive force was not induced between the particles, the particles were 
separated individually from the original primary thrombus (Fig. 3).  In contrast, in the 
cases of Nbind = 5, and 10, it is found that the particles separated from the original primary 
thrombus tend to form aggregations due to the adhesive force caused between the particles 
(Figs 4, and 5).  In those two cases, the particles resisted against the fluid mechanical force 
to reside longer around the region of the original thrombus compared with the case of Nbind 
= 0.  It resulted in shorter movement of the particles. 

Figure 6 shows the time course of the number of colonies.  One colony was defined as 
a cluster in which the gap between neighboring particles | s | satisfied 0| | Lε≤s .  Thus, 
the original primary thrombus was regarded as one colony.  The number of colonies was 
counted at each instant.  In the case of Nbind = 0, the number of colonies tends to increase 
with respect to the time, which resulted from that the particles were individually separated 
from the original thrombus.  In the cases of Nbind = 5, and 10, clustered particles were 
separated from the original thrombus so that the number of colonies much slowly changed 
as compared to the case of Nbind = 0. 

Figure 7 shows the time course of the number of platelets which resided above the 
region of x = 10-50 [µm], where the injured surface was assumed.  It is seen that the 
greater Nbind is, the larger amount of particles resides on the injured site for longer time.  
For example, at t = 0.6 [s], the counts of the particles for each case are 54, 56, and 64 for 
Nbind = 0, 5, and 10, respectively.  After that, the significant difference in the particle 
counts between Nbind = 0, and 5 become to disappear.  In the case of Nbind = 10, on the other 
hand, larger amount of particles still stay on the injured region compared with the other two 
cases.  For example, at t = 1.6 [s], the particle count is 34 for Nbind = 10 against 28 for Nbind 
= 0, and 5.  Since small value of Nbind can simulate the decline of the platelet function in 
the bleeding diseases such as von Willebrand disease, those results are thought to express 
the degradation of hemostatic function due to the dysfunction of platelets. 

In the present study, we proposed a method to analyze the mechanical behavior of the 
primary thrombus under the blood flow by adopting the Sokesian dynamics method, which 
considers precisely the effect of multibody hydrodynamics interactions.  Biological 
macromolecules such as vWF and Fbg, which mediate mechanical interactions between the 
platelets, were modeled by the Voigt model.  One of the advantages of the proposed 
method is that the modeling is naturally based on the physiological nature of the discrete 
objects of the platelets.  As is encountered in the various fields of the hemorheological 
study, it is very difficult task to overcome how to model the blood as continuum while it is 
composed of a great number of cellular components with a very wide variety of 
configuration as well as physical and physiological nature.  Moreover, the discrete method 
in general, especially owing to the great advancement of computing technologies, is 
undoubtedly most potential way to analyze such inherently discrete phenomena.  Another 
advantage of the method is that the near field interaction via biological macromolecules can 
be simply modeled in the way that their own physical and physiological nature is expressed.  
Thus the computational load to express the complex physics in the near field interaction can 
be considerably reduced. 

We could qualitatively demonstrate the effect of the coagulation factors such as vWF 
and Fbg on the destruction process of the primary thrombus using our proposed method.  
In the simulations considering high level of binding ability between the particles and 
between the particle and the injured wall (i.e. Nbind = 5, and 10), the results demonstrated 
that larger amount of particles can reside on the injured wall for longer time.  For the 
normal physiological hemostatic function, the primary thrombus formed on the injured site 
must stay there for some duration of time until the following secondary thrombus formation 
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(a)

 

(b)

 

(c)

 
Fig. 3  The destruction process of the primary thrombus obtained from the computation for Nbind = 0.  (a) t 

= 0.32 [s].  (b) t = 0.96 [s].  (c) t = 1.60 [s].  Since the adhesive force was not induced between the 
particles in this case, the particles were separated individually from the original primary thrombus 

 

(a)

 

(b)

 

(c)

 
Fig. 4  The destruction process of the primary thrombus obtained from the computation for Nbind = 5.  (a) t 
= 0.32 [s].  (b) t = 0.96 [s].  (c) t = 1.60 [s].  The particles separated from the original primary thrombus 

tend to form aggregations due to the adhesive force caused between the particles. 

 

(a)

 

(b)

 

(c)

 
Fig. 5  The destruction process of the primary thrombus obtained from the computation for Nbind = 10.  (a) 

t = 0.32 [s].  (b) t = 0.96 [s].  (c) t = 1.60 [s].  Similarly for the case of Nbind = 5, the particles separated 
from the original primary thrombus tend to form aggregations due to the adhesive force.  The particles 
resisted against the fluid mechanical force to reside longer around the region of the original thrombus 

compared with the other cases.  It resulted in shorter movement of the particles. 
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is initiated.  Our proposed method may play a role to predict what critical magnitude of the 
mechanical interaction mediated by coagulation factors results in the stable primary 
thrombus or in the collapse.   Such information may contribute to better understanding of 
the physiological hemostatic mechanism as well as the pathology of the thrombosis and the 
bleeding disorders, which ultimately leading us to improve the treatment of the diseases. 
 

 
Fig. 6  Time course of number of colonies.  One colony was defined as a cluster in which the gap between 

neighboring particles | s | satisfied 0| | Lε≤s .  In the case of Nbind = 0, the number of colonies tends to 

increase with respect to the time.  In the cases of Nbind = 5, and 10, the number of colonies much slowly 
changed as compared to the case of Nbind = 0. 

 

 
Fig. 7  Time course of the number of platelets which resided above the region of x = 10-50 [µm], where the 

injured surface was assumed.  The significant difference in the particle counts between Nbind = 0, and 5 
eventually became to disappear.  In the case of Nbind = 10, on the other hand, larger amount of particles 

stayed on the injured region compared with the other two cases. 

4. Conclusion 

The mechanical behavior of the primary thrombus under the blood flow has been 
modeled by adopting the Sokesian dynamics method and modeling the mechanical 
interaction via biological macromolecules such as vWF and Fbg by the Voigt model.  The 
proposed method was applied for the collapse process of the primary thrombus formation, 
where the three different levels of the binding ability were considered.  Results show that 
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our modeling can qualitatively demonstrate the effect of the mechanical interaction via 
adhesive macromolecules on the destruction process of the primary thrombus.  It was 
demonstrated that when the binding force is weak, which can corresponds to the decline of 
the platelet function in the bleeding diseases, the platelets can not efficiently reside on the 
injured site of the vessel wall.  Our modeling could be a powerful tool to better understand 
the physiological hemostatic mechanism as well as the pathology of the thrombosis and the 
bleeding disorders.  For instance, that may play a role to predict what critical magnitude of 
the mechanical interaction in the platelet-platelet aggregation and the platelet-surface 
adhesion results in the stable primary thrombus or in the collapse.  Such information 
would be useful to improve the treatment of the diseases including the development of the 
artificial platelet.  In future, the simulations will be extended to cover not only the collapse 
process but also the formation process of the thrombus.  And the results will be compared 
with in-vitro experiments, for example Ref. (8), in which the platelet deposition onto 
immobilized vWF or Fbg under flow was estimated, to verify our proposed modeling. 
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