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Within the framework of the tight-binding model, we have developed exciton-photon and exciton-phonon
matrix elements for single-wall carbon nanotubes. The formulas for first-order resonance and double-resonance
Raman processes are discussed in detail. The lowest-energy excitonic state possesses an especially large
exciton-photon matrix element compared to other excitonic states and continuum band states because of its
localized wave function with no node. Unlike the free-particle picture, the photon matrix element in the exciton
picture shows an inverse diameter dependence but no tube type or chirality dependences. As a result, the
optical absorption intensity shows a strong diameter dependence but no tube type or chirality dependences.
Moreover, the continuum band edge can be determined from the wave function or exciton-photon matrix
element. For the radial breathing mode �RBM� and G-band modes, the phonon matrix elements in the exciton
and free-particle pictures are almost the same. As a result, the intensity for the Kataura plots for the RBM or
G-band modes by the exciton and free-particle pictures show similar family patterns. However, the excitonic
effect has greatly increased the diameter dependence and magnitude of the intensities for the RBM and G band
by enhancing the diameter dependence and magnitude of the photon matrix element. Therefore, excitons have
to be considered in order to explain the strong diameter dependence of the Raman signal observed
experimentally.
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I. INTRODUCTION

Single-wall carbon nanotubes �SWNTs� can be character-
ized by two integers �n ,m� that define both their diameter
and chirality, and 2n+m=3p+r, where p is an integer and
r=0,1 ,2 defines whether they are metallic �M� or semicon-
ducting type I �SI� or type II �SII� SWNTs, respectively.1–4

The optical spectroscopies of SWNTs have received increas-
ing attention for assigning the chirality �n ,m� of the SWNTs
and studying the physics of these one-dimensional �1D�
systems.2,3,5–10

Recent theories and experiments on carbon nanotubes
support a picture where excitonic effects are important to
optical spectroscopy. Strongly bound excitons are predicted
for small-diameter S-SWNTs and these predictions are con-
firmed by experiments.11–18 An exciton plus a phonon side-
band, which is peaked at around 200 meV above the main
absorption peak, was found in the absorption spectra of
SWNTs, and was explained by strong effects in the exciton-
phonon coupling.18,19

So far, all Raman scattering theories that have been pro-
posed are based on a free-particle picture. Since excitonic
effects are important in the optical properties of SWNTs, it is
interesting to study Raman scattering from an excitonic pic-
ture. Moreover, a very well pronounced qualitative effect has
recently been observed in the Raman intensity from the ra-
dial breathing mode �RBM� of SWNTs.2,20 The RBM inten-
sity shows a well-defined dependence on tube type �SI or SII

tube�, diameter, and chiral angle.2 This qualitative phenom-
enon has been explained by Raman intensity calculations
within the free-particle picture.2,21,22 A detailed analysis in-
dicates that the free-particle picture can generally describe
the tube type and chiral angle dependences, although it un-
derestimates the diameter dependence, especially for small-
diameter SWNTs.23 Thus, it should be interesting to under-
stand from an excitonic picture the reasons for this
underestimate of the diameter dependence.

We have developed computer programs to calculate the
exciton energies and wave functions by solving the Bethe-
Salpeter �BS� equation within the simple and extended tight-
binding �STB and ETB� models.24 A 2n+m�constant family
behavior is found in the exciton wave function localization
length, binding energy, and environment-induced energy
shift.24 A Kataura plot within the exciton picture is also
given.24 Our calculated results agree well with the two-
photon experimental results.13,14,25 Moreover, we have devel-
oped computer programs to calculate the electron-photon �el-
op� and electron-phonon �el-ph� matrix elements.21,26–33

In this paper, we further develop the exciton-photon �ex-
op� and exciton-phonon �ex-ph� matrix elements. We then
apply these matrix elements to both resonance and double
resonance Raman processes. The chirality dependence of the
matrix elements in the exciton picture is then compared with
those in the free-particle picture. The relationship between
the Raman intensities by the exciton and free-particle pic-
tures is then revealed.
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As we have pointed out in our previous papers,24,26,31 the
STB model can well describe the exciton wave function and
el-op matrix element and can approximately describe the
el-ph matrix elements. In this paper, for simplicity, we will
calculate the ex-op and ex-ph matrix elements in the frame-
work of the STB model. The extension to the ETB model is
straightforward and will be published elsewhere.

