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Chirality dependence of exciton effects in single-wall carbon nanotubes: Tight-binding model
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We have studied the exciton properties of single-wall carbon nanotubes by solving the Bethe-Salpeter
equation within tight-binding models. The screening effect of the 7 electrons in carbon nanotubes is treated
within the random phase and static screened approximations. The exciton wave functions along the tube axis
and circumference are discussed as a function of (n,m). A 2n+m=const family behavior is found in the exciton
wave function length, excitation energy, binding energy, and environmental shift. This family behavior is
understood in terms of the trigonal warping effect around the K point of a graphene layer and curvature effects.
The large family spread in the excitation energy of the Kataura plot is found to come from the single-particle

energy.
DOI: 10.1103/PhysRevB.75.035407

I. INTRODUCTION

Single wall carbon nanotube (SWNT) structures can be
characterized by two integers (n,m) with 2n+m=3p+r,
where p is an integer and r=0,1,2 define metallic (M),
semiconducting type I (SI), and type II (SII) SWNTSs,
respectively.' The synthesis and observation of the proper-
ties of SWNTs have advanced greatly in recent years, mak-
ing possible the experimental study of the optical properties
of individual SWNTs.*7 Advances in the measurements of
the optical properties of individual SWNTs provided a
wealth of information, but they also highlighted puzzles in
our understanding of nanotubes.

In particular, the optical transition energies have been
studied in a recent series of fluorescence and Raman spec-
troscopy experiments.*%° Though some aspects of the ex-
periments can be interpreted within the context of a simple,
noninteracting electron model,>3 it has become increasingly
clear that electron-electron interactions also play an impor-
tant role in determining the optical transition energies, e.g.,
the “ratio problem.”!® Moreover, both theoretical calcula-
tions and experimental measurements show that the exciton
binding energies are anomalously large in nanotubes, corre-
sponding to a substantial fraction of the band gap, indicating
the importance of many-body effects in this quasi-one-
dimensional system.''"'* Furthermore, exciton relaxation
processes have been studied in both the frequency and time
domains.'>1?

Within a static screened Hartree Fock approximation,
Ando has studied excitations in nanotubes.?’ Recently, first-
principles calculations of the effects of many-electron inter-
actions on the optical properties were performed for nano-
tubes with a small diameter (d,)'"'>?1>2 and there have also
been some descriptions of excitons in nanotubes based on
other models.”>"?® The systematic dependence of the transi-
tion energies on the nanotube radius has been addressed and
the “ratio problem” has been solved.!%?728 The radiative life-
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time of excitons in semiconducting SWNTs was estimated by
both ab initio** and tight-binding®* (TB) methods. The exci-
ton binding energy E.y was found to depend on the chiral
angle (#) via an effective mass m” by Epq (m")*"! with a an
empirical parameter.”?> This formula is proper for SWNTs
with d, larger than 1.0 nm.>* For SWNTs with a small diam-
eter, the curvature effect also contributes to the chiral angle
dependence of the exciton binding energy. In the present
work, we found that the curvature effect modifies the de-
tailed family patterns of the exciton binding energy by in-
creasing the family spread in the small d, range. Moreover,
the systematic dependences of the excitation energy, the
environment-induced energy shift, and the wave function
size on the nanotube chiral angle have not been discussed
previously. The wave function information of nanotubes is
especially important for discussing their physical properties.
For example, the chirality dependence of the wave function
size is essential for explaining the chirality dependences of
the exciton-photon and exciton-phonon matrix elements.?’
Furthermore, a Kataura plot based on an exciton picture has
not been given previously. In this paper, we address these
issues by a systematic study of the dependence of the exci-
tonic properties on the nanotube chirality.

We study exciton effects within a TB approximation. The
electron-hole corrections are included via the Bethe-Salpeter
(BS) equation. The 7 electron screening effect is calculated
within the random phase approximation (RPA) and a static
screened approximation, which work well for nanotubes.?*-?
The systematic dependence of exciton effects on the SWNT
chirality is addressed here, including results for E}| and E
(i=1, 2, 3, and 4).

In Sec. II, we develop the method for calculating the ex-
citon excitation spectra within the framework of the TB ap-
proximation. In Sec. III, we show the exciton wave functions
along the tube axis and circumference. In Sec. IV, the exci-
tation energy, binding energy, and excitation energy shift due
to the environment are discussed and family patterns are

©2007 The American Physical Society


http://dx.doi.org/10.1103/PhysRevB.75.035407

JIANG et al.

found in these spectra. The large family spread in the exci-
tation energy Kataura plot is found to arise from the single-
particle spectra. Discussions and a summary are given in
Sec. V.

II. THEORETICAL METHOD

We calculate the coupled electron-hole excitation energies
Q,, and wave functions W¥" by solving the BS equation!!

{[E(kc) - E(kv)]é(kc,’kc) 5(1( k ) + K(kc v’k kv)}q,n(kckv)
=Q,V"(kk,), (1)

where k. and k, denote wave vectors of the conduction and
valence energy bands and E(k.) and E(k,) are the quasielec-
tron and quasihole energies, respectively. (1, is the energy of
the nth excitation, and W"(k k,) are the excitonic wave func-
tions. The kernel K(k'k/,kk,) is given by

cv?

K(k'k! k.k,)=26K"(k'k' kk,)-K(k'k' kk,), (2)

cv? cv? c U’

with 8¢=1 for spin singlet and O for spin triplet states. The
direct and exchange terms K¢ and K* are given by the fol-
lowing integrals:*°

KUkk! kk,) = W(kk.,k'k,)

c U’

=fdr'drzp:é(r’)(//kc(r’)w(r’,r)
X o (1) (1),

K¥(kik).kK,) = f dr'dr iy (r') g (¢ )o(x'r)
X g () (1), (3)

with w and v the screened and bare Coulomb potentials,
respectively, and ¢ the quasi-particle eigenfunction as dis-
cussed below. In the above equation, we have introduced the
screened Coulomb interaction W. The unscreened Coulomb
interaction V can be defined by replacing w in W by v.

The quasiparticle energies are calculated by including the

self-energy corrections
Ek)=ek)+2(k), Ek,)=ek,)+Z(k), (4)

with e(k) the single-particle energy and (k) the self-energy
S (k) =— 2 Wk (k +q),, (k +q) k],
q

S(k,) = - 2 Wk, (k+q),, (k+q),k,]. (5)
q

We consider the dielectric screening effect within the
RPA. In the RPA, the static screened Coulomb interaction is
expressed as?

