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Lévy-driven CARMA Random Fields on R”

Peter J. Brockwell* Yasumasa Matsuda'

Abstract

We define an isotropic Lévy-driven CARMA (p, ¢) random field on R™ as the integral
of an isotropic CARMA kernel with respect to a Lévy sheet. Such fields constitute
a parametric family characterized by an autoregressive polynomial a and a moving
average polynomial b having zeros in both the left and right complex half-planes.
They extend the well-balanced Ornstein-Uhlenbeck process of Schnurr and Woerner
(2011) to a well-balanced CARMA process in one dimension (with a much richer
class of autocovariance functions) and to an isotropic CARMA random field on
R"™ for n > 1. We derive second-order properties of these random fields and find
that CAR(1) constitutes a subclass of the well known Matérn class. If the driving
Lévy sheet is compound Poisson it is a trivial matter to simulate the corresponding
random field on any n-dimensional hypercube. Joint estimation of CARMA kernel
parameters and knots locations is proposed in cases driven by compound Poisson
sheets and is illustrated by applications to land price data in Tokyo as well as

simulated data.

Keywords: compound Poisson, convolution, CARMA random field, Gibbs sampling, knot

selection, Lévy sheet, Lévy noise, Matérn class.

1 Introduction

This paper introduces a class of scalar random fields S,(t), ¢t € R™, which, when n = 1,
reduces to a class of non-causal Lévy-driven CARMA processes whose properties have
been studied by Brockwell and Lindner (2009).

Traditionally the modelling and analysis of spatial data involves the fitting of a re-

gression model with spatially correlated errors, specified in terms of a parametric family
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of covariance functions. A large number of families of such covariance functions have been
proposed in the literature, in many of which the covariance between the field at any two lo-
cations depends only on the Euclidean distance between them. The most frequentlly used
family is the Matérn class (Matérn, 1960), for which both the spectral density function
and the covariance function can be written explicitly (see e.g. Stein, 1999) . The Matérn
class was extended to a class of nonstationary and anisotropic covariances by Paciorek
and Schervish (2006).

When fitting covariance models to spatial data, the large sizes of the data sets give rise
to significant computational difficulties which mean in particular that maximum likelihood
estimation is usually not feasible.

To overcome some of the difficulties Higdon (2002) suggested specifying the field S,
directly as a convolution of a kernel function with a continuous-parameter white noise
field. In this paper we utilize this approach, using the white-noise field associated with
a second-order Lévy sheet L and a family of kernels g, which belong to a conveniently
parameterized class of kernels reducing, when n = 1, to a class of non-causal continuous-
time ARMA kernels. The field can be expressed as

Sn(t) = /n gn(t —u)dL(u), forte R"

where g, is specified in Definition 3.1. The resulting covariances between S,,(¢) and S, (t")
depend only on the displacement vector d =t — t. Moreover if g, is isotropic (as it is in
this paper) then so is S,,, and the covariances will depend only on the magnitude of d. An
especially convenient special case occurs when L is a compound Poisson random measure

on the Borel subsets of R™. In this case S,, can be expressed as
Sp(t) = Z gn(t — ;)Y
i=1

where z; denotes the location of the i*" unit point mass of a Poisson random measure on
R™ and the sequence {Y;} is a sequence of i.i.d. random variables independent of {z;}.
We shall refer to S, in this case as a compound Poisson random field with kernel g,,. The
random points z; will be referred to as knots. The knots contained in any bounded subset
D C R", given their number, are uniformly and independently distributed on D.

As pointed out by Higdon (2002), the convolution model permits dimension reduction
in the following sense. If we consider only those contributions to the field from a finite
number, M, of knots contained in a bounded subset of R", then the necessary computa-
tions for estimation and kriging can all be carried out in terms of M x M matrices rather
than the typically much larger 7" x T matrices, where 7" is the number of observations.

Moreover the convolution approach can be extended readily to deal with nonstationary,



anisotropic, multivariate and spatio-temporal modeling (see e.g. Fuentes, 2002; Calder
and Cressie, 2007; Majumdar et al, 2010; Sampson, 2010).

In the convolution approach the choice of kernels and knot locations plays a critical role
for estimation and kriging performance. Higdon (2002) introduced a family of kernels that
gave standard classes of Gaussian, exponential and spherical covariances, and suggested
ad hoc choices for them in his ozone modeling examples. In most existing studies knot
locations are either regularly or randomly spaced points, the number being chosen so as
not to exceed computational limits. For given knot locations, the kernel parameters can be
estimated by either classical maximum likelihood or Bayesian methods, the specification
of knot locations and the estimation of kernel parameters being conducted separately.

In this paper we determine the first and second-order properties of the scalar random
fields defined above. The family of isotropic CARMA(p, q) kernels specified in Definition
3.1 generates a rich new class of spatial covariances which are not necessarily non-negative
and not necessarily monotonically decreasing. For model-fitting and kriging we use a
Bayesian Markov chain Monte-Carlo method to estimate the knot locations and CARMA
parameters simultaneously. We find in our examples that joint estimation of the kernel
parameters and knot locations improves substantially on estimation and kriging in which
the knot locations are specified prior to kernel estimation. For the CAR(1) field it is found
that the covariance function belongs to the Matérn class with smoothness parameter
% + 1. For the general CARMA(p, q) field the spectral density is found explicitly and
the covariance function is expressed as a modified Hankel transform (a one-dimensional
integral) of an explicitly defined function. It is evaluated explicitly for n = 1 and n = 3.
If the Lévy noise is derived from a compound Poisson sheet then it is a trivial matter
to simulate a corresponding CARMA random field without any matrix operations. We
make use of this in our simulated examples. We observe also that if the CARMA kernel
is replaced by a Matérn kernel with smoothness parameter v then the resulting field has
a Matérn covariance function with smoothness parameter v + 3.

