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Strain-Induced Interference Effects on the Resonance Raman Cross Section
of Carbon Nanotubes
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In this Letter, we report the effects of strain on the electronic properties of single-wall carbon
nanotubes. When we normalize the electronic transition energies to the corresponding values obtained
for unstrained tubes, we obtain that, regardless of the tube diameter, all the data collapse onto universal
curves following an n�m � constant family pattern. In the case of metallic tubes, quantum interference
effects on the Raman cross section are predicted for strained tubes when the energies of the lower and the
upper components have nearly the same values. Experimental evidence for the strain-induced Raman
cross section changes is observed in single nanotube spectroscopy.
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Single-wall carbon nanotubes (SWNTs) are unique pro-
totype materials for modeling one-dimensional systems.
The recent development of scanning probe techniques
has allowed clever experiments to be carried out on indi-
vidual nanotubes. These experiments have opened up
many new opportunities for learning new physical con-
cepts, not only about nanotubes themselves but also about
low-dimensional systems in general [1]. In particular, both
experimental [2–6] and theoretical [7–10] reports have
pointed out the strong sensitivity of the electronic proper-
ties of SWNTs to strain. Understanding the effects of this
variable on SWNT properties is a key point for integrating
SWNTs with other systems where the nanotubes will al-
ways be perturbed to some extent by their environment.
Yang et al. [7,11] have derived analytical expressions and
have also performed numerical simulations for explaining
the chirality dependence of their electronic transitions.
Recently, Capaz et al. [8] calculated the changes in the
band gap of semiconducting SWNTs under uniaxial strain
and found an n�m family pattern. The changes in the
band gap Egap of semiconducting SWNTs through me-
chanical strain have been experimentally verified by em-
ploying an atomic force microscope (AFM) tip to
simultaneously vary the strain � while applying a gate
voltage to the SWNT [4]. The dEgap=d� is positive (nega-
tive) if p � 1 (p � �1) in the n�m � 3q� p equation,
where q is an integer and the �n;m� pair defines the atomic
structure of the SWNTs [12]. Recently, the hydrostatic
pressure coefficients of interband transitions dEii=dP for
SWNTs dispersed in sodium dodecyl sulfate (SDS) were
measured by optical absorption and emission experiments
[5]. Both dE11=dP and dE22=dPwere found to be negative
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for all SWNTs observed in the experiment, with the abso-
lute value changing for each �n;m� pair. The effects of
pressure are more pronounced forE11 than forE22, with the
dE22=dP values being smaller in magnitude than dE11=dP.
Up to now, most experimental studies on strained tubes
were performed on semiconducting (S) tubes [2,5].

The observed band-gap photoluminescence (PL) from
SDS wrapped SWNTs opened up new opportunities for
accessing the ES

11 and ES
22 energy transition values by

analyzing absorption and emission optical data [13]. The
PL technique, however, can be applied only to semicon-
ducting tubes. For metallic SWNTs, the PL maps cannot be
measured, and other techniques, such as resonance Raman
spectroscopy (RRS), are needed. Nowadays, RRS studies
on single tubes are well established, and joint experi-
ments with scanning probes are becoming a reality [2].
By combining RRS with a tunable laser experiment, one
can probe details of the electronic band structure of me-
tallic SWNTs. Such studies should reveal new physi-
cal phenomena, since each subband for metallic (M) tubes
has two components due to the trigonal warping effect
[14]. The separation of the peaks depending on their
�n;m� values, and an understanding of how their �n;m�
affect their Raman cross sections, is fundamental for
characterizing strained SWNTs either as isolated tubes
[2] or in ensembles like in a hydrostatic pressure experi-
ment [5] or for SWNTs dispersed into composites [3].