In Sec. II, we show how to calculate the ex-op and ex-ph
matrix elements. In Sec. III, we calculate the matrix elements
and resonance Raman intensities for the radial breathing
mode and G-band �A symmetry� modes. The results in the
exciton and free-particle pictures are compared. Finally, a
summary is given.

II. THEORETICAL METHOD

A. Exciton-photon matrix element

We calculate the el-op matrix element Mel-op in the dipole
approximation26,27,34

Mel-op � D�k�,k� · P , �1�

with D�k� ,k�= ���k�� �����k�� being the dipole vector be-
tween the initial and final states, and P being the light polar-
ization. In the case of parallel polarization, the selection rule
for k gives k�=k, and we can write the el-op Hamiltonian as

Hel-op = �
k

Dkckc
† ckv�a + a†� , �2�

where we have neglected a constant in the optical matrix
element Mel-op, Dk is the z component of D�k ,k�, ckc

† �ckv� is
the electron creation �annihilation� operator in the conduc-
tion �valence� band, and a† �a� is the photon creation �anni-
hilation� operator.

The exciton wave function ��q
n� with a center-of-mass

momentum q can be expressed as

��q
n� = �

k
Zkc,�k−q�v

n ckc
† c�k−q�v�0� , �3�

where Zkc,�k−q�v
n is the eigenvector of the nth �n

=0,1 ,2 , . . . � state of the Bethe-Salpeter equation, and �0� is
the ground state. The summation on k is taken for the two-
dimensional Brillouin zone �2D BZ�. However, in a previous
paper, we have shown that the summation on a single cutting
line of a k state is sufficient.24 Due to momentum conserva-
tion, the photon-excited exciton is an exciton with q=0.
From Eqs. �2� and �3�, we get the ex-op matrix element be-
tween an excited state ��0

n� and the ground state �0�,

Mex-op = ��0
n�Hel-op�0� = �

k
DkZkc,kv

n* . �4�

As we know, a SWNT has A1, A2, E, and E* symmetry
excitons and only the A2 exciton is bright, while the other A1,
E, and E* excitons are dark.24,35 Because of the two in-
equivalent K points in the 2D BZ of graphite, the A1 and A2
excitons are symmetric and antisymmetric under a C2 rota-
tion, respectively. The wave function for an A1 �A2� exciton
with q=0 is given by

��0
n�A1,2�� =

1
�2

�
k

Zkc,kv
n �ckc

† ckv � c−kc
+ c−kv��0� , �5�

where k and −k are around the K and K� points, respectively,
and − �+� in � is for an A1 �A2� exciton.

When we use the relation Dk=D−k, the ex-op matrix ele-
ments for the A1 and A2 excitons are given by

Mex-op�A1
n� = 0,

Mex-op�A2
n� = �2�

k
DkZkc,kv

n* . �6�

Equation �6� directly indicates that A1 excitons are dark and
only A2 excitons are bright, which is consistent with the pre-
dictions by group theory.35

B. Exciton-phonon matrix element

The Hamiltonian for the el-ph coupling for a phonon
mode �q ,�� has the form

Hel-ph = �
kq�

�Mk,k+q
� �c�c�k+q�c

† ckc − Mk,k+q
� �v�c�k+q�v

† ckv	

��bq� + bq�
† � , �7�

where M�c� �M�v�	 is the el-ph matrix element for the con-
duction �valence	 band, and bq�

† �bq�� is a phonon creation
�annihilation� operator for the �th phonon mode at q.