The stationary and isotropic CARMA random fields introduced in this paper sug-
gest further studies, in which we plan to extend the models to represent nonstationary
and anisotropic random fields. The paper is organized as follows. Section 2 introduces
some background tools relating to Lévy sheets and the multivariate Fourier transform of
an isotropic function. In Section 3 we evaluate the first and second-order moments of a
CARMA random field driven by a second-order Lévy sheet. Section 4 discusses the joint
estimation of CARMA parameters and knot locations. Section 5 demonstrates the perfor-
mance of CARMA random fields fitted to both simulated data and to a real-life example

involving Tokyo land price data.



2 Preliminaries

Lévy noise and Lévy sheets have recenty received much attention in connection with
stochastic partial differential equations (see e.g. Koshnevisan and Nualart (2008)). In this
paper we make use of them to define multiparameter versions of single-parameter CARMA
(continuous-time autoregressive moving-average) processes.

If L is a scalar n-parameter Lévy sheet and Lis the corresponding Lévy noise as defined
by Koshnevisan and Nualart (2008)), Section 2, then we can follow their construction to

define an n-parameter scalar CARMA random field via the integral

S, (t) = / on(t — w)dL(u), t € R™, (1)

where the kernel g, : R" — R is a suitably chosen analogue of the one-parameter CARMA
kernel. Kernels of the form g,,(t) = ¢(||t]|) and g,(t) = [[;—, ¥:(t;) are of particular interest
but in this paper we shall restrict attention to the former and refer to the corresponding
random field as isotropic.

Important cases arise (i) when L is a Brownian sheet, in which case L is Gaussian
white noise and (ii) when L is a compound Poisson sheet, in which case L is the random

measure on the Borel subsets of R™ given by,
L(A) = 3 YL, (4), Ae BR", 2)
i=1

where x; denotes the location of the i*® unit point mass of a Poisson random measure on
R™ and the sequence {Y;} is a sequence of i.i.d. random variables independent of {x;}.

A variety of fields are generated by (1) depending on the choice of L and of the kernel
gn- Our prime concern will be with second order fields and their first and second order
properties which we shall apply to the modelling of multiparameter data sets. If L is a
second-order Lévy sheet then there exist constants © € R and o > 0 such that for all
real-valued functions g and h in L'(R™) N L*(R"),

B[ gt dri) = [ ot d 3)
" Cov {/ng(t) dL(t),/n h(t) dL(t)} =0 /ng(t)h(t) dt. (4)

If the kernel g, in definition (1) belongs to L'(R™)NL?(R") then the first and second-order
properties of the field S,, are given by

~—

ES,(t) = g / (1) (5

n
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and
Yn(t) := Cov(S,(t), S,(0)) = o2gn * gn(t), t € R, (6)

i.e. 0% times the multi-dimensional convolution of the kernel g, with itself.
In order to compute the autocovariance function (6) we shall first compute the multi-

variate Fourier transform g, = F,,f of the kernel g,, defined, for g, € L'(R"), by

n

Gn(w) = Fgn(w) = (27r)_”/2/ e MWhg (t) dt, we R" (7)

Then by (6), provided (g,)? € L'(R"), the autocovariance function -, is (27)"/2 times the

inverse Fourier transform of 02(g,)?, i.e.

(t) = 02 / ¢, (w)? dw, t € R, ®)
so that the multivariate spectral density function f,, of S, is
fu(w) = %G, (w)?, weR™ (9)
If the function g, is radial, i.e. if there is a univariate function ¢ such that

gn(t) = on(lIt]), t € R, (10)

then it is well-known (see e.g. Nowak and Stempak (2014)) that the Fourier transform of

gn 1s also radial and can be expressed as

(@) = du(llwll) == Hy16n(|lw]), w € R, (11)

where H,, denotes the modified Hankel transform,

H,g(z) = /Ooog(y) J&Sg} vt dy, x>0, m>—1/2, (12)

and J,, is the Bessel function of the first kind of order m. Clearly the function g2 is also

radial so that (8) can be reexpressed as
(t) = o*(2m)" 2 Hy dr (1)), t € R™ (13)

If, for each n € N, g, is a radial function in L'(R") with g, (t) = ¢(||t]|), t € R™, where

¢ : R — R is a function independent of n, then we can write the Fourier transform (7) as

gn(w) = Fngn(w) = Fuo([lwl)), n €N, (14)

where, by a very elegant result of Grafakos and Teschl (2013), the mapping F,, 1 is related

to the mapping F,, by

Friod(r) = —lifnqﬁ(r), n € N. (15)

rdr
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Equation (15) differs by a factor 27 from equation (2) of Grafakos and Teschl owing
to their slightly different definition of the Fourier transform. Thanks to this equation it
becomes a simple matter to compute F,¢,n € N, from Fi¢ and Fo¢.

We shall say that the field S,, defined by (1) is isotropic if the kernel g, satisfies (10) for
some function ¢ : R — R. (The function ¢ may depend on n but in all of our applications

it will denote a function independent of n.)