WI(k' + q)a k’a,,(k + q)askay]
=V[(k' +q)ak'a,,(k + q)azka,]/ke(q). (6)

Here a=c, v, and « is a static dielectric constant describing
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the effects of electrons in core states, o bands, and surround-
ing materials. In Eq. (6), an effective screening has been
expressed as a product of the dielectric function for 7 elec-
trons €(q) and the dielectric constant for the core states, o
bands, and the surrounding environment. The reasons are as
follows. The Coulomb interaction in a media with a dielec-
tric constant « is expressed as V(q)/x. When we further
consider the screening effect from electrons, the interaction
V(q)/k is reduced and under the RPA, it is scaled by a di-
electric function 1/€(q), i.e., [V(q)/ ]/ e(q)=V(q)/ xe(q). In
this paper, the screening effects from the core states, o bands
are also included in «. The same effective Coulomb interac-
tion as in Eq. (6) has been used in previous studies and it was
found that it works well in carbon nanotubes.?%?7-?8 We take
k=2 in this paper unless otherwise mentioned. The calcu-
lated binding energies with k=2 for the exciton associated
with the second allowed transition in (10, 3) and (7, 5)
SWNTs are 0.55 and 0.58 eV, respectively, and these values
agree well with those found by experiment, i.e.,
(0.49+0.05) eV and (0.62+0.05) eV.3! In Eq. (6), e(q) is the
dielectric function describing effects of the polarization of
the 7 bands?°

e(q)=1+v(qll(q). (7)
The polarization IT in Eq. (7) is given by
fk a fka 2
Mg =-22 “’— YD) Yo (D)dr |
kaa' Ek+qa

(8)

with fi ,=1(0) for occupied (unoccupied) bands.
We approximate the quasiparticle eigenfunction by the TB
model

a=— 2 Eca(k)e’“‘usqb(r R,,), 9)

\Nus—AB u=1

with N, the number of graphene unit cells in the SWNT,
Ci(s=A,B) the wave function coefficient, and ¢ the atomic
wave function.

Substituting Eq. (9) into Eq. (3), we find that there is a
four center integral in the Coulomb interaction,

- J dr'drp(r' =R, ) p(r' —Ry)

Xv(lr-r'))¢(r-R,)pr-Ry). (10)

Here, we define r=(u,s) for convenience. The largest contri-
bution to this integral is the case with ¢1'=72"=¢" and ¢l
=12=t. By adopting this approximation, the Coulomb inter-
action is given by

V(k,akya,,ksaskyay)
= 8k, — k. kg —ks) 2 CF (k) C(ky)

’
s',s

X CU(k3)C™ (ky)vyr (ks — k), (11)
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with v ((q) the Fourier transformation (FT) of the Coulomb
potential

1 )
vy (q) = — 2 TRy R f dr'drv(|r—r'|)

!
Uy

X |¢(r,_Ru’s’)|2|¢(r_Rs)|2' (12)

The FT of the Coulomb potential can further be approxi-
mated by

1 )
Us’,s(q) = 172 elq'(R“,s,_Ro‘Y)quu’s' - R()s|)- (13)
u oy,

The unscreened Coulomb potential v(r) between carbon 7
orbitals is modeled by the Ohno potential®?

U
47760 2 ’
VIR, Ry, | +1

where U is the energy cost to place two electrons on a single
sitt (|R,,—Ry|=0) and U is taken as U= O
=11.3 eV for 7 orbitals.”

The direct and exchange terms in Eq. (3) can now be
expressed by the wave function coefficients

U(|Ru’s’ _R05|)= (14)

K(kk) k.k,) = ok, - k. .k, —k,)> C(k)C (k)

X CUk,)CY (kv (ki — k) ek — k),
KKk, kk,) = (k! — k) .k, —k,) > C (k/)C (k)

X C(k,)CV (kv (k. — k) e(k, - k).

(15)

With the help of Eq. (9), the integral in the polarization I1(q)
of Eq. (8) is expressed as

f YD) €4 Yy g (1)

_ 2 Ca:k(k)C?,(k + q)ei[_k'Ru’x’+(k+q)'R0S]

M’S’S

X f dr¢*(r - Ru’s’)e_iq'rqs(r - ROA‘)

~ > CT(K)CY (k+q). (16)

Using Eq. (16), the polarization II(q) can be expressed by
the wave function coefficient
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FIG. 1. The three inequivalent regions in the 2D BZ of
graphene. The cutting lines for a (6,5) SWNT are shown. The
electron-hole pairs and the corresponding center-of-mass momen-
tum 2K=k, -k, for an Ej,(E;) exciton of the (6,5) SWNT are
indicated. The electron-hole pair with the electron and hole lying on
the second and first cutting lines to the K point and the electron-
hole pair with the electron and hole lying on the first and second
cutting lines to the K’ point correspond to an E,(E;) exciton with
the center-of-mass momentum 2K on the first cutting line to the T’
point.

S UKk +q)|

H(g)=-22| —
k €k+qv — €y
3 wCk+q)|’
: (17)
€ke ~ Ek+qu
In the dielectric function expression of Eq. (7),
1
v(@)=2v,.(a) (18)

’
s',s

Consider a single electron-hole pair excitation in which an
electron in a state of wave number Kk, in the valence band is
promoted to a state of wave number k. in the conduction

band. We can introduce new variables k and K so that

k.=k+K and k,=k-K, (19)

and denote the excited state as k,I_Q. Here k and 2K are the
wave numbers of the relative motion and the center-of-mass
motion, respectively, of the electron-hole pair.

The BS equation in this representation is written as

{{Ek+K,c) - E(k - K,v)] + K(k'K,kK)}¥"(kK)
=0, V"(k'K). (20)

Equation (20) indicates that the center-of-mass motion Kisa
good quantum number.

As shown in Fig. 1, there are three inequivalent regions in
the two-dimensional (2D) Brillouin zone (BZ) of graphene,
i.e., two triangle regions around K, K' and one hexagonal
region around the I' point. In the case of SWNTs, the al-
lowed wave vectors are on the so called cutting lines**-** and
can be expressed by k=uK;+kK,/|K,|.! Here K, and K,
are, respectively, the reciprocal lattice vectors along the cir-
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TABLE 1. Ohno parameter UU

0. 0102
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/Uy » = - values [Eq. (24)].

aa"a"a

N ssoo ST [oxegoxel ooTT T, T, T, Ty T, T, T
0.90 0.91 0.91 1.00 0.89 1.00 0.89
SSsSO SOSsOo SooOo SOTTT STOoOT T, Ty T, Ty OToT
1.15x1073 0.19 5.47%x 1074 4.12x107* 8.46%x 1074 5.30x 1072 0.269

cumferential and axial directions.' In this paper, the cutting
line index (integer w) and the 1D wave vectors (k) are con-
fined to lie within the parallelogram in Fig. 1, which shows
that the cutting lines of a SWNT are also distributed in the
three inequivalent regions.