From Eq. �7�, we obtain the ex-ph matrix element be-
tween the initial state ��q1

n1� and a final state ��q2
n2�,

Mex-ph = ��q2
n2�Hel-ph��q1

n1� = �
k

�Mk,k+q
� �c�Zk+q,k−q1

n2* Zk,k−q1
n1

− Mk,k+q
� �v�Zk+q2,k

n2* Zk+q2,k+q
n1 	 , �8�

with q=q2−q1 giving the momentum conservation. The en-
ergy conservation for ex-ph scattering is given by Eq2

n2 −Eq1
n1

=Eph for phonon absorption, and Eq1
n1 −Eq2

n2 =Eph for phonon
emission. In the following, we will consider only the Stokes
�phonon emission� process and we will not explicitly write
the phonon number in ��q

n�.
Figure 1 schematically illustrates the electron and hole

scattering processes in the ex-ph matrix element, which cor-
responds to the first and second terms in Eq. �8�, respec-

FIG. 1. �a� Electron and �b� hole scattering processes in the
ex-ph matrix element for the first and second terms of Eq. �8�. The
matrix element for �a� and �b� is determined by the electron and
hole matrix elements weighted by the wave function coefficients
from the initial and final states.
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tively. Figure 1�a� shows that the ex-ph matrix element from
the electron scattering process is the el-ph matrix element
Mk,k+q

� �c� weighted by the wave function coefficient
Zk+q,k−q1

n2* for an electron-hole �e-h� pair with the electron at
k+q in the final state ��q2

n2� and the coefficient Zk,k−q1
n1 for an

e-h pair with the electron at k in the initial state ��q1
n1�. Fig-

ure 1�b� shows that the ex-ph matrix element from the hole
scattering process is the hole-phonon matrix element
−Mk,k+q

� �v� weighted by the wave function coefficient Zk+q2,k
n2*

for an e-h pair with the hole at k in the final state��q2
n2� and

the coefficient Zk+q2,k+q
n1 for an e-h pair with the hole at k

+q in the initial state ��q1
n1�.

C. Matrix elements for resonance Raman processes

In the resonance Raman processes as shown in Fig. 2, by
absorbing a photon the system is excited from the ground
state ��0�� to an A2 excitonic state �a�. The exciton then scat-
ters by a phonon from �a� to �b� and is annihilated by emit-
ting a photon.

In either the incident �Fig. 2�a�	 or scattered �Fig. 2�b�	
resonance processes, there are a real and a virtual excitation
state. In the real calculation, the wave function for the virtual
state ��b� in Fig. 2�a� and �a� in Fig. 2�b�	 is replaced by that
of the real state ��a� in Fig. 2�a� and �b� in Fig. 2�b�	 as an
approximation �see Eq. �12� below	. Thus, the ex-ph matrix
element for the resonance Raman processes is that between
��0

n�A2�� and ��0
n�A2�� states. Then the matrix element of Eq.

�8� is simplified as

Mex-ph = �
k

�Mk,k
� �c� − Mk,k

� �v�	�Zk,k�2. �9�

In double-resonance Raman processes �Fig. 3�, after ab-
sorbing a photon the system is excited from the ground state

to an A2 excitonic state �a�. The exciton then is scattered by
a phonon from state �a� to �b� and is scattered back to �c� by
another phonon with an opposite wave vector or by a defect.
The exciton is finally annihilated by emitting a photon. For
the G� and D Raman bands, the scattering process is inter-
valley scattering and the �b� state is an E �E*� exciton. Thus,
a G� �D� band process connects an A2 bright exciton and an
E �E*� dark exciton. The ex-ph matrix element from �a� to �b�
in Fig. 3 is then

Mex-ph�a → b� = ��q
n2�E��Hel−ph��0

n1�A2�� . �10�

The electron and hole processes for the matrix element
Mex-ph�a→b� are shown in Fig. 4, respectively, from which
we can get the expression for the matrix element,

Mex-ph�a → b� =
1
�2

�
k

�Mk,k+q
� �c�Zk+q,k

n2* �E�Zk,k
n1 �A2�

− Mk,k+q
� �v�Zk+q,k

n2* �E�Zk+q,k+q
n1 �A2�	 .

�11�

The e-h pairs for the A2 state in Figs. 4�a� and 4�b� are
selected as those around the K and K� points, respectively,
and thus a factor 1 /�2 appears in Eq. �11�.