3 Isotropic Lévy-driven CARMA random fields

Definition 3.1. Let a.(z) = 2? + a1 2P '+ -a, = [[_,(z = \;) be a polynomial of degree
p with real coefficients and distinct zeroes Ay, . .., A, having strictly negative real parts and
let bo(z) = bo+biz+---byz? = [, (2 — &) with real coefficient b; and 0 < q < p. Suppose
also that \; # pj for all i and j. Then defining

p q

a(z) = [J(z* = 2) and b(z) = [[(=* - &),

i=1 i=1
the isotropic L-driven CARMA(p,q) field with autoregressive polynomial a and moving

average polynomial b is
p
b(AT) —u n
5.0 = [ D0 gaen L), te R (16)
r=1 r

where a' denotes the derivative of the polynomial a and ||t — u|| denotes the Euclidean

norm of the vector t — u. a

Remark 3.2. The kernel g(t) = S0 b(\)erltl /a’();) appearing in (16) is the special

case, when a(z) has distinct zeroes, of the kernel,

gt = 3 Res.y [Ib(2)/a(2)]
AR(N)<0
where the sum is over the distinct zeroes of a(z) with negative real parts and Res,—) f(2)
denotes the residue at z = A of the function f. When n = 1, it is the kernel of the non-
causal CARMA (2p, 2¢) process with autoregressive and moving average polynomials a(z)
and b(z) respectively (see Brockwell and Lindner (2009)). For simplicity of exposition and
with no essential loss of generality we shall assume throughout this paper that the zeroes
of a(z) are distinct. In the special case when a(z) = 22 — A2, A\ < 0, and b(z) = 1, the
process S; defined by (16) reduces to (2A)~! times the well-balanced Ornstein-Uhlenbeck
process of Schnurr and Woerner (2011). The definition (16) can therefore be regarded in
their terminology as a well-balanced CARMA process when n = 1 and as the generalization

of such a process to a field on R™ when n > 1. .
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For the compound Poisson L defined by (2),
X PO e
Salt) =Y S5yl e RY (17)
an expression which permits very simple simulation of .S,, on any hypercube or on certain
more complicated bounded subsets of R".

Remark 3.3. It is interesting to note that the kernel

b(Ar)
a' (M)

= o (),

M=

r=1

where 7 is the autocovariance function of the one-dimensional CARMA (p, ¢) process with
autoregressive polynomial a,(z),moving average polynomial b,(z) and driving Lévy pro-
cess L such that Var(L;) = 1. This result can be derived from the representation (65) of
7 in Brockwell (2014).

Our first theorem establishes the first and second-order properties of the isotropic
CAR(1) field with autoregressive polynomial a(z) = 22 — A%, X < 0.

Theorem 3.4. If L is a second-order Lévy sheet satisfying (3) and (4) and if the defining
polynomials in (16) are a(z) = z*> — A\? (where A < 0) and b(z) = 1, we shall refer to
S, as an isotropic CAR(1) field with kernel g,(t) = (2\)~teM = ¢ (||t|), t € R™, where
o(r) == e /(2\), r > 0. Then

pril(n + 1)

E[S,(t)] = , 18
[Sn(t)] MM (5 +1) (18)
the spectral density of S, is
falw) = A (|lw]* + A2 ™, we R, (19)
where
. —2n/2AAp(2tly /7 if nis odd,
—27"2T(n)/T(2)  if nis even,
and the autocovariance function of S, is
5 et
W) =% (5)° | Kon(IM]), t €R" 20
Py ( ) o Cn 2 ‘)\|n+21—1<n+ 1) 2+1(H H)? G ( )

where K= i1 denotes the modified Bessel function of the second kind of order § + 1.



Proof. From (5) we find at once that E[S,(t)] = & [,. eMldt. Rewriting the integral in

polar coordinates then gives

B[S ()]

1 /OO e prl(n+1)
_ — T = .
X Jy ¢ T+ ANT(Z + 1)

In order to compute the spectral density and autocovariance function of S,, we shall
first determine g, (w) = Fogn(w) = Fud(|w|) = dn(||w]]), w € R™, for n = 1 and 2, and
then use these, in conjunction with (15), to determine g,, n € N. The spectral density of
Sy, will then be found from (9) and the autocovariance function from (13).

The case n = 1:
Substituting ¢(r) = e /(2)) in (7) and evaluating the integral gives
1

gl(w) = —m, w € R. (21)

The case n = 2: From (11) and (12) we have

1 1

52(w) = 5 HoOJol]) = o5

1

2
ey w € R?,
w

/ Mo(lwlly)y dy = —

0 2
(22)

where the last equality can be found from tables of the zero-order Hankel transform (see

e.g. Piessens (2010), table 9.1, equation(4)).

From (21) and (22) it follows that Fi¢(r) = —\/LQ—W(T2 +A2)7t and Fogp(r) = —3(r? +

A?)73/2_ Successive application of (15) with n = 1,2,3,..., then gives,
Fud(r) = du(r) = ea(r® + X)7%, n €N, (23)

with ¢, defined as in (19). These equations, with (9) and (14) immediately give equation
(19) for the spectral density of .S,,.

Substituting from (23) into equation (13) and using Piessens (2010), Table 9.2, equa-
tion (12), we find immediately that the autocovariance function of S, is given by (20) as

claimed. 0

Remark 3.5. The values of K,(z),r > 0,z € C, are available in Matlab as besselk(r, z).
The functions K, 1
Stegun (2012), equations (10.2.17), we have

Ks(z) = /m/(22)e *(1 +2z71) (24)

2

n € N, take a particularly simple form. From Abramowitz and

and

Ks(x) = /7/(22)e *(1 + 3271 + 3272). (25)

5
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Moreover, if we define
hn(2) = (—1)"*? W/(QZ)KR_,’_%(Z), neN,

we can readily calculate K, +%(z), for integers n > 2 from (24), (25) and the recursions
(Abramowitz and Stegun (2012), equation (10.2.18)),

Prg1(2) = hn_1(2) — (2n + 1)z hy(2).