The excitons in SWNTs can then be classified according
to the 2K in these three different regions. The optical transi-
tions will be related to the electron and hole in the K or K’
regions. If both the electron (k) and hole (k,) are from the K
(or K') region, then 2K=k_.—k, lies in the I" region and the
corresponding exciton is an A exciton. If an electron is from
the K region and a hole is from the K’ region, 2K lies in the
K region and this exciton is an E exciton. If an electron is
from the K region and a hole is from the K’ region, 2K lies
in the K’ region and this exciton is an E* exciton. In this
paper, for simplicity we sometimes call the excitons with 2K

in I" region A excitons. According to linear group theory, A
excitons can be further classified into A and E,, symmetry

excitons. If 2K lies on a cutting line passing through I" point,
the exciton is an A symmetry exciton; otherwire it is an £,

symmetry exciton with w the cutting line index for 2K

For A excitons, the electron-hole pair |k, k,)=|k,K) with
the electron and hole from the K region, and |-k,,-k.)
:|—k,I_(> with the electron and hole from the K’ region have
the same K. Thus, we can recombine these two electron-hole
pairs to get

— 1
+ K)=—
\12

Ay, = K) £ |-k,K)). (21)

Here |k, +,K) and |k,—,K) are antisymmetric and symmet-
ric, respectively, under the C, rotation around the axis per-
pendicular to the nanotube axis. The corresponding excitons
are antisymmetric and symmetric under the C, rotation and
are labeled as A, and A, excitons, respectively. The classifi-
cation of excitons in SWNTSs here is consistent with that by
group theory within the group of the wave vector approach.
This is exact for the most general chiral SWNTSs, while for
achiral SWNTs more symmetries should be considered.’> Af-
ter symmetry considerations, the quasiparticle energy and
kernel for A excitons can be expressed as

E(k+K,A, ) =[Ek+K)+E-k+K)]2,

KKk’ k; +,K)=[K(Kk'"k;K) + K(-k',-k;K)]/2,

+[K(k',-k:K) + K(- k" k:K)]/2 = K(k’ ,k:K) = K(k’,
-k:K), (22)

where K is either K¢ or K*. In the derivation of Eq. (22), we
have used the relationship K(k',k;K)=K(-k’,—k;K). For
the exchange term K*, we further have a relationship
K*(k’ ,k;K)=K*(k’,—k;K) and thus we have

K(k'.k; +,K) =2K*(k’ k;K),

K*(k',k;—,K)=0. (23)

Equation (23) indicates that for A; excitons the spin singlet
and triplet states are degenerate.

In the extended TB (ETB) model, we consider atomic s,
Py Py, and p, orbitals that form the o and 7 molecular or-
bitals. Thus, the quasiparticle wave function coefficient C¢ in
Eq. (9) should be replaced by C{, with o=s, o, and . Here
the unscreened Coulomb potential between all orbitals is ap-
proximated by the Ohno potential. The parameter Uoror 210,
for 0,0'=s,0,m, in the Ohno potential [U in Eq. (14)] is
defined as

2

j drdr' ¢, (£ oy ()7 — r—r|

UO;(), 010

X dy (£) 5, ().
(24)

Due to the orbital symmetry, only a few of the 256 U(,ror 010,
parameters have nonzero values.’® We calculate these 14
nonzero U parameters by using the atomic wave functions
and the Kohn-Sham potential from Porezag et al.’” and the
ratios U,,r,,é 0|02/ Uﬂa%’%% are listed in Table I. The p orbit-
als from two carbon atoms can form o, m, and , orbitals
with o and 7, orbitals, respectively, along the bond connect-
ing the two carbon and tube axis directions and 77, is perpen-
dicular to both the o and ;, orbitals. In Table I, 7 is used to
denote either the 7, or , orbital. From Table I, it is seen
that U values for (ssso), (sooo), (somm), and (smom) are
quite small compared to the (w,7,7,7,) case and can be
neglected. For the remaining cases with non-negligible U
values, except for the (7,7, 7,m7,) case, the Coulomb inter-
action is associated with at least two orbitals other than the
7, orbital. For 7r band electronic states, the wave function
coefﬁ01ent Cs, for an orbital other than the m, orbital is
generally one order of magnitude smaller than that for the 7,
orbital. From Eq. (15), it follows that the Coulomb interac-
tion for a case other than the (7,7,m,7,) case is at least two
orders smaller than that for the (m,m,m,m,) case. Thus, the
effect from the modification of the electronic structure by
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o- rehybridization will only bring a weak contribution to
the Coulomb interaction and therefore simple TB can ap-
proximately describe the Coulomb interaction. However, as
we know, the ETB model is essential to explain the larger
family spread in the Kataura plot.> Moreover, structure opti-
mization brings additional modifications in the family pat-
terns. Therefore, in this paper we will first study a general
picture of exciton effects by using the simple TB model, and
the exciton Kataura plot will then be calculated by using the
ETB, from which the origin of the large family spread will
be discussed. For the simple TB model, we use the nearest
neighbor TB parameter y,=2.7 eV.?® For the ETB model,
we use the same TB parameters as those used in the free-
particle ETB,?? which are calculated by density functional
theory.?’

III. EXCITON WAVE FUNCTIONS

Since the photon wave vector is nearly zero, the E and E*
excitons, which possess a large angular momentum for the
center-of-mass momentum, are dark excitons. It is known
that the optical dipole moment is defined as M
«P-(¥V|V|¥,) with (¥| and |¥,) denoting the excited and
ground states, respectively, and P denoting the light polariza-
tion vector. The ground state |W,) has an s symmetry and V
is antisymmetric under the C, rotation. Thus, to have a non-
zero M, |W) should also be antisymmetric under the C, ro-
tation. Therefore, A excitons are also dark excitons and only
A, excitons are bright excitons.’> A simple and clear way to
label exciton states is to consider both the previous notation
E;; used for the optical level and the exciton symmetries. For
example, E;;(A) means that the electron and hole for an A
exciton lie, respectively, on the ith and jth cutting lines with
respect to the K point of the 2D BZ of graphene. Due to
angular momentum conservation, E;(A,), where an electron
and a hole lie on the same cutting line, and E;;(E;) [or

E;.1/(E))], where an electron and a hole lie on two nearest-
neighbor cutting lines, are optically active excitons for light
polarized parallel and perpendicular to the nanotube axis,
respectively. Although dark excitons are not optically active,
they play an important role in Raman spectroscopy. For ex-
ample, from momentum conservation, we know that the Ra-
man G’ and D bands could be associated with the exciton
scattering processes by phonons between bright A exciton
states and dark E or E” states.