Hereafter, we will focus on the first-order resonant Raman
process. With the help of Fig. 2, the Stokes Raman intensity
per length, Iex, can be written as

Iex = 
 1

L
�

a

Mex-op�a�Mex-ph�a → b�Mex-op�b�
�E − Ea + i	��E − Ea − Eph + i	� 
2

= 
 1

L
�

a

Mex-op�a�2Mex-ph�a → a�
�E − Ea + i	��E − Ea − Eph + i	�
2

, �12�

where 	 is a broadening factor. Here we assume that 	 is a
constant �0.06 eV�.2,21 In the second expression of Eq. �12�,
we replace the wave function of the virtual state �b� by that
of the real state �a�. The reason is that the virtual state �b� is
a combination of all the A2 real states with a zero center-of-
mass momentum, and the real state �a� has a dominant com-
ponent because the energy difference �Eb−Ea� is the smallest

FIG. 2. First-order resonance Raman Stokes processes: �a� inci-
dent resonance process and �b� scattered resonance process.

FIG. 3. Double-resonance Stokes Raman processes: �a� incident
resonance process and �b� scattered resonance process. The energy
difference between the E11�A2

0� and E11�E0� states is less than
100 meV and the E11�A2

0� state lies lower in energy �Ref. 12�.

FIG. 4. Electron �a� and hole �b� processes for an ex-ph matrix
element between a bright A2 state and a dark E state. c1 �c2� and v1

�v2� are used to label the first �second� conduction and valence
bands in energies, respectively.
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in this case. Thus, we can set �b�= �a� in Eq. �12�. The sum-
mation in Eq. �12� is taken for all A2 states that have a
center-of-mass momentum q=0.

In the free-particle picture, the free e-h pair excited by a
photon is that with the electron and hole at the same wave
vector k. Thus, the Raman intensity per length in the free-
particle picture Iel is given by

Iel = 
 1

L
�
k

Dk
2�Mel-ph�k → k,c� − Mel-ph�k → k,v�	

�E − Ecv�k� + i		�E − Ecv�k� − Eph + i		
2

.

�13�

III. RESULTS AND DISCUSSION

Excitons have both spin singlet and triplet states. The en-
ergy difference between them is less than 100 meV,24 and
the spin triplet lies lower in energy. The photon and phonon
do not change the spin of the exciton and the triplets are all
dark excitons. Thus, in this paper we consider only spin sin-
glet states.

A. Exciton-photon matrix element

For an achiral �armchair or zigzag� SWNT, the exciton
wave functions are either even or odd functions of z because
of the inversion center in the SWNT. Thus, we use Au or Ag
to label an A exciton in an achiral SWNT, which is symmet-
ric or antisymmetric under a 
h reflection �z→−z�,
respectively.35 For all A2g

n states, from Eq. �6�, we get
Mex-op=0. By using Eq. �6�, we calculate Mex-op for the RBM
for an �8,0� SWNT Eii�A2u

n � states for different SWNT
lengths L=200, 300, 400, and 500 nm and the results are
shown in Fig. 5. It is seen that the matrix element for an
excitonic state depends on tube length L, while that for a
continuum band state it is independent of L. The reason why
Mex-op depends on L is that the number of k points depends
on L �see Eq. �6�	. We find that, for an excitonic state, the
relationship between Mex-op and L is Mex-op��L. Moreover,
the magnitude of Mex-op for A2u

0 is about 3.8 times greater

than that for A2u
1 . Thus, the Raman intensity for A2u

0 is about
�3.8�4�208 times greater than that for A2u

1 . This result can
explain why we usually can only probe the Raman signal
from the first excitonic state. For a continuum band, M =0 at
the band edge Ec=E22+0.69 eV with 0.69 eV the binding
energy for the A2u

0 state, and M increases with energy and
approaches the matrix element for a free e-h pair at the Van
Hove singularity �VHS� k22. The wave function for an exci-
tonic state is delocalized in 1D k space. With increasing en-
ergy, the delocalized length in k space, i.e., the full width at
half maximum amplitude of the wave function coefficient Zk,
�k, decreases. Hereafter, we neglect the superscript in Zk for
simplicity. When the energy approaches Ec, the wave func-
tion in k space is very localized around the VHS as is seen in
Fig. 6. The solid and dashed lines in Fig. 6�b� are Zk for the
E=Ec and E22�A2u

0 � states, respectively. We can see that Zk
for the Ec state is localized around the VHS k=0 while that
for the E22�A2u

0 � state is delocalized over the k range. Zk
shows three peaks with the highest peak at k22 and two nega-
tive peaks on both sides of k22 �see Fig. 6�b�	. Thus, the
contributions to the optical matrix element from these three
peaks are canceled by one-another as can be seen from Figs.
6�a� and 6�b�, leading to M =0 at Ec. With energy further
increasing from Ec, the peaks of Zk move away from k22 on
the two sides �Fig. 6�c�, solid line	, and from Figs. 6�a� and
6�c� we can see that the optical matrix element is not zero
any more. Because of the 
h reflection symmetry in an �8,0�
SWNT, e-h pairs at k and −k have the same quasiparticle
energy and thus two peaks appear in Fig. 6�c�.