In this Letter, we report the effects of radial and uniaxial
strain on the electronic properties of SWNTs. The elec-
tronic transitions Eii between van Hove singularities in the
valence and conduction bands are affected by strain �. We
find that the Eii��� �strained tubes�=Eii�0� (unstrained
3-1 © 2005 The American Physical Society
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FIG. 1 (color online). The ES11���=E
S
11�0� ratio for different

strain levels � for semiconducting SWNTs. (a) and (b) display
this ratio for a radial and uniaxial strain, respectively, for several
n�m families. The n�m family indices are listed on the right
side of each panel.
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tubes) ratio RS follows n�m � constant patterns and the
RS for all the SWNTs collapse to the same curve, regard-
less of tube diameter. This effect is observed for both
metallic and semiconducting SWNTs. For metallic tubes,
the lower and the upper components of Eii resulting from
the trigonal warping effect are affected differently, and, for
low chiral angles, they cross for some particular strain
value. Near (at) the crossing point, the resonant Raman
spectra profile exhibits a maximum (minimum) value due
to a quantum interference in the Raman cross section. In
this work, evidence of this Raman cross section interfer-
ence effect was observed in Raman experiments carried out
on isolated SWNTs.

We have calculated the strain ratio RS for 84 different
SWNTs, including 42 semiconducting and 42 metallic
SWNTs. The diameter range was 0:70 nm � dt �
1:35 nm, covering the dt range of most current synthesis
methods. The starting point in our calculations is the
�n;m� structure after geometrical optimization [15,16],
and the resulting electronic band structure is calculated
by using an extended tight-binding model (ETB) that
successfully accounts for the family patterns observed in
the PL emission data [17]. It should be pointed out that the
effect of many body corrections on the ETB results is to
shift the transition energies [18], and this correction has
been considered in our results presented here. By using the
optimized structural data, we then considered strain-
induced changes in either the tube diameter (radial strain)
and/or the tube length (uniaxial strain). The applied
changes varied from �2% up to �2% of the optimized
diameter and tube length.

Our calculated results show that the electronic transi-
tion energies ES

ii are highly affected by both radial and
uniaxial strain �, and the sign and magnitude of the slope
dES

ii=d� depend on the �n;m� values and the index i of the
subbands for each SWNT. Qualitatively, our results agree
with those reported previously by Yang et al. [7,11]. The
discrepancies come from differences in the tight-binding
parameters used in the two calculations. Our set of parame-
ters nicely fits the Eii values observed in the absorption and
emission optical data [16]. The family pattern for all tubes
with the same n�m value is seen in the collapse of the
normalized Eii���=Eii�0� data and is seen for both the
radial and the uniaxial strain for the ES

11 transition. The
data for ES

22 exhibit the same family behavior, but the
slopes are smaller in magnitude and they have an opposite
sign with respect to the results for ES

11. It should be noted
that, within the same i subband, the slope for the uniaxial
strain is opposite in sign to that of the radial strain, as
can be seen by comparing Figs. 1(a) and 1(b). The effect
of a 1% uniaxial strain is enough to change the transi-
tion energy by 20% for some n�m universal curve fam-
ilies, which should result in a 50 meV change in ES

ii. This
value is larger than the resonance window for Raman
scattering for an isolated SWNT [19] and also larger than
the linewidth of PL peaks observed in SDS wrapped tubes,
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and this value should affect both the Raman and the PL
spectra [13].

The collapse of the data for the n�m families into
universal curves can be understood as follows. If the trigo-
nal warping effect is neglected, the transition energies
scale with d�1

t . When we normalize the strained Eii���
values by the unstrained value Eii�0�, we are pulling out the
dt dependence of the electronic transitions. The data col-
lapse into curves following an n�m family pattern is due
to chirality effects arising from the trigonal warping effect
that spreads out the Eii values at constant dt in the
Kataura’s plot [14].

