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Synopsis

In the present paper, tke Study’s coordinate of a stralght lme has been introduced mto
.geometrical optics. From the result the law of reflection of light and that of refraction have’

vbeen expressed respectively as follows :
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- where &,, &,, k@b and N are Study’s coordinates respectively of the incident ray," reflected rv'éy,y‘_:*" -
refracted ray and normal to the surface of reﬂectxon or refraction at the pomt of 1ncxdence, and

2 is the index of refraction.

For example of application of this method a problem mth respect to the curvature of the Vinge: ‘

in a prxsmatlc spectrum has teen treated.

I. Intorduction

"By Dr. Kubota’s()' suggestion, the late Dr.
Maeda @ successfully introduced the Study’ s®
~ coordinate of a straight.line into the theery
of skew bevel gears toothed with skew ruled
surfaces The writer, who mainly stud1es
the theory of skew bevel gears in line with

the Maeda’s theory, tried to introduce the

Study s coordinate of a straight line into
' geometrlcal optics.

- II. Study’s Ceordinate of a
Straight: ‘Liné <

In thls section some propprtres of the
Study’s coordinate of a straight line “are
" mentioned.

Take a unit vector a on a- stralght line
and let ¢ be the radius vector drawn from
the origin to any point on the straight line.
Study’s coordinate of a straight line is defined

by a-+er x a; where ¢ denotes an imaginary
number which 1tse1f is not zero but its square
is ‘zero, and [ X a represents -the vector
product of £ and a. T here isa relatlon that
the scalar product - :

(@a+erxai=1 - —"(‘1)

In the ‘following treatise German capital
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letters represent the Study’s 000rdmates of
straight lines, and German small lettera e
present real vectors. -
.Let © be  the Study’s coordmate of the
straight line which intersects at right angles
simultaneously with straight lines U and 8,
and has the direction determined by* a;ny-
choice. =
The straight line % may occupy the pos:_
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‘ txon of the stralght line B by the translatlon
of magnitude 6 along € and the rotation of -

,‘_,angle o arqund €. Consider the right-handed

- screw motion along € by which a screw .
,.travels toward the direction of G.. If the

~ direction of the’ above described translatmn

" of % coincides with that of the screw, § is ‘
“n—2¢. Then applying the formulas (1), (2) N

"~ said to be positive, otherwise to be negative.

4
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Sunllarly if the direction of the above des-

crzbed rotation of 9 coincides with that of

the screw 0 is said to be positive, otherwise
tQ be negative. The quantity 6-+¢0 is called
the dual angle between ¥ and 8.

If we write 6+¢0=6, then we' .have the

followmg relations

- the scalar product‘ AB=cosB (2) :

- and the vector p1foduct_ AxB=Csin® (3)
" Further if we choose the direction of € so

- that ¥ can occupy the position of B under

- merely ‘positive values of 6 and 0, then we
have the following relation

C=UxBL/AXBF. @D

If a straight line % cccupies & new position
B by the screw motion of axis &, we. have
B= (%[@)@—(%x@)x@cos(cﬁ-l-sg)
=YX G sin(p-+ed) '

. {vhere ¢ is. the angle of rotation and Q the

magmtude of trarnslation along ®.

III Law of Reﬂemon

In F;g 38,8, and N are Study’s coordx-,_

nates reSpectxvely of the. incident .ray; re-

" flected ray and normal to the reflecting sur-

 face at the point of incidence, and ¢ is the
‘angle of iincidence.  Consider a straight line

R

i

T defined by the expression ‘

L T=MxBL (MxS)% (e
From the expressions (4) and (6) it is clear

that T intersects simultaneously with R and

-8, at_right angles, then ¥ is one of the
" tangents of the reflecting surface at the pomt v

of incidence.. Accordingly we may get 3. by
the rotation of S, about T through the angle

and (4) we get- -

cos 9p=NS, - : : )]
Tsin¢p=NxG, C (&
and : o ' .
8=, T-(BXxTYyXxTcos(m—2¢)
- =8, X T sin(m—2¢). )
We have from (6) . o ‘ :
.S, T=0,