Remark 3.6. Direct application of Theorem 3.4 gives the following results for the im-

portant cases n = 1,2, and 3.

2 2
__F 9 T
2
I o o?
R[S,] = —& - K.
[52] bk fo(w) Hw”+ A2 Yo(t) = B HM!I 2([IAL]]),
_ A _ 20 A P
E[Ss] = — U f3(w) = STREESOTE Y3(t) = 12|A|5 (3 + 3 [|IAt] + [[A¢]]).

Remark 3.7. The general Matérn autocovariance function has the form (see e.g. Stein
(1999))

Y(t) = o*(llat]))” K, (lat]]), a >0, v > 0.

If we define S,, as in (1) with a Matérn kernel, i.e. with

gn(t) = (lat[))" K, (lat])), v >0, (26)

then we find, by arguments analogous to those used in the proof of Theorem 3.4, that the

corresponding mean, spectral density and autocovariance function of .S,, are,

4

B[S, = p 27! (?) E4w). fulw)= T2 T (5 +7)

2 2\n+2v and
([lw]l” + a?)

n/2 n 2
27 F 5+ vV n 9,
) 3+7) (lat]) 2™ Ky tan([lat]).

n(l) = —
n(t) 2 <a2 ['(n+ 2v)
In other words the Matérn kernel with index v generates a sheet with Matérn autocovari-
ance function having index 4 + v. The results of Theorem 3.4 can be derived from these

more general results since

1 1
o\ LMl — (9}~ Le—lIMl — Atz K1 (||2t]]).



We next consider the isotropic CARMA(p, q) field defined by (16).

Theorem 3.8. If L is a second-order Lévy sheet satisfying (3) and (4) and if the isotropic
CARMA field S, is specified as in Definition 3.1, i.e. with kernel g, (t) = > F_, ,((/\ )) Al
t € R", then

) mal(n+1)
27
”’Z DN (2 1) (27)

and the spectral density of S, is
2

o222 (wl ()) . if nis odd,

o22n=3 <w2 2 (r)) , if n is even,

fn(w) = pu([lwl]) =

where r = — ||w|]2, the superscripts on the functions 11 and 1o denote order of differen-

tiation with respect to r, and

N - 2):b(\,) _
¢k( )_ ;a/()\i)( T—I—/\Q)Hl’ k 172' (29)

The autocovariance function of S, is

() = (21)"*Hy_1pa([1t]), (30)

where H,, denotes the modified Hankel transform of order m as defined in (12) and p,, is
defined as in (28).

Proof. For the field S,, with kernel g, (t) = >*_, a,(()‘ )) At ¢ € R™ equation (5) gives

ES,(t) = u zp: % / ) erilll gy

i=1

The integral on the right was evaluated in the proof of Theorem 3.4. Referring to equation
(18) we see at once that (27) holds.

The Fourier transform of eIl ¢ € R™, is, from (23), 2\ica(|w||* + A2) "%, w € R™,

where the coefficients ¢,, are as in (20). The Fourier transform of g, is therefore

p
N 200( N\
o) = e 3 ———20)
2 Ol + )

With ¢y and v, defined as in (29) it is a straightforward calculation to show that

(n—2)/2

f 1/11 (r), if n is odd,
gn(w) =

n—2
2(”_3)/2@ 2 )('r), if n is even,
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where 7 = — ||w||>. The spectral density of S, is then f,(w) = 02jn(w)?, i.e. (28).

n/2 times the inverse Fourier transform of

The autocovariance function of S, is (2m)
the spectral density and, because the spectral density is radial, it can be expressed as the

one-dimensional integral (30). O

A fast algorithm for the numerical computation of Hankel transforms was developed
by Knockaert (2000). If the dimensionality n is odd it is possible to express the spectral
density of S, in a simpler form and to use this to compute the autocovariance functions

explicitly in the particular cases when n =1 and n = 3.

Corollary 3.9. The function vy in (28) simplifies to

i) =240, 51)
where B(z) = [ ,(z — &) and a(z) := [[}_,(z — A?). This implies, by (28) that when

n is odd the spectral density f,(w) of S, is a rational function of Hw\|2, easily calculated
from (28).

Corollary 3.10. In the special cases n =1 and n = 3 we have

t) = o” il Res._), {eszb%m

and

— s ool (@' (2)b(2) — a(2)V'(2))?
w0 = = 2 ZR - | |

za(z)*

Proof. From (28) and (31) with n =1,

Hence

-2 [ (5o

Changing the variable of integration to z = 4w, using the relations a(z?) = a(z) and
B(2?) = b(z) and using contour integration to evaluate the integral gives the required

expression for ;.
From (28) and (31) with n = 3,

where



Hence 052
o .
lt) = 2 [ 5= ol
R

™
Expressing this integral in three-dimensional polar coordinates and integrating out the

angular components gives
402 o0 :
alt) = o Im | estegyeniiap

Rewriting ¢ in terms of the polynomials a and b and again using contour integration to

evaluate the resulting integral gives the required expression for ;. O]

Example 3.11. A two-parameter CAR(2) random field.

If L is a two-dimensional second-order Lévy sheet satisfying (3) and (4) and Sy(¢),t € R?
is the two-parameter random field defined by (16) with a(z) = (22 — A?)(2? — A\3), \; =
—142i, \y = —1 — 24 and b(z) = 1, then the kernel g, is readily calculated as

=il

n(t) = an(lel) = 5 (costzlel) + g stz ).