We calculated excitation energy dispersions as a function
of the center-of-mass momentum 2K. Figures 2(a)-2(c) show
the results for E;;(A) excitons for a (6, 5) SWNT. It is seen
that exciton states are assembled according to their cutting
lines.33-* Within the same cutting line, the discrete exciton
states gradually turn to be unbound electron-hole continuum
bands with increasing excitation energy. We use the index
v=0,1,2... to label K=0 excitons as E;(A") to indicate the
order of magnitude of the excitation energy. Figure 2(d)
gives the excitation energy levels for K=0E 11(A”) states. We
note that for spin S=1 states, E, 1(A(z)) has a bit larger energy
than E,;(A%). From Eq. (22), it is known that for the states
with the same spin, the energy difference between E,;(A,)
and E[(A,) is determined by the Coulomb energy K(k’,

—k; +,K), which is the energy for an intervalley scattering
process and thus has a one order of magnitude smaller en-
ergy than the energy for an intravalley scattering process,
KKk’ k; = ,I_(). Therefore, the energy difference between
E | (AY) (5=0) and E;,(A"Y) is quite small [about 12 meV in
Fig. 2(d)]. Moreover, in Fig. 2(d) the triplet E “(Ag) state has
about a 35 meV smaller energy than the singlet £ ”(Ag) state.
The energy difference between the triplet and singlet £, (A,)
states is determined by the exchange Coulomb interaction

K*(k’,k;K) [see Eq. (23)], which is about one order of mag-
nitude smaller than the direct Coulomb interaction
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K9k’ k;K) in SWNTs. The energy difference between the
singlet E,,(A)) state and E,;(A") state and that between the
singlet and triplet EH(A(Z’) states are consistent with those
found by previous calculations.?>** Hereafter, we will
mainly discuss the singlet bright exciton Eij(Ag) state with
K=0.

The exciton wave function for an A, exciton with an elec-
tron and hole on (u’s") and (us) sites can be expressed as

\I}rli((u!sl,us) _ 2eil_(-(Ru’_gf+Rus)2 \I”Il((k)Re[CE,(k +K)
K

X €2 (k- R @ ), 3)

Here \If%(k) is the exciton wave function in reciprocal space,
which is obtained by solving the BS equation of Eq. (20).
For an E,;(A,) exciton with K=0, Eq. (25) becomes

\Pg(u/sr’us) - E ‘Pg(k)Re[Ct,(k) C;U(k)eik'(Ru,’r,_Rm)].
k

(26)

For an E;;,,(E,) exciton, K=(1,0)=K;, and Eq. (25) turns to
be

\I’:I_(M,S,,MS) = Q,ei(ﬂu’s""gus)E \Iﬂ(ll,o)(k)Re[Ci’(k + I_()
k

X CV (k- K)e* RursRus)], (27)

For an E,, ,(E,) exciton, K=—K, and thus we have the fol-
lowing relation for the wave function W"(u's’,us)
=W"(u's" ,us). The center-of-mass momentum is opposite
for E;,(E,) and E;, (E;) excitons, and thus E;, ;(E,) and
E;;.1(E)) are degenerate states. Therefore, we can take
W (u's" us)=Re[W}(u's",us)], and W (u's", us)
=Im[W(u's",us)] as two real wave functions for the
E;i.(E)) and E;, (E)) states.

In Fig. 3 we show the wave functions along a line passing
through an A carbon site parallel to the nanotube axis of an
(8,0) SWNT for several E,,(A}) excitons with lower excita-
tion energies with v=0, 1, and 2. We put the hole at an A site.
The wave functions with a hole at a B site are similar. For the
E(AY) and E,,(A3) states, the electron can be either at A or
B sites, i.e., (A,A), (A,B), (B,A), and (B, B) are allowed, and
the wave functions are similar to each other. In Fig. 3, we
show these results for the (A,A) case. However, for the
EZZ(A;) state, the electron and hole can not be on the same
type of atom site, i.e., (A,A) or (B,B) is not allowed. Thus,
the wave function for this state in Fig. 3 is for the (A,B)
case. It is seen from Fig. 3 that the E,(A)) and E,(A3)
excitons are symmetric and the E22(A;) exciton is antisym-
metric under z reflection. It follows that E,,(A3) and E,,(A3)
excitons are bright and the E(A}) exciton is dark with re-
spect to parallel polarized linear light. In the two-photon ex-
periments, the E22(A§) exciton becomes bright."> For an
achiral (armchair or zigzag) SWNT, exciton wave functions
are either even or odd functions of z because of the inversion
center in the SWNT. Thus, we use A, or A,, to label an A,
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FIG. 3. The exciton wave functions along a line passing through
an A carbon site parallel to the tube axis of an (8,0) SWNT. (a)
Ezz(A(z)), (b) E22(Aé), and (¢) Ezz(Ag) are the exciton wavefunctions
for the three lowest E5y(A3) excitations in the order of increasing
energy. The hole is put on an A atom.

exciton in an achiral SWNT, which is symmetric or antisym-
metric under o, reflection (z— —z), respectively.>> In Fig. 3,
Ex(AY) and E,,(A3) states are A,, states and the E,,(A}) state
is an A,, state. From the E,)(A7) to the E(A3J) state, the
excitation energy increases and the wave function’s delocal-
ized length increases. The half-width of the wave function (/)
in real space for the Ezz(Ag) state is about 1 nm for an (8,0)
SWNT.

To study the wave function size dependence on chirality
systematically, we calculate the wave functions for the
E|(AY) and E(A)) states for all SWNTs with diameters (d,)
in the range of 0.5 nm<d,<1.6 nm. The wave function
half-width (/,) in the 1D k space, k width at a half maximum
of W(k), is shown in Fig. 4. For comparison, the cutting line
spacing 2/d, is also shown by the solid line. It is interesting
to see in Fig. 4 that [, is always smaller than the cutting line
spacing 2/d,. Further, the E;;(A)) state has a larger /, than the
E;(A%) states with v=1,2,.... Since [, measures the ex-
tended length of a wave function in k space, this result indi-
cates that one cutting line is sufficient to describe E;(A)
states. Generally, we can say that the ith cutting line is suf-
ficient to describe E;;(A), E;(E), and E;(E") states, and that
the ith and (i+1)-th cutting lines are sufficient to describe
E;.(E)) and E; ;(E,) states. Since metallic (M) SWNTs
have a smaller binding energy and thus smaller /;, than semi-
conducting (S) SWNTs, the above conclusion is also valid
for M SWNTs. Due to the fact that one cutting line is suffi-
cient to describe E;; states, the matrix dimension for the BS
equation in Eq. (20) can be dramatically decreased.

