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Magnetoresistance of Carbon Nanotubes: From Molecular to Mesoscopic Fingerprints
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A magnetoresistance study of carbon nanotubes demonstrates that, for small diameters, the location of
the chemical potential and the orientation of the magnetic field are parameters that enable tuning from
positive to negative magnetoresistance, a phenomenon not related with weak localization. For larger
diameters �$10 nm�, the conventional mesoscopic behavior of magnetotransport is recovered.
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Single-walled carbon nanotubes (SWNTs) exhibit either
a metallic or a semiconducting character depending on
their helicity [1]. Metallic tubes have mm long mean free
paths [2] and behave as long ballistic conductors [3–5].
Conversely, the intrinsic properties of conducting multi-
walled carbon nanotubes (MWNTs) are elusive. Indeed,
reported ballistic, diffusive, or insulating experimental be-
haviors [4,6–9] remain difficult to relate with the number
and helicities of constitutive shells and the relevance of
interlayer coupling. It is usually assumed that the outer-
most shell, in contact with metallic electrodes, determines
the metallic or semiconducting character of the MWNTs
[4,8–10].

Two fundamental issues are the role of the magnetic
field on transport mechanism and the understanding of
sign and oscillations of magnetofingerprints. Measuring
magnetoresistance in mesoscopic systems is a formidable
tool to investigate quantum coherent phenomena beyond
the classical effects. An elegant perturbation theory of lo-
calization has been developed for metallic cylinders [11]
when the mean free path �e is smaller than the cylinder
circumference. By applying a magnetic field, time rever-
sal invariance is broken and dephasing of the electronic
pathways reduces the enhancement of the probability of
“return to the origin” (weak localization). Accordingly, a
decrease of the resistance with magnetic field results (nega-
tive magnetoresistance). If �e becomes much larger than
the circumference, the electronic conduction is referred to
as quasiballistic and a larger magnetic field is needed to
suppress weak localization because boundary scattering in-
duces flux cancellation [12]. The conduction is finally re-
ferred to as ballistic as soon as �e becomes larger than the
distance between electrodes.

An early study of magnetoresistance of MWNTs with
average diameters d � 20 nm, was performed by Langer
et al. [7] applying a magnetic field perpendicular to the
tube axis �B��. Negative magnetoresistance together with
reproducible universal conductance fluctuations was ob-
tained. More recently, Bachtold et al. [13] succeeded in
measuring, at low temperature, the magnetoresistance of
MWNTs by applying a magnetic field parallel to the tube
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axis �Bk�. Again, negative magnetoresistance was reported
together with F0�2-periodic Aharonov-Bohm oscillations
(F0 � hc�e the quantum flux). The theory of weak local-
ization developed for mesoscopic systems accounts reason-
ably well for these results, assuming a diffusive electronic
conduction restricted to the outermost shell of the MWNT,
with a mean free path smaller than the tube circumference.

On the other hand, several studies [14–16] have reported
both negative and positive magnetoresistance, and given
the low values of resistance found at zero field, the au-
thors have concluded that a quasiballistic conduction was
taking place and that the sign of magnetoresistance was
driven, not by localization effects, but by a flux-dependent
electronic structure [17]. In particular, Fujiwara et al. [15]
performed the first study of the magnetoresistance of an
individual MWNT (with diameter of �19 nm), as a func-
tion of the orientation of the magnetic field. Surprisingly,
negative magnetoresistance was found at low field for B�,
whereas positive magnetoresistance was obtained for Bk.
In such an experiment, standard weak-localization theory
was obviously not sufficient to fully explain the data, and
the recourse to the superimposed effect [17] of the mag-
netic field on the density of states (DOS) was suggested
[16] but strongly criticized by other authors [18]. Ballis-
tic transport together with quantization of conductance has
been clearly observed in clean MWNTs in the absence of a
magnetic field [9]. It is thus necessary to evaluate the effect
of the magnetic field on the electronic conduction regime,
depending on the concentration of defects that usually fa-
vors localization.