From (28) and (29) we then find that the spectral density of S, is
2

T [l + 227 = (Jwl? + A3) 2]

fo(w) = p2([lwll) = 02— x2)p

and, from (30) and (12),

2alt) = 20 Hopa([[]) = 2 / " a(y) olty) dy.

The latter integral is easily evaluated using the Matlab function besselj to compute Jy(ty).
Numerical evaluations of correlation functions of two-parameter CAR(1) and CAR(2)

random fields will be demonstrated in Sec. 5.

4 Estimation and kriging

4.1 Parameter estimation

This section considers estimation of the parameters of the CARMA kernel when the
driving Lévy sheet is compound Poisson as in (17). The data consist of observations
of S,(s) at the finite number of sampling points si, ..., sy, scattered irregularly over a
bounded region D C R".

12



Our model for the data will be a modified form of the model (17) which allows in
particular for measurement errors. We shall write the CARMA kernel, with parameter

vector 6 = (A1,...,\,) as

go(s,x) = Z s,((/\/\:)) erlls=all,

r=1
Our model is then,

M
Sn<8]) = ZJB + ZKQG(SJJ':C@) + €, j = 17 s 7T7 (32)

=1

Y; ~ iidN(0,77),&; ~ iidN (0, 6%).

This model differs from (17) in several respects. First, the mean is accounted for by the
term Z; /3, corresponding to the regressor vector Z = (Z1, ..., Z})'. Secondly, independent
normally distributed noise terms €; have been included to represent measurement errors,
known in the literature as nugget effects. Finally, the ’knot points’, x;, are the points of
the underlying spatial Poisson process falling in the region D and their number, n(D),
has the Poisson distribution. Conditionally on the value of n(D), the knot points are
independently and uniformly distributed on D. The number of knots and their locations
are crucial in the estimation procedure as discussed in section 4.2.

The model (32) resembles a standard regression model with the values of the kernel
function gy(s, x;) as independent variables. There are however difficulties which are not
encountered in classical regression analysis. (i) The knots z;, and hence the independent
variables gy (s, z;), are stochastic. (ii) The independent variables depend on the parameter
0 to be estimated. (iii) The regression coefficients Y; are not fixed but random. These
difficulties prohibit classical maximum likelihood estimation and so a different approach
is needed.

We start by evaluating the conditional likelihood function of the parameters (3, 62, 6, 72)
given the number, M, and locations, {x;}, of the knots in the model (32). The conditional

variance of S, = (S,,(s1),...,Sn(sr))" is then
T2VoVy + 6% Ip = 6% (Ir + k*V3Vy) = 6°R,

say, where Vp is the T by M matrix whose (p,q)*™

k* = 72/62. The conditional likelihood is

component is V,, = go(s,, z,) and

S, ~ N (Z8,6°R) .

Calculation of the inverse and determinant of R requires an infeasible O(T?) operations.
We apply Corollaries 18.1.2 and 18.2.10 of Harville (1997) to calculate them in O(M?)

13



operations as
(°R)™ =6 {Ir — Vo(r I + VyVa) ' V3 },
and
(2R| = 67T |W2VVo + L.
These expressions yield, in O(M?) operations, the conditional log likelihood of S, (a
function (of Q = (8, 6%, 6, k2, {x;})) in O(M?) operations as

T 1 1
log L(S,|2) = —510g52 — —log|R| — 252

2 (Sn - ZB>/R71<SH - Zﬂ)v (33)

It is infeasible to estimate (3,42, 6, %) by maximizing (33) unless zy,..., 7y, are fixed
and known, which leads us to take a Bayesian approach.

For given M, the knot locations, {z;}, are independently and uniformly distributed on
D. Taking this as the prior distribution for {z;} opens the way to Bayesian estimation of
the model. Bayesian inference requires us to specify priors for the other model parameters.

The Gibbs sampler is used to draw samples of parameters from the following posterior

p(Q1S,) o< L(S,|0)p(B8)p(6*)p(8)p(x*)p({x:}).

We assign the conjugate priors N (g, Xo) and Ga(ay,as) for 8 and §~2, respectively. We
update 3 from N(ug,>3), where

Yyt =%'+6?Z'RZ,
and
He = 25 (5_2Z/R_1Sn + 20_150,>

and update 62 from the gamma distribution with parameters a; +7/2 and ay+1/ 2(S, —
ZB)YR7Y(S, — Zf). For the other parameters without conjugate prior distributions, we
draw samples using the Metropolis-Hastings (MH) algorithm. We employ the vague prior
distribution, uniform on the parameter set for (6, x?), and use random walk chains driven
by normal variables with mean 0 to update them in the MH algorithm. Priors for the knot

locations and the updating procedure will be discussed in detail in the following section.

4.2 Knot specification

Specification of the knot locations {x;} plays a critical role in estimation and kriging using

CARMA models. Gelfand et al. (2012) proposed a way in the predictive process approach
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to specify them separately from parameter estimation. Zhang et al. (2015) employed
a procedure for joint estimation for knots and parameter in the context of composite
approach. We shall follow the latter approach with a modification to allow for our assumed
uniform distribution of knot locations.

Suppose we have a set U = {uy,...,unx} C D of knot candidates, which are indepen-
dent uniformly distributed points in D. We take the prior distribution of the knots to be
that of points selected by independent Bernoulli sampling from U with success probabil-
ity p. This distribution approximates that of an independent uniformly distributed set of
points Ky in D with the expected number of points, EM, = Np. It approximates the
distribution of points in D generated by an n-dimensional Poisson process, conditional
on My points falling in D. The value of p is chosen to make operations with matrices of
dimension F M, computationally feasible.