" from (7) and (8) -

cos (r—2¢)=1-2(NG,)?*
T sin(z—2¢) =2(MS )N x S,
Then from (9) ‘ .
8,= - (8, xTYXT{1-2(NS,)*}
~28, X (MXBH(NS,) .
=1 (@,i)i S.I2H{2(NS,)* -1}
~2{NB, —~ (NS IS HRNS,)
=-8 {2(5)%@ »?P-1}- 2{M- NS, )@.} (%\"9.)
=8 -2(NS.)N.
"Thus we obtain an expression for the law
of reflection in the form R
8,=8,-2(Ng)oMm. : " (,19)‘

. ‘IV | Law of Reffactlon
In Fig.4 &,, &, and R are respectively the

_incident ray, refracted ray and normal to the '

surface of refraction at the point of incidence,
and ¢, is the angle of ‘incidence and ¢, is -
that of refraction. In similar menner as
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: before the tangent ¥ is deﬁned by the
'expressmn (6). Also in like manner as before
we may get S, by the rotation ©, about T

through the angle ¢,—¢, Then  apylying
the formulas (2), (3) and (5) we get

cos ¢,=NS, - an

. Tsin ¢=Nx 3, a
- COS (/)1,: %gb (13) '

T sin ¢b=%>< @55 (14)

' ’and :
8,=(B.IT - (S, xT)XT cos(¢«,, )

-8, X T sin(¢s — Po) , (15)
Moreover Snell’s law claims - '
sin ¢,/ sin ¢p,=p (16)

- where u is the index of refraction.
We ‘have from (6)
R ; &3-0,
from (11), ¢12), (13), (14) and (16)
(B xT) x Tcos(¢hs ~ ¢e) = (B, X T
X T (cos ¢; cOs ¢et-sin ¢, sin,)

={@DT- ,ezﬂ}[cog¢q¢1— {1—(92@3) }
+ (1-cos') ]

- =-8[{@s.

~S.2}

1 ‘ - o
+{1- ®S)Y]
andf
8, x Tsin(¢, —¢,) =8, x $(sm¢b cos ¢,
—sin ¢, cos¢,)

‘ f =, x% sin ¢,,[—cos¢., J 1—-“(1 COSztl’e)]
, | - x(stxee)[ me,—\/l- j—(l cos’ ¢.)]

= {5)2_1@ f(%ee)}[ Zéﬁ@_gf \/ 1 -—7{ 1-—(%@)’}1
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Then from (15) we have the law o re-f*fviyﬂ';‘:

fractlon in the form ;- ey
-—ce.+{¢p7“m”e‘>'z~%@ }R. an

Let 4, be the absolute index of refractlon.
of the medium through which the incident
ray ©, passes, and let u, be that of thef""

medium through Wthh the refracted ray S .
passes. :

In (17) if we put .ab//ute in place of #, and
_then put 4,8, and 4,S, in places of 8, and & “3’6 e

respectively, (17) becomes' - g
Sb—Sri‘;«/ub ﬂe—}-(%s )2 —%SJ% (18) ‘ o

V. An Example of Apphcatlon

For example of the application of this i
method a problem connected with the curva- .
" ture of the lines in the prlsmatlc spectrum‘ ;

is treated as follows:

On this problem, several researchers(4)(5)(6>
For
the convenience of comparing the result with -

have already studied’ mathematxcally

that of H. C. Plummer’s® calculation, the’

same notations A4, v, 0, a, a’ and ‘» are

adopted as those which Plurimer- adbpted 1n
his treatise.

Here the position of the point of incidence

is out of the question, therefore only the
directions of rays and that of normals to the
faces of the prism are taken seriously.. Then

a spherical representation of their directions .

sufficient for discussion. Accordingly we" .

may treat the subject utilizing the laws of -
refract1on (@7) in which let the unagmary /
parts (containing the imaginary number SR

of Study’s coordinates be zero in this case.
Fig. 5 represents the elevation and plan of

the prism, a penetrating ray (3; $; and ;)
and normals (%, and 9,) to the faces of -

the prism.
Take a rectangular coordinate axes X, 2),

8 as follows. - Let axis ¥ coincide with: the
edge of the prism, and let axis P lie on
“one of the faces of the prxsm as shown in
" Fig. 5. ; e

In Fig. 5 (a) the angle of the ‘prism, the

“angle between the orthogonal projection of

9, and that of 'S, on the principal plane of .
the prism- and the angle between the
‘orthogonal projection of 9, and that of @3,.. .
‘on ‘the same plane are respectively-. denoted,
by A4, v and a’.