The effects of strain on the properties of metallic
SWNTs were also studied. For metallic SWNTs, it is
necessary to consider the trigonal warping effect and its
consequence on the electronic properties. Depending on
the tube chirality, this effect causes a splitting of each
van Hove singularity for metallic nanotubes into lower
(EL

ii) and higher (EH
ii) energy components. These transi-

tions are defined for zero strain. The magnitude of this
splitting varies from zero for armchair nanotubes �n; n� to a
maximum splitting for metallic zigzag nanotubes �3n; 0�,
where n is an integer [14]. The EL

ii���=E
L
ii�0� normalized

strain ratio for metallic tubes also follows an n�m family
pattern, as shown in Fig. 2 for the lower component of EM

11.
The electronic density of states (DOS) for the �11; 5�
SWNT under varying amounts of uniaxial strain is shown
in Fig. 3(a). The strain induces a small gap in the DOS (see
dotted circle) that progressively increases for both positive
and negative strain. Therefore, the strain induces an ob-
servable metallic-semiconducting transition when kBT is
3-2



FIG. 2 (color online). The EL
11���=E

L
11�0� ratio for different

uniaxial strain levels for metallic SWNTs. Data are for the lower
component of EM

11.
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lower than the energy of the minigap. Under uniaxial
strain, the lower [EL

11 � E�cL
1 � � E�v

L
1 �] and higher [EH

11 �
E�cH

1 � � E�v
H
1 �] energy components of EM

11 for the �11; 5�
tube cross at about �1% strain [see Fig. 3(b)] because one
of the energies decreases and the other increases as the
strain increases. E�v� [E�c�] denotes the energy of the top
(bottom) of the valence (conduction) band. Strain affects
the valence and conduction bands differently, as we can see
for E�vL

1 � and E�vH
1 � that cross at a strain of 1%. The same

observation is valid for E�cL
1 � and E�cH

1 �. However, the
crossing point occurs at different strain values because, in
the ETB model, the valence and conducting bands are not
symmetrical to one another, with the valence bands being
more flat and closer to each other than the conduction
bands. The trend described above is similar for all zigzag
and chiral metallic tubes. This crossing phenomenon has
strong effects on the RRS cross section for the radial
breathing mode (RBM), as we discuss next in connection
with experiments.

Since strain significantly modifies the SWNT electronic
structure, drastic changes in the resonant Raman profile of
strained individual SWNTs are expected. Measurement of
FIG. 3. (a) The calculated electronic DOS and (b) electronic
transition energies EL;H

11 for the �11; 5� SWNT under different
uniaxial strain conditions.
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the RRS profile of one individual SWNT is possible by
combining a tunable laser system [19] with AFM strained
nanotubes [2]. The resonant scattering profile for the
Stokes process can be predicted from [20–22]

IS�EL� � C�nph � 1�
�
Ea
Ee

�
2
�
TL
Nc

���������
XN�1

��0

I��EL�
��������

2
; (1)

where C is a constant, independent of the �n;m� tube, Ea
and Ee denote the absorption and the emission photon
energies, respectively, nph is the phonon thermal factor
given by nph � �e

�Eph=kBT � 1��1, Nc and TL denote the
number of cutting lines and the 1D unit vector length of the
SWNT, respectively, while � is the inverse of the lifetime
for the excited states. I��EL� is the contribution to IS�EL�,
the Raman intensity of the �th band energy in Eq. (1):

I��EL� �
Z MopMepMopdk

�EL�E��k�� i���EL�E��k��Eph� i��
:

(2)

The optical matrix element Mop for the electron-photon
coupling and Mep for the electron-phonon coupling are
calculated using previously reported methods [21,23]. In
Fig. 4(a), we show a 2D plot for the RBM RRS intensity
profile for �15; 3� SWNTs under different strain conditions.
The darkest (red color) areas indicate high intensity. Here it
is seen that the resonance with EH