Given an initial knot set K, chosen from U as described, we use a Metropolis-Hastings
algorithm to obtain successive knot sets Ki, Ko, ... . For any subset K C U we shall use
the notation K¢ for the set U \ K and n(K) for the cardinality of K. The recursive

construction of the knot sets can then be described as follows for t =1,2,... .

(1) Draw A and B from K; ; and K; ; by Bernoulli trials with success probabilities ¢;
and ¢2(t) = qin(K;—1)/n(Kf ), respectively, and define K" by (K- \ A) U B. (If
n(K;—1) = 0 or ¢o(t) > 1 then K’ is obtained by independent Bernoulli trials with
success probability p from U).

(2) Compute the acceptance ratio

N < | LSKpENI (K = Ko ) )
’ L(Sn|Kt_1)p(Kt_1)J(Kt_1 — K,) ’

where L(S,|K) is the conditional likelihood in (33) given the knot set K, and p(K)

is the prior distribution assigned for the knot set K, i.e.,
p(K) = p"F (1 —p)"*9,
and J(K — K’) is the probability of a transition from K to K’ i.e.,
T = K') = (1= go)"EOR NI (1 — go(1)) "R g2y K,

slightly modified if ¢2(¢) > 1. The other quatities p(K’), J(K' — K) are defined in

the same way.

(3) Set K; equal to K’ with probability o and to K; ; with probability 1 — a.
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We note that p is chosen so that the expected number of initial knot points is within
computational feasibility (i.e. so that Np is of the order of one hundred). The probability
¢1 is chosen to be small (typically between .01 and .03) so as to give reasonable acceptance
ratios and the probability ¢o(t) is designed to make En(K;) equal to En(Ky) = Np for
all t.

4.3 Kriging

Kriging, i.e. prediction of the field at points for which no observations are available, is con-
ducted in the course of the Gibbs sampling jointly with the estimation of the parameters.
Here we demonstrate kriging at a point so based on the model in (32). For a given Q at a
step in the Gibbs sampling, we draw Y = (Y1, ..., Yy,) from the posteriors N(uy, 5?2y ),

where
Syt =Ky + ViV,
and
py = Sy Vy(S, — Zp).
Using the sampled Y, we construct the kriged value at sq by
Su(s0) = ZofB + Va(s0)Y.

for the regressor Z; at sg. Conducting the kriging in the course of the Gibbs sampling,
we obtain posterior samples of the kriged value at so. Notice that all the procedures for
the kriging as well as in the Gibbs sampling are conducted using operations with M x M

matrices.

5 Empirical studies

5.1 Data generation

Simulation of the restriction of a compound Poisson CARMA random field to any bounded
measurable subset D C R™ can be carried out by truncation of the infinite series in (17)
as described in the following paragraph. Provided the compound Poisson sheet has finite
second moments, the covariance function of the CARMA field can be computed from
Theorem 3.8.

If the intensity parameter of the compound Poisson sheet is ¢ then the number n(D’)

of knots contained in any measurable set D’ with volume |D’| is simulated as a Poisson
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random variable with mean ¢|D’| and the knot locations are then simulated as n(D’)
independent and uniformly distributed points in D’. If D’ is taken to be a sufficiently
large set containing D, e.g. a large hypercube containing D, then the influence of the
knots outside D’ will have little influence on the CARMA field restricted to D and can
be neglected in the sum (17). (The required size of D’ relative to that of D depends
on the zero of a(z) with smallest absolute value). The CARMA field restricted to D is
then obtained using the sum (17) truncated to include only the simulated knots in D’. It
remains only to simulate the n(D’) i.i.d. random variables Y; to complete the evaluation
of the simulated field at any point in D. If we take Y; to have the normal distribution
with mean zero and variance 72 then, in the notation of (3) and (4), p = 0 and o2 = c72.

Using Remark 2.6 it is also a simple matter to simulate spatial data with the Matérn

covariance function,

() = ¥ (|lat]])**** Ko oran (llat]]), v >0,

using the procedure in the last paragraph with the CARMA kernel in (17) replaced by

the Matérn kernel in (26), and with ¢ and 72 chosen so that

Y A "2 T(n+ 2w)
T (%) (/2 + o)

5.2 Simulation studies

This section examines the empirical performance of our proposed estimation and kriging
procedure using simulated compound Poisson CARMA fields on R? in the model (32). In
particular, we shall compare its performance with the corresponding procedure when the
knots are fixed, rather than sampled.

We generated 100 sets of 1100 irregularly spaced points on the disc D = {(z,y) €
R?|(x — 50)% + (y — 50)? < 40%}. At each set of 1100 points, values of a CARMA random
field were generated to represent observations of the field at those points. The 1100 data
points so obtained were divided randomly into two sets of sizes 1000 and 100. The first 1000
points were used for estimation, while the remaining 100 were used for evaluating kriging
mean squared errors. The values of the field at the 1100 locations were generated from
(32) with zero mean function. The values of the field were simulated using the procedure
described in Section 5.1 with D' = [0,100]* D D. The intensity of the compound Poisson
process was taken to be .02 so that the number n(D’) of knots uniformly and independently
distributed on D’ has the Poisson distribution with mean 200.

The following three CARMA kernel functions were employed in the the simulations.
All the kernels were normalized to be 1 at the origin to guarantee the identifiability of 72,

the variance of Y.
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Figure 1: The kernel and resulted autocorrelation functions of the three CAR models used

in the simulation studies.