In this Letter, by means of an exact numerical computa-
tion of the Kubo conductivity for noninteracting electrons,
it is shown that magnetotransport in SWNTs or MWNTs
with small diameters cannot be understood only from the
weak-localization scenario. We first demonstrate that the
metal-insulator transition related to the flux-dependent
DOS in the B� configuration is strongly dependent on
the value of the chemical potential that is usually difficult
to estimate experimentally. By further consideration of
the combined effects of the flux-dependent DOS with the
diffusion coefficients, we outline several behaviors of the
© 2001 The American Physical Society 246803-1
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magnetoresistance that confirm the richness and complex-
ity of magnetofingerprints in small diameter nanotubes.
Although these results are consistent with Fujiwara’s
anomalous magnetoresistance [15], we demonstrate that
the hypothesis of the predominant spectral contribution
to the magnetoresistance (for nanotubes with diameter
$10 nm) is misleading, if restriction of the electronic
conduction to the outermost shell is assumed.

Our systems are described by tight-binding Hamiltoni-
ans H with one p� orbital per carbon atom, and nearest
neighbors hopping factors g0eiwij with wij � e

h

Rj
i A ? dr

(A is the vector potential and g0 � 2.9 eV). Random on
site energies distributed within �2Vdis�2, Vdis�2� (Vdis is
the disorder strength) simulate the effect of static disor-
der. In a first approximation the coupling between layers
is neglected, and the magnetoresistance is evaluated as-
suming a conduction restricted to the outermost metallic
shell of the MWNT. We calculate the Kubo conductiv-
ity of a weakly disordered nanotube coupled seemlessly
to two disorder-free nanotube leads of the same type. In
that way, the contacts formed by the two semi-infinite pure
nanotubes are Ohmic, so that our numerical approach is
equivalent to the Landauer method used by other authors
[19]. The two-terminal magnetoconductance of a nano-
tube of length Ltube reads [20]

G�ñ, Ltube� �
2e2

Ltube
lim
t!t

Tr�d�E 2 H �D̂�t��

with d�E 2 H � the spectral operator (whose trace gives
the density of states) and D̂�t� � �X̂�t� 2 X̂�0��2�t stands
as the diffusivity operator (X̂ is the position operator along
the tube axis). The parameter ñ is a measure of the dimen-
sionless strength of the magnetic field applied to the tube
and depends on the measurement geometry. For Bk, ñ �
F�F0 � �BjChj

2��4pF0, whereas for B� it writes ñ �
n � jChj��2p�m� with �m �

p
h̄�eB, the magnetic length

(jChj � 3accN is the circumference of the �N , N� tube,
with acc � 1.44 Å the distance between carbon atoms).
Finally, the factor Ltube gives the voltage probe separation,
whereas t is the associated relevant time scale that fixes the
value of the conductivity. In the ballistic regime Ltube �
yFt, and the diffusion coefficient scales linearly in time,
i.e., D�t� � y

2
Ft, so that a length independent resistance

R � 1�G � h�2Nce2 is obtained (DOS � Nc�2ph̄yF,
with Nc the number of independent channels). In the pres-
ence of disorder, elastic scattering produces a diffusive
regime up to the scale from which localization effects
fully dominate the electronic motion. The diffusive regime
is related to a saturation of the diffusion coefficient of
electronic wave packets, i.e., D�t $ t� � �eyF (yF is
the Fermi velocity, �e is the mean free path, and t is here
the elastic mean free time) corresponding to a resistance
at zero flux R � h�2Nce2�Ltube��e�. It is, however,
incorrect to extrapolate the value of the conductance from
such a formula since it neglects quantum interferences that
produce localization, and exponential increase of the re-
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sistance [R�Ltube� � �h�2Nce2� exp�Ltube�j�] as soon as
Ltube $ j � Nc�e (j is the localization length).

In our numerical procedure, the time-dependent Schrö-
dinger equation is solved by using a polynomial expan-
sion of the evolution operator, from which the diffusion
coefficient of wave packet jc� can be deduced [20]. From
different jc� initially localized at the center �x � 0� of
the nanotube, the diffusion coefficient 	cjD̂�t� jc� is com-
puted and provides the representative energy averaged
diffusion coefficient D�t� at a given computational step.
To evaluate the magnetoresistance, we further assume that
Tr�d�E 2 H �D̂�t�� � r�E, ñ� 3 D�ñ, Ltube� (with r