From the inset of Fig. 5, we can see that, although the
density of states �DOS� of the continuum band has a singu-
larity at Ec, the optical matrix element becomes zero at Ec.
Thus, with the energy increasing from Ec, the optical absorp-
tion increases from zero to a finite value.

FIG. 5. Mex-op for E22�A2u
n � states for an �8,0� tube. The con-

tinuum band edge Ec is indicated. The dashed lines are a guide to
the eyes. The dotted line shows the density of states, and the exciton
states are also indicated. The inset is a zoom-in of part of the main
figure, but uses different symbols, i.e., solid line instead of white
circles.

FIG. 6. Mel-op and Zk in k space measured from k22 for an �8,0�
tube. �a� Mel-op, �b� the wave function coefficient Zk for the
E22�A2u

0 � �dashed line� and for the continuum band edge Ec state
�solid line�, and �c� Zk for a continuum band state with an energy
Ec+0.1 eV. In �b� Zk for the E22�A2u

0 � state is multiplied by 5.
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For a zigzag tube, the second A2 exciton �A2
1�, which is the

first A2g exciton �A2g
0 �, has an exactly zero matrix element

Mex-op. For a chiral tube, the 
h reflection �z→−z� symmetry
does not exist. Thus, it is expected that the A2

1 state should
have a finite Mex-op. Figure 7�a� shows Mex-op for E22�A2

n�
states for a �6,5� tube with L=200 nm. Here it is seen that the
A2

1 state has a nonzero Mex-op in this case. However, com-
pared to the A2

0 state, the A2
1 state has a much smaller Mex-op.

Actually, Mex-op for the A2
0 state is about 30 times larger than

that for the A2
1 state. Thus, it is hard to observe an optical

signal from the A2
1 state. In Fig. 7�b�, we show Mex-op for the

E22�A2
1� state �the second excited exciton� for all tubes with

0.6�dt�1.6 nm. It is seen that the matrix element strongly
depends on the tube diameter and chiral angle. Mex-op has a
maximum value for a tube closest to an armchair tube, while
it becomes zero for a zigzag tube. We should mention that
although the optical matrix element for the E22�A2

1� state
strongly depends on both the tube diameter and chiral angle,
the matrix element for the E22�A0

1� state only depends on the
tube diameter and does not depend on the tube chiral angle
as will be shown below �see Fig. 9�.

From Figs. 5 and 7, we can see that the A2
0 state has a

much larger Mex-op than the other excited exciton A2
n �n

�1� states. We can understand this result from the different
shapes of the wave function coefficient Zk of A2

n states. Ex-
plicitly, Zk of A2

0 is a Gaussian-like function with no node
and that of A2

1 is an odd function �k−kii�e−
�k−kii�
2

with one
node around kii.

24 Mel-op is either symmetric �achiral
SWNTS� or nearly symmetric �chiral SWNTs� with respect
to kii �see Fig. 6�. Therefore, from Eq. �6�, we know that for
the A2

0 state, the contribution to Mex-op from all Zk at different
k are added to each other, leading to a large M. For the A2

1

state, the contributions to Mex-op from Zk on different sides of
the node cancel each other �or they partially cancel�, leading
to a zero �or small� Mex-op value. For the A0

n state with n

=2,3 , . . ., the number of nodes is more than 1 and the con-
tributions to Mex-op from the positive and negative parts of Zk
are either canceled or partially canceled, leading to a zero or
small Mex-op value. The large Mex-op in A2

0 is mainly due to
the special shape of its Zk, which has no node. With increas-
ing n, the Zk delocalized length decreases, which also con-
tributes to a decrease of the optical matrix element.