Model 1. CAR(1) kernel with defining polynomial a.(z) = z + as:
g(s,x) = e~lls=ell o > 0.
Model 2. CAR(2) kernel with defining polynomial a.(2) = (z + a1)(z + az):
g(s,7) = (a1 — ay)™! (ale"”“s’x” — age’m”S’x”) ,oq > g > 0.

Model 3. CAR(2) kernel with defining polynomial a.(z) = (24 a1 +iag)(z+a; —is):
g(s,x) = e~alls=2ll {cos(agHs —z||) + ﬂsin(chHs - :BH)} yap >0, a9 > 0.
%)

The true values for the parameters were a; = 0.3 in Model 1, a; = 0.5,a5 = 0.3 in
Model 2 and «; = 0.2, a5 = 0.4 in Model 3. We used the values 6> = 1 and x* = 72/ =
16 to simulate samples from (32). The kernel functions and corresponding correlation
functions in Models 1-3 are shown in Figure 1. These show that the CAR(2) kernels are
smoother at the origin than the CAR(1) kernel at the origin, and that the CAR(2) kernel
with complex roots can yield negative values for both the kernel and correlation functions.

We fitted the model (32) with unknown constant mean function u to the first 1000
simulated values and evaluated the mean squared error of kriging for the remaining 100
simulated values. The prior distribution for our knot locations in D corresponded to
Bernoulli trials with success probability p = 0.1 applied to the first 1000 data points, so
that the expected initial number of knots was 100. We chose ¢; = 0.01 for the updating of
knots in the MH algorithm with the initial knot set drawn as already described. We ran
1000 iterations of Gibbs sampling after a burn-in period of 1500 iterations. 100 posterior

samples for the parameters and kriging were collected by thinning, using every 10th
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selected knots benchmarks by fixed knots

o oy K2 5 aq o K2 52

Model 1 0.3 - 16 1] 0.3 - 16 1
median | 0.23 10.41 1.06 | 0.08 15.47 1.91
quart. dev. | 0.01 1.34 0.05 | 0.02 7.75 0.15
Model 2 0.5 0.3 16 1] 05 0.3 16 1

median 0.44 0.28 17.87 1.06 | 0.18 0.14 88.58 1.90
quart. dev. | 0.04 0.03 2.67 0.04 | 0.02 0.01 34.80 0.14
Model 3 02 04 16 1] 02 04 16 1
median 0.19 0.39 14.33 1.11|0.13 0.37 4.86 3.24
quart. dev. | 0.01 0.01 1.79 0.04 | 0.01 0.01 1.63 0.38

Table 1: The median and quartile deviations of the posterior medians of our proposed
estimators conducted for 100 sets of 100 samples in Models 1-3. The corresponding values

with the knots fixed at a randomly chosen 100 locations are shown for comparison.

iteration. The median and quartile deviations of the posterior medians for 100 sets of
1000 simulated samples are shown in Table 1, and the mean squared errors of kriging
over 100 sets of 100 samples are listed in Table 2. Estimation and kriging with the knots
fixed at a randomly chosen 100 locations were conducted as benchmarks, and the medians
and quartiles are listed in Tables 1-2 for comparison with our algorithm. In Table 2, as
a further benchmark, we included those of simple weighted averages, whose specific form

at u is

(Z wj) Z w;S(s;), (34)

for the weight function

w; = e~ lu=sill?/Gdv)?,
where bdw denotes the bandwidth controlling the rate of decay of the weights.

We see at once that our knot specification procedure improves dramatically on the use
of fixed knots for both estimation and kriging. The biases of the estimators are greatly
reduced although in Model 1 there is a noticeable negative bias in the estimator of a;;. This
may be due to the lack of smoothness of the CAR(1) kernel at zero. It can be reduced
by increasing the value of p to increase the number of knots. In general it seems that
kernels which are less smooth at the origin require more knots for accurate estimation.
The improvement in kriging performance achieved by the CAR models over the weighted

averages was more noticeable in Models 2 and 3 than in Model 1, which suggests that the
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CAR weighted average
selected fixed bdw=1 2 3 4
Model 1
median 1.38  2.05 1.85 1.45 1.50 1.69
quart. dev. 0.15 0.29 0.19 0.16 0.18 0.19
Model 2
median 1.33  2.08 1.94 151 1.60 1.94
quart. dev. 0.14 0.25 0.21 0.16 0.18 0.20
Model 3
median 1.50 3.37 245 2.07 278 3.97
quart. dev. 0.18 0.53 0.33 0.26 0.33 0.46

Table 2: The medians and quartile deviations of the mean squared errors of kriging. The
medians were the medians of posterior samples and are based on 100 sets of 100 samples
using each of the models 1, 2 and 3.. For comparison we also show the corresponding
results for weighted averages as defined in (34) with bandwdths 1, 2, 3 and 4, and for
CAR kriging with fixed knots..

weighted average procedure with suitably chosen bandwidth does a better job of capturing
the covariance structure of CAR(1) data than of the data generated by higher-order CAR

models.

5.3 Land price data analysis

This section demonstrates the application of the families of isotropic CAR models specified
in Models 1, 2 and 3 to the analysis of Tokyo land-price data. Public land prices in Tokyo,
sampled at points irregularly scattered over Tokyo’s 23 wards, are used. Since 1970 the
government of Japan has annually published land prices per square metre as of January
1st at hundreds of thousands of sampling points scattered irregularly all over Japan. They
are evaluated using a combination of transaction records, incomes and cost accounting
methods and do not therefore coincide with real market prices. They are published in
March every year on the government web page in order to help in the planning of public
works, inheritance tax and related economic issues.