the DOS at the considered chemical potential). When ap-
plying a magnetic field, both the DOS and the diffusion co-
efficients are modified. If applied parallel to the tube axis,
a F0-periodic metal insulator transition occurs in small
diameter nanotubes owing to a flux modulated shifting of
all the Van Hove singularities [17]. For the configuration
�B��, the formation of Landau levels also affects the DOS,
but in a different fashion [17]. In experiments, the precise
position of the chemical potential can be shifted away
from the charge neutrality point (CNP) either undesir-
ably (because of donors or acceptors impurities) or in a
controlled manner upon electrochemical doping [21,22]
or field-effect doping [23]. We thus investigate the flux-
dependent DOS as a function of the Fermi energy and
magnetic field, first for the �10, 10� metallic armchair
nanotube (diameter � 1.37 nm). In Fig. 1, the DOS are
given for a Fermi energy at the CNP and for different
values of the chemical potential: CP1 � 0.316g0, CP2 �
0.452g0, and CP3 � 0.972g0. One notes that it is ex-
perimentally possible to induce a shift of the chemical
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FIG. 1. Flux dependence of the DOS of the �10, 10� nanotube
for different locations of the chemical potential, namely, the
charge neutrality point (bold line with bullets), CP1 � 0.316g0
(dashed line), CP2 � 0.452g0 (dot-dashed line), and CP3 �
0.972g0 (long-dashed line). Inset: DOS (in 1�g0 Å2 units) for
the corresponding chemical potentials.
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potential by 0.316g0 away from the CNP, as demonstrated
by means of an anthraquinone-lithium redox chemical
reaction [21]. Our results show that at the CNP, the DOS
of the metallic tube is strongly enhanced from n � 1 up
to large values of the magnetic field. On the other hand,
for the other values of chemical potential, one sees that
the DOS may be strongly reduced. This has severe con-
sequences on the magnetotransport.

The magnetoresistance of �10, 10� and �80, 80� tubes is
investigated with increasing disorder scattering strength
�Vdis� and for Bk and B�. We assume as a first approxi-
mation that the energy averaged diffusion coefficient well
describes the dynamics of propagating wave packets. The
mean free path for a �N, N � tube is estimated as [2]: �e �
36accNg

2
0�V2

dis . We choose to investigate the behavior of
the diffusion coefficient for disorder Vdis � 0.5g0, 2g0,
and 5g0 that respectively correspond to �e � 45, 5 3

jChj, and �e � jChj�2. The value of t fixes the length
of the nanotube, and for Vdis � 0.5g0, t � 400, 600,
800h̄�g0 correspond to Ltube � 100, 150, 200 nm $ ��e�x

[��e�x is defined as the projection of �e along the tube
axis]. We remark that by definition Ltube is the scale along
the tube axis, whereas �e is a property of the whole tube
including the circumferential direction, and care should
be taken when comparing �e with Ltube. We thus refer to
this as the quasiballistic regime [12], the regime for which
jChj , ��e�x # Ltube, which is nevertheless diffusive at
the scale of Ltube. For Vdis � 2g0 and 5g0, we also obtain
that ��e�x # Ltube # j (for all the considered values of t).
Figure 2 shows the average diffusion coefficient over one
quantum-flux period for the Bk configuration. Two values
of t � 600h̄�g0 (solid line) and 800h̄�g0 (dot-dashed
line) are reported in order to illustrate the increasing effects
of quantum interferences with the system length Ltube.
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FIG. 2. Averaged flux dependent diffusion coefficient (in
Å2g0�h̄ units) for the �10, 10� tube in the Bk configuration
(in F0 units) for several values of disorder, and two values of
t � 600h̄�g0 (solid line) and 800h̄�g0 (dot-dashed line).
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In all cases, the diffusion coefficient increases at low field,
but decreases with Ltube. Besides, by approaching the
limit �e & jChj, the F0�2-periodic Aharonov-Bohm os-
cillations of the diffusion coefficient show up as expected
from quantum interference theory [11].