Figure 4 shows that [, decreases with d, and Ezz(Ag) has a
larger [, than E,;(AY), which is consistent with the fact
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FIG. 4. The half width /; of the wave functions in 1D k space for
E 11(A3) and EZZ(Ag) states for many SWNTS. The cutting line spac-
ing 2/d, is shown by the solid line for comparison. Open and filled
circles are for SI and SII SWNTs. Integers denote 2n+m family
values.

shown below, that the exciton binding energy decreases with
increasing d, and Ezz(A(z)) has a larger binding energy than
E|(AY). Also, [, shows a tube type (SI or SIT) dependence
and (2n+m)-family patterns. For E|; states, ST SWNTSs have
a larger [, than SIT SWNTs. Within the same (2n+m)-family
(similar d,), I, for ST SWNTs decreases with increasing chiral
angle, while /x for SII SWNTs increases with 6. For E,,
states, in contrast, SII SWNTs have a larger [, than SI
SWNTs. Within the same (2n+m)-family, [, for SIT SWNTs
decreases with 6 while [, for ST SWNTSs increases with 6.
Although the exciton wave function along the tube axis is
localized, it is known that the wave function along the cir-
cumference is extended. Actually, Fig. 4 already shows that
I, is smaller than the cutting line spacing in k space, indicat-
ing that in real space [ is larger than d,. The wave function
W, along a line on the circumference of an (8,0) SWNT is
shown in Fig. 5 for the Ey(A)) state. It is seen that the
electron is homogeneously distributed in the circumferential
direction when the hole position is fixed, indicating that there
is no dipole in the circumferential direction. The oscillation
of the function in Fig. 5 comes from the phase factor
=% in Eq. (26) with u=6 for the second cutting line,

(@) (b)

Wavefunction

9 ! ! L
-1 -05 0.5 1

¢
(6,-6,)x

FIG. 5. The wave function W of the E,,(A3) state along a line
on the circumference of an (8,0) SWNT. (a) W, on the unfolded line
and (b) |¥| on the folded line. The small open circles in (a) and (b)
denote the hole position.
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FIG. 6. The wave function W_; for E;,(EY) or E,(EY) along a
line on the circumference of an (8,0) SWNT. The hole indicated by
a small circle is put at an A atom with §=-11°. (a) W¥_; on the
unfolded line and (b) |[¥'_,| on the folded line.

and 6, (6,) is the angle for the electron (hole) position on the
circumference.

Figures 6 and 7 show the wave function W_; along a line
on the circumference of an (8,0) SWNT for E 12(E?) or
Ezl(E(l)) states, respectively. As we have mentioned W_; is
the imaginary part of WV, in Eq. (27). All A (or B) atoms in an
(8,0) SWNT are distributed on the circumference with an
angle spacing A#=45°. As an example, Fig. 6 shows ¥_; by
putting the hole at an A atom with §,~—11°. Figure 6 shows
that the electron prefers to be distributed on the opposite side
to the hole, and therefore a dipole moment perpendicular to
the nanotube axis appears. The formation of the dipole is due
to the phase factor ¢/%*%) in Eq. (27). Similar to an E;;(A,)
state, the phase factor ¢/“(%=%) in Eq. (27) will also bring in
an oscillation with a period of 27/ u; to an E;,,(E,) or
E..1,(E,) state. However, unlike an E;;(A,) state, there is an-
other phase factor ¢'%*% in Eq. (27). This phase factor
comes from the fact that the electron and hole in an E;;, ((E)
[E;,1,(E|)] state are from two cutting lines with u;,;—w;=1.
The phase factor e/%+%) will then adjust the amplitude of the
oscillation from %% by a cos(6,+86,) or sin(6,+6,)
function. This adjustment will bring in a dipole, perpendicu-

ca @ . . (b)

Wavefunction

4 1
-1 -0.5 0 0.5 1
6./n

FIG. 7. The wave function W_; for E|,(EY) or E,(EY) along a
line on the circumference of an (8,0) SWNT. The hole indicated by
a small circle is put at an A atom with 8=~ 126°. (a) W_; on the
unfolded line and (b) |¥_,| on the folded line.
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lar to the tube sidewall. Interestingly, ¢'(%*%) indicates that
the electron distribution will depend on the hole position 6.
As an example, in Fig. 7 we show the wave function W_,
with the hole at an A atom with 6,~126°. Although the
electron also prefers to occupy the sites opposite to the hole
site in Fig. 7, the position with the largest possibility for
finding an electron is closer to the hole compared to that in
Fig. 6. We call this dipole a “circumference dipole” and we
call the dipole formed along the nanotube axis direction by a
bound electron-hole pair an “axis dipole.” The formation of
the “circumference dipole” is important for explaining the
experimental observations using perpendicularly polarized
light, which shows that E|,(E,) excitation energies are very
close to the E(A)) excitation energy, and it should be
pointed out that this observation can not be explained by a
single-particle picture.® Uryu and Ando have pointed out
that the depolarization effect will reduce the circumference
dipole moment and thus reduce the Coulomb interaction be-
tween the electron and hole, leading to a smaller exciton
binding energy for E,(E,) states as compared to E;,(A%) and
Ezz(Ag) states, and this fact is essential to get the enhanced
E»(E,) excitation energy that is needed to explain the ex-
perimental observations.3$3

In the present work, the dielectric screening is treated
within the RPA. For the cases shown in Figs. 6 and 7, where
an electron and a hole are located on the opposite sides of the
diameter of a SWNT, the screening effect is reduced com-
pared with Eq. (7). By considering that both the exciton
binding energies and the self-energies depend critically on
the screening function, a dielectric function calculation be-
yond the RPA is needed for these cases. The calculation of
the excitation and binding energies for the perpendicular po-
larization case is beyond the scope of this paper.

IV. FAMILY PATTERNS IN EXCITATION AND BINDING
ENERGIES

A. Exciton binding energy

We calculate the excitation and binding energies for all
SWNTs with d, in the range of 0.5 nm<d,<1.6 nm for
Ei,-(Ag) states for S and M SWNTs. The resulting excitation
energy E;; and exciton binding energy E,y Kataura plots are
shown in Fig. 8. From Fig. 8(a) we see that the chiral angle
dependence of E;; is quite weak. Thus, the results based on
the simple TB model are not sufficient to explain the large
family spread in the excitation Kataura plot observed by
experiments.” From the following discussion we will see that
this excitation energy family spread problem can be solved
by the ETB.? From Fig. 8, it is clear that the exciton binding
energy shows both a diameter and chiral angle dependence.
In Fig. 8(b), E,, states for S SWNTs (E3,) have a larger
binding energy than E‘f | states, which is consistent with the
results calculated by Ando.?® Moreover, the exciton binding
energy shows a clear type I and II dependence and also
(2n+m)-family patterns. The type dependence and family
patterns in the binding energy are similar to those in the
wave function size in k space (see Fig. 4). The chiral angle
dependence of E, is understood by the chiral angle depen-
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FIG. 8. The excitation and binding energy Kataura plots using
the simple TB model for E;,(A9) and E5,(A9) states in § SWNTs
and E11V11 L Ag) and E11VI1 H(Ag) states in M SWNTs. (a) Excitation en-
ergy Kataura plot. Open, filled, and crossed circles are for SI, SII,
and M SWNTs. (b) Binding energy Kataura plots for S SWNTs.
Open and filled circles are for SI and SII SWNTs. (c) Binding
energy Kataura plots for M SWNTs.

dence of the effective mass of the carriers, as is discussed
below. Also, the family spread of Ey, is increased by curva-
ture effects, as will be seen below. In Fig. 8(c), we show the
exciton binding energy for M SWNTs. We use E¥ (A)) and
EM (AY) to label the A exciton states in the lower and higher
energy branch for E;; transitions in the energy Kataura plot.
The cutting lines for EY and EI, states are outside and
inside the 2D BZ, respectively. It is seen that similar
(2n+m)-family patterns are present in the exciton binding
energy of M and S SWNTs, respectively, shown in Figs. 8(c)
and 8(b). Moreover, although the exciton binding energy in
M SWNTs is generally small, it can exceed 0.1 eV for some
SWNTs with small d,, especially for Ellu1 H(Ag) states. By con-
sidering that the exciton binding energy can now be mea-
sured by experiments,'+3140 the chirality dependence shown
in Fig. 8 is expected to provide important information for
interpreting experiments.