11 has a much lower
intensity than that of EL

11. This is due to the smaller
magnitude of the matrix element along K � � than that
in the K �M direction [21]. This theoretical prediction is
in agreement with experimental observations, where only
one peak has been observed in the RRS data for metallic
SWNTs dispersed in a surfactant [24].
FIG. 4 (color online). (a) 2D plot for the calculated resonance
Raman profile for a �15; 3� SWNT under different uniaxial strain
conditions. The red (blue) areas indicate high (low) intensity.
The vertical line stands for Elaser � 1:956 eV used for measur-
ing the spectra shown in panels (b) and (c). (b) and (c) stand for
the Stokes and anti-Stokes RBM Raman spectra, respectively,
measured under different strain conditions and performed on an
isolated SWNT tentatively assigned as �15; 3�.
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By observing the RRS profile in Fig. 4(a), two remark-
able effects are emphasized. First, we have a negative
effect (intensity suppression) due to a quantum interfer-
ence effect when EH

11 	 EL
11. Second, there is a positive

effect (intensity enhancement) just before and after the
crossing point (red areas in Fig. 4 online). Thus, by using
a tunable laser system, it should be possible to follow the
whole process of the quantum interference effect as both
effects are turned on and off. To observe the quantum
interference effect predicted in this Letter, we should select
SWNTs with a low chiral angle (near zigzag tubes) such as
the �15; 3� SWNT that is measured in the experiments
[Figs. 4(b) and 4(c)]. The reason for needing tubes with a
low chiral angle is that the Mep matrix element can then
have large values for both EL

11 and EH
11 and, thus, the

quantum interference effect is strong.
We should point out here that our model did not consider

the exciton-phonon coupling effect in the calculation of the
Raman cross section. It is known that many body correc-
tions (taking into account electron-electron repulsion and
electron-hole attraction) have a net effect on the order of
0.1 eV [25–28]. These corrections have been empirically
introduced for shifting the energies obtained through the
extended tight-binding model [18]. The modifications of
the many body corrections by strain is a perturbation, and,
thus, the correction due to strain to the calculated energies
should be much less than 0.1 eV, especially for SWNTs
with dt > 1:0 nm. Then our predictions should be valid
within the approximations we used.

Finally, we discuss an experimental result that supports
our predictions. RRS experiments were performed on
nearly uniaxially strained isolated metallic tubes where
the strain was induced by pushing the SWNT with an
atomic force microscope tip. The experiment was per-
formed on an isolated metallic SWNT lying on a SiO2

substrate using the same setup as described in Ref. [2]. The
Stokes and anti-Stokes spectra for a SWNT with an RBM
frequency at 185 cm�1 are shown in Figs. 4(b) and 4(c).
The lower (upper) trace is for an unstrained (strained)
SWNT. The experimental strain value determination is
not precise and has an error bar of 0.2%. The Raman signal
shown in Figs. 4(b) and 4(c) is for a tube with strain around
0.8%. The strain uncertainty is represented in Fig. 4(a) by
the region between the two red horizontal dashed lines.
This tube is tentatively assigned to �15; 3�, using the meth-
ods available in the literature and established for isolated
tubes lying on a Si=SiO2 substrate [29]. When the tube was
unstrained, we could not observe the RBM, but, when the
tube was exposed to strain, the intensity was dramatically
enhanced. This drastic change in the Raman intensity is
consistent with the calculation where a strain of about 0.8%
is predicted by the constructive interference effect, thus
enhancing the Raman signal [see red areas in Fig. 4(a)
online].
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In summary, we have calculated the effects of strain on
the electronic properties of single-wall carbon nanotubes.
The band structure has been calculated by using an ex-
tended tight-binding model with geometrical optimization
[15,16]. The electronic transitions energies Eii are highly
affected by the strain, and they exhibit universal curves for
the same n�m � constant family, regardless of the tube
diameter. A quantum interference effect has been predicted
for the radial breathing mode spectra for metallic tubes.
These strain-induced phenomena occur when the two com-
ponents EL

11 and EH
11 have nearly the same value. The

Raman experiment performed on an isolated strained me-
tallic SWNT provides evidence for our modeling
predictions.
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