A

The angle between the ray T
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el and the principal plane and the angle
.\ between the ray &; and the same plane are
represented by 6 and 6’ respectively. Direc-
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' tion—cosines of Ry, Ny, S; and 63 are gwen in -

the followmg table

X 9 | 3
ST O I 1
%2 1. 0 ‘ sin A4 cos A e )
S, | sinf cosfsinv cosfcosvy
B, &in 0/ :osﬂ’sin(A—a'-)cosé?’cos(A—d’)

wl

Applying the formula (17) to this case, we
haVe in connection with the first refraction

@=is —wu “TFORS)T -8
(20)

;z
and in connectlon thh the second refractmn

»;_:?mw{\/;f—H%@m—m}% '

N

w?
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From 19 ~
9, S;=cosfcosy S (22)
- N, Sj=cos 6 cos(A~v) - (@
N My=cos A (24)
922 8;=cos 6’ cos al (25)
o =0 (26)
' N X=0 @n

and- '

S; ¥=sin 9. (29)

From (20), (21), (26), (27), (28) and (29) we
have '
sin 6/ =8;% -

= [ﬂ@z""ﬂ{\/—_ 1+(§R2®z)2 S/Rg@z}mz x

- =uS:X= [©1+ «/,u -—l~r(’ﬁ1®1)’ ER@J?R;]&

=8 %= sin 0. ' (30)
Substltu‘cmg (22) in (20) '

G,=

4

[foﬁ— e -—1+cos‘0 cos's

o —cosﬂcosv}%tl] (31)
Construct the scalar product of %, and &, -

taking (23) and (24) into consideration, then

we have

NS, =‘—}7 eosﬂ cos(A-v)

+(/ * = 1+ cos*0 cos*v —cosl cosv)cosA]

= %[ginA cos § sin v

+ (& p* — 1+ cos *Bcos *v) cos A]. (32)
) .

Substituting (21) in (25)
~ cos f'cos a’ = pu NS,

iy A= 1o S~ e}

%yv/p]%; -1+ (NS, .

Taking (30) and (32) into consideration

1 1=+ (ReS0)® _
- cos*

+ ¢* — sin’ Acos*sin’v - (i — 1+ cos®fcos’ v)cos*A

sin 2a’ =

coi”'ﬁ [cos% -1

-2 (2~ 1+cos‘ﬁcos‘v) cosA sinA cosf sin v}

=1 [ 1+cos? cos?)sin’A
cos-*ﬁ[(’a_ ._+co s %)

= (/= 1+ C08%0c0s'D ) sinA cos A cosd sin v

 +cos2A cos 0 sin zv]

/ =
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39 cos‘*’v )smA

—cos A cos 0'sin v]
.

= i[ {/(##=Dtan "B,—l—‘,u"-— sinp }sinA

(33

To remove the ambiguity on the sign in (33),
let 6=0 and v=0, then on the first refraction
occurs normal incidence, accordingly in this
case (33) must be transformed into

p=sina’/sin A.
Then we have ,
sina’= {/(@*—1tan?f+ x> —sin’v}{sind
—cos A sinv.

— cos A sin 1)].

G

This expression satisfactly coincides with
that. of Plummer’s.

Some trials on the application of this

method to the calculations refermg to lenses
are in progress.

Summary

If we represent the position and the di- °

rection of a ‘straight line employing the
Study’s coordinate, the laws of reflection and
refraction are expressed respectively by the

formulas (10) and (11) The treatment on -

the example given ab_ove seems to show that o
these formulas save the brain work in .

comparison’ with the classical method.

In conclusion’ the auther wishes to offer -

his hearty thanks to Dr. Takemaro Sakurai

and Mr. Shotard Yoshida for their vafluable

adwces during this work.
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