The exciton binding energy �Ebd� for a M-SWNT is gen-
erally one order of magnitude smaller than that of a S-SWNT
with a similar dt.

11,24 As a result, the peak of Zk for the
M-SWNT is sharper than that for the S-SWNT. However, the
peak of the M-SWNT is not sharp enough around kii and thus
Mex-op for the M-SWNT is only a bit smaller than that for the
S-SWNT. For example, the chiral tubes �6,5� and �7,4� have
diameters dt=0.73 and 0.74 nm, respectively. The binding
energy for �6,5� and �7,4� tubes is Ebd=0.63 and 0.07 eV,
respectively, which can be seen from Figs. 7�a� and 8�a�.
Furthermore, the half width �k in Fig. 8�b� for �6,5� and �7,4�
SWNTs is about 0.38/a and 0.21/a, respectively, with a de-
noting the length of graphite unit cell vector. The peak of Zk
in Fig. 8�b� for the �7,4� SWNT is not sharp enough around
k11L and thus with L=200 nm, Mex-op/Mel-op=10.5 for the
�7,4� SWNT, which is a bit smaller than Mex-op/Mel-op
=15.4 for the �6,5� SWNT.

To see the tube type and chirality dependences of Mex-op,
we calculate the normalized �per two carbon atoms�
Mex-op/N1/2 for E11�A2

0� and E22�A2
0� states for S-SWNTs and

E11L�A2
0� states for M-SWNTs and the results are shown in

Fig. 9�a�. Here N is the number of graphite unit cells in a
SWNT. We find that Mex-op for Eii�A2

0� states shows a 1/dt

dependence, while Mex-op shows no tube type or chiral angle
dependence. Thus, the optical absorption intensity in SWNTs
is expected to show �1/dt�2 dependence but no tube type nor
chirality dependences. Moreover, E22�A2

0� states have a larger
Mex-op than E11�A2

0� states because E22�A2
0� states have a

larger binding energy and thus a more localized exciton wave

FIG. 7. �a� Mex-op for E22�A2
n� states in a �6,5�

tube with L=200 nm, and �b� the normalized
Mex-op/N1/2 for E22�A2

1� states for all S-SWNTs
with 0.6�dt�1.6 nm. Filled and open circles are
for SI and SII SWNTs, respectively. The arrow
indicates the � decreasing direction from arm-
chair �A� to zigzag �Z� SWNTs. In �a�, even n
states have larger Mex-op than odd n states and
thus in the energy range E−E22–Ec the circles
form two lines.

FIG. 8. Mex-op and Zk for various states in
a �7,4� M-SWNT. �a� Mex-op for E11L�A2

n� with
L=200 nm and �b� Zk for E11L�A2

0� �solid line�. Zk

for E22�A2
0� for a �6,5� SWNT is also shown

�dashed line�. All E11L�A2
n� �n�2� states belong

to continuum band states.
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function.24 Interestingly, E11L�A2
0� states of M-SWNTS have

a slightly smaller Mex-op than E22�A2
0� states of S-SWNTs.

The reason is that the wave function for E11L�A2
0� states of

M-SWNTs is more delocalized than that for E22�A2
0� states of

S-SWNTs and Mel-op at k11L of M-SWNTs has a larger mag-
nitude than that at k22 of S-SWNTs.

In the free-particle picture, Mel-op shows almost no dt de-
pendence, while it has some tube type and chiral angle de-
pendences as shown in Fig. 9�b�. As a result, the tube type
and chirality dependences of the optical absorption intensity
in the exciton and free-particle pictures are completely dif-
ferent and our predicted dependences in the exciton picture
are expected to be confirmed by future experiments. We can
understand the disappearance of tube type and chirality de-
pendences of Mex-op as follows. The localization of the exci-
ton wave function increases the optical matrix element from
that for a free e-h pair. This enhancement effect can be char-
acterized by �k, the half-width of Zk in k space. An excitonic
state with a larger �k has a larger Mex-op. Figure 9�c� shows
�k for E22�A2

0� states of S-SWNTs. Figure 9�b� plots the el-op
matrix element Mel-op at k22 of S-SWNTs. Figure 9�b� indi-
cates that SI tubes have a larger Mel-op than SII tubes, while
Fig. 9�c� shows that SI tubes have a smaller �k than SII
tubes, leading to no tube type dependence of Mex-op for
E22�A2