Figures 8(b) and 8(c) show that the exciton binding en-
ergy in a S SWNT with a small d, can be as large as 1 eV,
while that in a M SWNT is smaller than 0.2 eV. The differ-
ence arises from the different electron screening effect in S
and M SWNTs. The free electrons in M SWNTSs, i.e., elec-
trons in two metallic bands crossing the Fermi level, give
rise to different dielectric functions in M SWNTs than those
in § SWNTs. By considering the electron screening effect,
the bare Coulomb interaction V(q) is replaced by a screened
Coulomb interaction V(q)/e(q). As we have mentioned,
[,<2/d, and thus one cutting line is sufficient to describe E;;
states. Therefore, when we discuss the properties of the ex-
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FIG. 9. The dielectric function €(0,q) for (a) S SWNTs and (b)
M SWNTs. The integers denote (2n+m) values (a) 13, 14, 25, 26,
37, and 38 and (b) 15, 27, and 39. The dots indicate the position
with g=1/d,. In (a) solid and dashed lines are for SI and SII
SWNTs.

citon binding energy, we only need to consider the dielectric
function with q=(u,q)=(0,¢9), i.e., €(0,q). Figures 9(a) and
9(b) show €(0,q) for S and M SWNTs, respectively. €(0,q)
is an even function of ¢ and thus in Fig. 9 we show €(0,q)
with ¢=0. In Fig. 9(a) for S SWNTs, we show e for the
SWNTs with families 2n+m=13, 14, 25, 26, 37, and 38 and
in Fig. 9(b) for M SWNTs, we show e for the SWNTs with
families 2n+m=15, 27, and 39. The tube diameter d, in-
creases from about 0.55, 1.10, to about 1.50 nm for the fam-
ily 2n+m value from 13 (14), 25 (26), to 37 (38) and d,
increases from about 0.62, 1.12 nm to about 1.58 nm for the
family 2n+m value from 15, 27 to 39. By increasing d,, the
energy gap of S SWNTs decreases and thus the screening
effect tends to increase, which can be seen from Fig. 9. For
M SWNTS, by increasing d, the confinement of the free
electrons is relaxed from 1D to 2D and thus the screening
effect tends to decrease, which can also be seen from Fig. 9,
where we use dark dots to indicate the positions with
g=1/d,. By considering that [, <2/d,, the screening effect in
the range of |g| <1/d, is most important in determining the
exciton binding energy. For a S SWNT, Fig. 9(a) shows that
€ decreases from a value around 2.0 to 1.0 when ¢ decreases
from 1/d, to 0. That means that, for g approaching to 0, the
screening effect decreases and it completely disappears at
g=0. On the other hand, for a M SWNT, Fig. 9(b) shows that
€ increases to infinity with ¢ decreasing from 1/d, to 0. That
means, for g approaching to O the screening effect increases
and the Coulomb interaction is completely screened at g=0.
Since the Coulomb interaction is screened efficiently in M
SWNTs by 7 electrons, the exciton binding energy becomes
small. The opposite behavior in €(0,¢) for S and M SWNTs
arises from the free electrons near the Fermi level in M
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FIG. 10. The exciton binding energy for Es3(A9) and E(AY)
states with 1.0 nm<d,<<1.6 nm. Open and filled circles are for SI
and SII SWNTs for E33(Ag) states, and open and filled squares are
for SI and SIT SWNTs for E44(Ag) states. For SI SWNTs, (n,m)
=(9,7) and (10, 8) SWNTs with families 2n+m=25 and 28, respec-
tively, have the same binding energies for E33(A3) and E44(A3)
states.

SWNTs, which are not present for S SWNTs. If we remove
the contribution from the metallic bands in the dielectric
function calculation, the curves in Fig. 9(b) become similar
to those in Fig. 9(a), and the binding energies for M SWNTs
show similar values as those for § SWNTs.

Raman experiments often probe signals from E,, E3;,
E3,, and E}] transitions.®”*! Therefore, it is interesting to see
what happens for the exciton binding energy for E33(A%) and
E(A9) states of S SWNTs. In Fig. 10, we plot the exciton
binding for E3(A9) and E44(A)) states with d, in the range of
1.0 nm<d,<1.6 nm, corresponding to excitation energies
E;=<3.0 eV. We note that for the same d, value, the exciton
binding energies for E33(AY) and E,(AY) states generally
have a bit larger values than for Ezz(Ag) states. From Fig. 10,
we can see that the exciton binding energies for E33(Ag) and
E44(Ag) states also show a tube type dependence and family
behavior. As we see from Figs. 8 and 10, the family branch
arrangement in the two figures is different. In Fig. 10, the
binding energies for Ey(A)) and E;;(AY) states give rise to
lower and higher branches in SI SWNTs, while it becomes
the opposite in SII SWNTs. The different binding energy
branch arrangement in Figs. 10 and 8 remains to be con-
firmed by future experiments.

In the two-photon fluorescence experiments, by compari-
son of the two-photon excitation energy to the emission en-
ergy, the relevant energy difference for the E“(Aé) and
E|(AY) states can be obtained.'>'* We calculate the
excitation energy difference for the Aj and A) states. The
results are shown in Fig. 11 for E”(Aé)—E”(Ag) and
Ex(Aj)—E(AY). We can see that the energy difference has a
strong d, dependence, but almost no tube type dependence
nor family behavior. The excitation energy difference for
E;{(A}) and E;(A)) equals the exciton binding difference be-
tween them. We find that the exciton binding energies for
EII(A;) and EZZ(AD have a similar tube type and family
pattern dependence as those for E;(A%) and E»y(AY) shown
in Fig. 8(a). Thus, the tube type dependence and family pat-
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FIG. 11. The excitation energy differences Ey;(A})—E;(A9) and
EZZ(A;) —E22(Ag) (upper). Open and filled circles are calculated data
for ST and SII SWNTs. Open and filled squares are experimental
data by Dukovic er al. (Ref. 42) for ST and SIT SWNTSs. The dashed
line is a fitted relationship between E, l(Aé)—E | ,(Ag) and 1/d, for
the experimental data. The theoretical data around the dashed line
are calculated only for Ell(Aé)—E“(Ag) with k=2.22.