The magnetoresistance R�F� [respectively, R�n�] for the
configuration Bk (respectively, B�) are reported in Fig. 3.
For each value of the disorder strength Vdis, a few configu-
rations of disorder have been averaged. For comparison
between the case Bk and B�, we note that the magnetic
strength n corresponding to a magnetic flux � F0 occurs
for n � 1.5. For Vdis � 0.5g0, the average value at zero
field of the resistance is found to be in order of 15h�2e2

(including the effect of quantum interferences for a tube
of length �100 nm). By switching on the magnetic field,
the resistance drops �dR�n��dn , 0� to �5h�2e2 when
n � 1.5. For Bk, the resistance is found to increase
�dR�F��dF . 0� up to values in order of 1 MV at
F � F0�2 and returns to its initial zero field value
when F � F0. For Vdis � 2g0, the magnetoresistance
increases by a factor of �400 for a tube with the same
length (see Fig. 3 insets).

These observations demonstrate that magnetoresistance
in such carbon nanotubes can be either positive or nega-
tive depending on the orientation of the magnetic field
with respect to the tube axis, similar to the experiments of
Fujiwara et al. [15]. In our case, such an unconventional
phenomenon stems indeed from the superimposed flux de-
pendence of the DOS. The F0�2 periodic oscillation found
for the diffusion coefficient (Fig. 2) is found to be over-
damped by the opening of the pseudogap at F0�2, which
results in a strong increase of resistance. Another impor-
tant observation is that the sign of magnetoresistance oscil-
lations of R�n� or R�F� strongly depends on the location
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FIG. 3. Magnetoresistance R�F� (left) and R�n� (right) for the
disorder parameter Vdis � 0.5g0, t � 400h̄�g0, and values of
the chemical potential corresponding to Fig. 1. Inset: Magne-
toresistances for Vdis � 2g0 at the CNP.
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FIG. 4. Magnetoresistance R�n� of the �80, 80� nanotube, for
Vdis � 2g0 (left) and Vdis � 5g0 (right) at the CNP (bold line
with bullets) and at CP1 (dashed lines). Inset: Magnetic field
dependent DOS for Vdis � 2g0.

of the chemical potential. For the B� configuration, at the
charge neutrality point, the magnetoresistance is negative
and the decrease is seen up to large values of the mag-
netic field, whereas for a doping corresponding to a shift
of chemical potential by �0.9 eV with respect to the CNP,
the opposite behavior is established.

We show now that for similar parameters, the increase
of nanotube diameter yields completely different magne-
totransport patterns. First, one notes that the tube �10, 10�
with disorder strength Vdis � 0.5g0 has a mean free path
of the order of the one of the �80, 80� tube (diameter �
11 nm) with disorder Vdis � 2g0. Note also that in the
case B�, we have B � 21n2 (tesla). The typical mag-
nitude of resistance for B� is roughly R�n� � 200 kV,
whereas R�F� � 2 MV for Bk, weakly dependent on
the magnetic strength (not shown here). Compared to the
�10, 10� tube, the behavior of magnetoresistance of the
�80, 80� tube for B� is opposite from a chemical potential
at the CNP. No dependence is found as a function of dop-
ing. Positive magnetoresistance is found at the CNP for the
regime �e � 5jChj # Ltube (Fig. 4 left), whereas nega-
tive magnetoresistance prevails in the case where there is
diffusive conduction at a scale lower than the tube cir-
cumference, i.e., �e � jChj�2 (Fig. 4 right). In the large
diameter case, the DOS weakly depends on the magnetic
strength for B� (Fig. 4 inset). Analytical calculations
show that the oscillations of the Van Hove singularities for
the case of Bk are irrelevant in such larger diameter shells,
the DOS being identical to that of the graphene sheet. Ac-
tually, the distance between consecutive Van Hove singu-
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larities is in order of g0acc�rnt (rnt is the nanotube radius).
This yields an average distance of �0.6 eV (respectively,
�0.076 eV) between singularities for the �10, 10� [respec-
tively, �80, 80�] tube.

In conclusion, the magnetoresistance of the �10, 10� tube
cannot be described only by using the localization theory,
since it is very sensitive on the position of chemical po-
tential and on the orientation of magnetic field. However,
MWNTs with outershell diameter as large as 10 nm fol-
low conventional mesoscopic theories [8,13], as soon as
conduction departs from ballistic motion and is restricted
to the outermost shell of the MWNT. Other properties of
magnetoresistance in bundles or doped nanotubes deserve
further consideration [24].
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