This paper focuses on land prices in Tokyo’s 23 wards collected in 2015 from
http://nlftp.mlit.go.jp/ksj/old/old_datalist.html (in Japanese).

The set of 1247 sampling points is shown in Figure 2. The price P(s) at location s in the
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Figure 2: 1247 sampling points for public land price data in Tokyo 23 wards collected in
2015.

year t = 2015 was transformed to a log return r,(s), given by
ri(s) = log Py(s) — log P,_1(s),t = 2015.

The transformed great circle distance (Gneiting, 1999) was used to measure the distance

d(s, s") between the locations s and s’. Thus
d(s,s") = 2rsin(A¢/2),

where r is radius of the earth in kilometers and A¢ € [0, 7] is the central angle between s
and s’. We divided the 1247 locations randomly into two groups. The first group of 1147
was used for model fitting and the second group of 100 was used for evaluating kriging
mean squared errors.

We fitted the model (32) with constant mean function g and CAR models 1, 2 and 3
to the returns at the first 1147 locations and evaluated the mean squared errors of kriging
at the remaining 100. We chose p = 100/1147 to give an expected number of knots equal
to 100 and ¢ = 0.01 in the knots updating step. We ran 10000 iterations of the Gibbs
sampling after a burn-in period of 10000 iterations. 1000 posterior samples were collected

and these were thinned by using every 10th iteration.
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selected knots benchmarks by fixed-knots

a; o K2 2 M logL| ar oy @ K? 5% logL

Model 1
median 1.03 - 2214 049 113 209.7 | 0.22 - 225 1.07 -117.2
quart. dev. | 0.04 - 364 001 45 7.710.02 - 0.54 0.01 0.6

Model 2
median 15.10 1.02 18.41 0.54 101 168.3 | 1.51 0.29 2.05 1.04 -112.2
quart. dev. | 1.41 0.05 3.89 0.02 5.5 125]0.23 0.04 0.45 0.01 0.7
Model 3
median 211 0.10 986 0.63 105 97.8]0.55 0.08 1.83 1.04 -113.4
quart. dev. | 0.06 0.07 1.24 0.01 3.5 7.110.04 0.05 0.38 0.01 0.8

Table 3: CAR fitting by Models 1-3 for 1147 samples of log returns of land prices in
Tokyo. The median and the quartile deviation for the posterior samples were evaluated

in comparison with those of the cases of fixed knots with 100 randomly chosen locations.

In Table 3, we show the medians and quartile deviations of posterior samples with
their log likelihoods as given in (33). We conducted the fitting also with knots fixed at
100 randomly chosen locations and listed the results in Table 3 as benchmarks. In Table
4, we show the mean squared errors of kriging using the posterior medians of the kriging
samples as kriged values. The performance of these kriged values is compared with that
of the weighted average (34) and the corresponding kriged values obtained using fixed
knots.

We find that in terms of log likelihood our knot selection procedure improves sig-
nificantly on the fixed knot procedure and the CAR(1) model outperforms the CAR(2)
models. The CAR(1) model with our knot selection procedure has the best kriging mean
squared error of all considered. It is interesting that the improvement in kriging perfor-
mance of the knot selection procedure over the fixed knot procedure is not nearly as
pronounced as in the simulation study.

The kernel and autocorrelation functions of the best fitting CAR(1) are shown in
Figure 3 and the corresponding smoothed values, obtained by kriging over the entire
sampling region of Tokyo’s 23 wards are shown in Figure 4. According to Figure 3 the
log returns of land prices have autocorrelations smaller than .05 for lags greater than
6 kilometres. Figure 4 clearly demonstrates the interesting shape of the returns surface,
with the highest returns in the centre of Tokyo, gradually decreasing as we move towards

the remote suburbs.
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selected knots fixed knots weighted average

Modell Model2 Model3 Modell Model2 Model3 bdw=1 2 3 4

MSE 0.93 0.96 1.10 1.02 1.03 1.05 1.05 1.03 1.08 1.17

Table 4: Kriging mean squared errors for randomly chosen 100 samples in log returns of
land price data in Tokyo, where kriging was conducted as the median of posterior samples.
The weighted averages with bandwidth of 1, 2, 3 and 4 and kriging with fixed knots were

conducted as benchmarks.

1.0

08

04
|

0.2
|

Figure 3: The identified kernel and autocorrelation functions by Model 1 for log returns

of land prices in Tokyo 23 wards.

6 Discussion

This paper proposes the use of isotropic CARMA random fields driven by Lévy sheets
and specified by a kernel function defined in terms of autoregressive and moving average
polynomials of orders p and q respectively where 0 < ¢ < p. When the Lévy sheet has
finite second moments this class generates a rich source of isotropic covariance functions
on R™ with spectral densities which can be written explicitly. The covariance functions are
not necessarily non-negative or monotone. The covariance function of a CAR(1) field has
a simple explicit expression which belongs to the Matérn class with smoothness parameter
2. The covariances of more general CARMA fields can be expressed as modified Hankel
transforms which can be explicitly evaluated when n =1 or n = 3.

Compound Poisson CARMA random fields are particularly useful as their restriction
to any bounded measurable subset of R can be approximated by a finite sum of terms
involving no matrix operations. Moreover estimation and kriging can be jointly conducted
by Gibbs sampling requiring O(M?) operations where M is the number of terms used in

the approximation to the random field. The Metropolis-Hastings algorithm can be used
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Figure 4: The smoothed figure of log returns of land price in Tokyo 23 wards by Model 1.

to specify the knot locations in the Gibbs sampling and the procedure works well in the
simulated examples and in terms of kriging mean squared error in the Tokyo land-price

example.
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