terns are almost canceled by the energy differences
Ex(A))—Exn(AY) and E; (A))—E;(A)) with x=2 (upper
part). Figure 11 also shows that E,(A})—Ex(AY) and
E, I(Aé) -E, I(A(z)) have values similar to each other. Recently,
Dukovic et al. have measured E (A})—E; (A} for 13
SWNTs.*? We fit their experimental data as shown in Fig. 11
by changing the « value to k=2.22 (lower part). It is seen
that the calculation is consistent with the measurements.
From the Ej (A})—E;(A)) ratio between our result with
x=2 and the experimental one for a (9, 5) SWNT and using
the scaling law Epy~(1/)"* found by Perebeinos et al.,”®
which is consistent with the present result (see also Fig. 13),
we obtain the fitted  value (2.22) for the samples. There are
also other experiments measuring the energy differences for
several SWNTs. The experimentally measured E; (A}
—E,1(AY) for (8,3), (6,5), and (7,5) SWNTs by Wang ez al.'
are 0.30, 0.31, and 0.28 eV, respectively, and the experimen-
tally measured energy differences for (6,4), (9,1), (8,3), (6,5),
(7,5), and (9,4) SWNTs by Maultzcsh et al.'* are 0.325,
0.315, 0.295, 0.285, 0.240, and 0.280 eV. Our calculated val-
ues for (6,4), (9,1), (8,3), (6,5), (7,5), and (9,4) SWNTs by
using k=222 are 0.314, 0.291, 0.284, 0.344, 0.272, and
0.250 eV. Our calculated values are consistent with their
measurements.'>!* We note that the ordering of values for
(8,3), (6,5), (7,5), and (9,4) SWNTs by our calculations are
consistent with the measurements by Dukovic et al.,*> while
it is different from the measurements by Maultzcsh et al.'*

B. Excitation energy shift by the environment

In Eq. (6) we introduce « to include the screening effect
from the environment. Thus, by studying the excitation en-
ergy dependence on «, we can see how the environmental
effect shifts the excitation energy. By changing the « value
from 3 to 2, we calculate the excitation energy and get the
energy shift AE;(AY)= E;(A)|o— Ei(AY)]s. The results
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FIG. 12. The Ell(Ag) and E22(Ag) excitation energy shifts by «
changing from 3 to 2, AE;;= Eji|«e>— E;i| «=3. Open and filled circles
are for SI and SIT SWNTs.

are shown in Fig. 12. It is interesting to see that there are also
tube type and (2n+m)-family dependences predicted for
AE;;. However, by comparing the results of Fig. 12 with
those of Figs. 4 and 8, we find that the tube type dependence
here is different from that in /, and in the binding energy.
That is, for AE;; within the same 2n+m family, the value of
AE|, increases with increasing chiral angle 0 for ST SWNTs
while it decreases with @ for SII SWNTs. For AE,, within
the same 2n+m family, in contrast, the value of AE,, de-
creases with € for ST SWNTs while it increases with 6 for SII
SWNTs. These tube type and chiral angle dependences are
consistent with those observed by recent experiments.*3
Experimental measurements**> show that the excitation
energy shift AE; by the environment is generally up to
80 meV, which is consistent with Fig. 13. In Fig. 13, we
show the excitation energy dependence on « with (solid line)
and without (dashed line) including the electron screening
effect for E ll(Ag) and E22(Ag) states for a (6,5) SWNT. It is
seen that without considering the electron screening effect,

— T4

b——T——T——T—

E [eV]

FIG. 13. The excitation energy dependence on « for states
E11(AY) and Eyy(A9) for (6,5) SWNTS. Solid and dashed lines are
with and without considering the 7 electron screening effect, re-
spectively. (a) Excitation energy vs 1/ k. The three curves below E|
are exciton binding energies for Ezz(Ag) and E ll(Ag), and the func-
tion E=(1/«)'* from top to bottom, respectively. (b) Excitation
energy vs K.
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FIG. 14. The excitation energy Kataura plot based on the ETB
model for E3,(A9) and E5,(A)) for S SWNTs and E(A9) for M
SWNTs. Open and filled circles are for SI and SII SWNTs respec-
tively, and crossed circles are for M SWNTs.

E;; is approximately linearly dependent on 1/«. The screen-
ing effect will bend the line, reducing the energy shift, espe-
cially for the small « region, e.g., k<<2. The bending effect
arises from the fact that the screening effect by the environ-
ment generally provides a dielectric constant, independent of
the wave vector q, while the dielectric function €(0,g) from
the electron screening effect is a function of ¢.° In Fig.
13(a), we also show the exciton binding energy vs 1/«. It is
seen that for both E;; and E,, states, the binding energy
approximately scales as?® (1/«)'*. In view of the experi-
ments, the environmental dielectric constants can be varied
from close to 1 to a large value by putting the SWNT
samples in air or water. When « is large, e.g., k>3, Fig.
13(b) shows that the value of the excitation energy turns out
to be the same with and without the electron screening effect
and it becomes independent of «. The reason is that the Cou-
lomb interaction becomes very small in the case of large «
and the excitation energy approaches the single-particle en-
ergy. Figure 13(b) shows that without the electron screening
effect, the excitation energy variation can exceed 0.5 eV as «
increases from 1 to infinity, while the variation is decreased
due to the electron screening effect in the SWNT.

C. Excitation energy Kataura plot based on the ETB model

As we have already pointed out, the simple TB model is
not sufficient to describe the large family spread in the Ka-

3 T T T T T T

(a)

Lol ggg il
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FIG. 15. The excitation energy ratio E5,/E}, for AY states based
on the ETB model for § SWNTs with 0.5 nm<d,;<1.6 nm. Open
and filled circles are for ST and SIT SWNTs, respectively. (a) and (b)
are the results with and without Coulomb interaction. The dashed
lines are used to indicate the values for the average ratio.
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taura plot. Thus, we calculate the excitation energy again by
the ETB, as shown in Fig. 14. In Fig. 14 we plot the data for
the E},(AY) and E3,(A)) states for S SWNTs and the E}}(A9)
states for M SWNTs. The large family spread appears, which
again is consistent with previous calculations>? and
experiments.>’

In Fig. 15, we show the energy E5,/E3, ratio for A) states
for § SWNTs with 0.5<d,<1.6 nm. The average ratio in
this diameter range is about (a) 1.8 and (b) 2.0 with and
without Coulomb interaction, respectively. The average ratio
of E3,/E, is approximately the ratio for the SIT SWNTs with
chiral angle 6~ 30°, which is located around the dashed line
in Fig. 15. Figure 15 also shows a tube type dependence and
family patterns. Moreover, the many-body effect decreases
the energy ratio for all SII SWNTs and for most of the SI
SWNTs.

To understand whether single-particle spectra or many-
body effects contribute to the large family spread in the ex-
citation Kataura plot, we plot the excitation energy £, the
self-energy correction to the quasiparticle energy 3., the ex-
citon binding energy E,,, and the energy correction to the
single-particle energy 3 —E,q in the same figure (Fig. 16). It
is seen that X tends to increase the family spread of the
single-particle spectra, while this increased spread is almost
canceled by the spread from the exciton binding energy,
leading to a weak family spread in the net energy correction
(2 —E,y) to the single-particle energy. Thus, the large family
spread in E;; is given by the single-particle spectra. The
curvature effect and the C-C bond length optimization in
small d, SWNTs contribute to the large family spread for the
single-particle spectra. It is known that the logarithmic cor-
rection from the effect of the Coulomb interaction on the
dispersion of 2D graphene is not fully canceled by the exci-
ton binding energy and leads to a logarithmic energy correc-
tion E'°2 as given by>!°

E"e=0.55(2p/3d,)log[3/(2p/3d,)]. (28)

In Fig. 16, we plot E'° with p=1 as a dashed line. It is seen
that our energy correction 3 —Ep, follows this logarithmic

2 T T

1.5_ C/F E11 n
16

E [eV]
79

E
051 ﬁ:w ]
P N

1/d,[1/nm]

FIG. 16. The excitation energy E,;, self-energy 2, binding en-
ergy Eyg, and energy corrections 3 — Eypg based on ETB for E “(Ag)
states. Open and filled circles are for SI and SII SWNTs. The
dashed line is calculated by Eq. (28) with p=1.
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behavior well. Comparing Fig. 16 with Fig. 8, we find that
E,4 shows a similar tube type and family behavior by the
simple and extended TB models. However, the C-C bond
length optimization modifies the detailed family patterns by
bending the branches for SII SWNTs, thereby increasing the
family spread.

V. DISCUSSIONS AND SUMMARY

Recently, calculations based on an ab initio many-electron
Green’s function approach to electron-hole interaction effects
on the optical spectra of small-diameter SWNTs were
reported.“ For (8,0) tubes in vacuum, the excitation energies
for E”(Ag) and E22(A(2)) states are found to be 1.55 and
1.80 eV, respectively. The corresponding energy ratio is
Es/E;;=1.16. The binding energies for E;,(A%) and E,,(A9)
states are found to about 1.00 and 0.86 eV, respectively. For
comparison, we calculated the excitation and binding ener-
gies based on the ETB model for (8,0) tubes by taking
«=1.0. The calculated excitation energies for the E;;(A9) and
E(AY) states are 1.57 and 2.10 eV, respectively, and corre-
spondingly E,,/E|;=1.33. The calculated binding energies
for the E;;(AY) and E»(A)) states are 1.21 and 1.10 eV, re-
spectively. It is seen that our results are consistent with the
ab initio results. Since the nanotube screening is mainly from
the electrons near the Fermi level, inclusion of only 7 elec-
trons is expected to explain well the nanotube screening,
which is confirmed by the above comparison between our
results and those coming from ab initio results. We should
mention that generally the E22(A2) states have a larger bind-
ing energy than the E; (AY) states. However, for ST SWNTs
with a small d,, the E ”(Ag) states can have a larger binding
energy than the Ezz(Ag) states as can be seen from Fig. 8(b).

In addition to the electron screening, we have also con-
sidered the screening from the surrounding media by intro-
ducing a dielectric constant k. With « going from 1 to infin-
ity, the exciton binding energy for a § SWNT varies from a
finite value to zero. Since the quasiparticle and binding en-
ergies vary with « in a similar way, the excitation energy
varies over a small energy range with « from 1 to infinity, as
we have seen from Fig. 13. Actually, in both the simple TB
and ETB models we found that the two lowest transition
energies for a SWNT generally vary in an energy range
smaller than 0.2 eV with « from 1 to infinity.

Figure 2 indicates that there is an energy splitting between
the bright exciton state E;;(A9) and the dark exciton state
E;(A)). The splitting energy is determined by the difference
between the matrix element of the BS equation for the
E(A)) state and that for the E(AY) state. The matrix
element difference is expressed by 2[2K*(k’,-k;0)
—K%k',-k;0)]. By taking x=1, we calculated a splitting
energy for a (10,0) tube. Without the 7r electron screening
the splitting energy is about 14 meV and the dark exciton has
a lower energy. With the 7 electron screening, the splitting
increases to be about 25 meV, which is consistent with the
ab initio calculation for a (10,0) tube in vacuum, i.e.,
29 meV. Since K* and K¢ are the unscreened and screened
Coulomb interactions, respectively, the screening effect in-
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FIG. 17. The effective mass for the first and second transitions
for S SWNTs based on the ETB model. Open and filled circles are
for SI and SIT SWNTs.

creases the splitting energy by decreasing the K¢ value.

The family behavior in the excitation energy, binding en-
ergy, and wave function size arises from the same reason,
that is, from the trigonal warping effect.*® The curvature ef-
fect will modify the family patterns, especially for the single-
particle spectra. The first van Hove singularities (vHSs) for
ST and SIT SWNTs are outside (along the KM line) and inside
(along the I'K line) of the first BZ of graphene, while it
becomes opposite for the second vHSs. Around the K point,
the energy bands of graphene are generally more flat inside
the BZ than outside the BZ. Thus, the effective mass m" is
generally larger inside and smaller outside the BZ. There-
fore, m" exhibits a tube type dependence as shown in Fig. 17.
This tube type dependence for m" will in turn bring in a
similar tube type dependence for the wave function size and
in the exciton binding energy [see Figs. 4 and 8(b)]. For
example, for E,,(A)) states, m” is larger for SIT SWNTSs than
for SI SWNTs and thus /; and the exciton binding energy are
longer and larger, respectively, for SII SWNTs than for SI
SWNTs. The effective mass also shows family patterns as is
seen in Fig. 17 and in turn similar family patterns appear in
the wave function size and in the exciton binding energy [see
Figs. 4 and 8(b)].

In summary, we have studied the excitation properties in
SWNTs by solving the BS equation within the STB and ETB
models. The exciton wave functions along the SWNT axis
and circumference directions are studied and a circumference
moment is found for E,(A) excitons. The wave function
extended length /; in k space is found to be smaller than the
cutting line spacing 2/d,. Moreover, an SI and SII tube type
dependence and family behavior are found in the wave func-
tion length, excitation energy, binding energy, and excitation
energy shift by the environment. The electron screening ef-
fect is found to be essential for explaining the small energy
shift by the environment and the different exciton binding
energies for S and M SWNTs. The energy differences be-
tween the first and second exciton levels are calculated and
the results for the Ey; transition agree well with the experi-
mental measurements. The origin of the family patterns are
understood from the trigonal warping effect and the tube
curvature effects.
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