0� states in Fig. 9�a�. Similarly, both SI and SII tubes
have an opposite family spreading tendency for Mel-op and �k
in Figs. 9�b� and 9�c�, leading to no chiral dependence of
Mex-op for E22�A2

0� states in Fig. 9�a�. The 1/dt dependence of
Mel-op for E22�A2

0� states in Fig. 9�a� is from the 1/dt depen-

dence of � in Fig. 9�c�. For the same reasons, Mex-op for
E11�A2

0� states of S-SWNTs and E11L�A2
0� states of M-SWNTs

also show a 1/dt dependence but no tube type or chiral angle
dependences.

B. Exciton-phonon matrix element

The ex-ph matrix elements Mex-ph for the RBM and
G-band modes are calculated by using Eq. �9�. Figure 10�a�
shows the RBM Mex-ph for E22�A2

n� states for an �8,0� SWNT.
Unlike Mex-op, Mex-ph is not sensitive to the excitation energy.
All excitonic states have a similar Mex-ph. Moreover, the Ec
state has a maximum Mex-ph, which is equal to Mel-ph for a
free e-h pair at k22. From Fig. 10�b�, we can see that Mel-ph in
the free-particle picture has a maximum at k22 and it de-
creases slowly in the �Zk�2 delocalized region. Moreover, Fig.
10�c� shows that �Zk�2 for the Ec state is a �-like function at
k22. Therefore, from the A2

0 exciton state to the continuum
band edge Ec state, Mex-ph varies from 12.8 to a maximum of
13.2.

The RBM matrix element Mex-ph for E22�A2
0� for all

S-SWNTs with 0.6�dt�1.6 nm is shown in Fig. 11. For
comparison, the corresponding matrix elements for free elec-
trons and holes at k22 are also shown. As expected, Fig. 11
shows that Mex-ph and Mel-ph are almost the same.

We also calculated Mex-ph for the G-band modes. As
shown in Figs. 12�a� and 12�b�, for the LO mode Mex-ph and
Mel-ph are similar. For the TO mode, the exciton-phonon ma-
trix element is zero for a zigzag SWNT and it increases with
chiral angle. For the TO mode, the excitonic effect decreases
the phonon matrix element value for a SWNT with a large
chiral angle �see Figs. 12�c� and 12�d�	.

FIG. 9. Tube diameter dependence of Mex-op/N1/2, Mel-op, and
�k in SWNTs with 0.6�dt�1.6 nm. Filled, open, and crossed
circles are for SI-, SII-, and M-SWNTs, and �a� Mex-op for E22�A2

0�,
E11�A2

0� of S-SWNTs and E11L�A2
0� of M-SWNTs, �b� Mel-op at k22,

and �c� �k for E22�A2
0�. The arrows in �b� and �c� indicate the direc-

tions along which � is decreasing �A, armchair side; Z, zigzag side�.

FIG. 10. RBM Mex-ph for E22�A2
n�, Mel-ph at k22, and �Zk�2 for the

E22�A2
0� and E=Ec states for an �8,0� tube. �a� Mex-ph as a functions

of E−E22. �b� Mel-op, and �c� Zk as functions and of k−k22 in units
of 1 /a. �Zk�2 for the Ec state is a �-like function at k22. �Zk�2 for
E22�A2

n� has been multiplied by 40. For both the E22�A2
0� and Ec

states, �Zk�2 is normalized to the units taken for the integration of k.
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Figure 13 gives Mel-ph for the LO and TO modes in k
space for a �6,5� tube. From Figs. 10 and 13, we can see that
around k22, the curve for Mel-ph has a similar shape for the
LO and RBM modes. Moreover, in the �Zk�2 delocalized re-
gion, Mel-ph varies more quickly for the LO mode than for
the RBM, leading to a larger relative difference between
Mex-ph and Mel-ph in the LO mode �see Figs. 11 and 12�. The
curve for the TO mode is asymmetric around k=k22. For the
TO mode, �Mel-ph� on the left and right sides of k22 is, respec-
tively, smaller and larger than �Mel-ph� at k22, and around k22
the curve on the left side changes more quickly than that on
the right side. As a result, Mex-ph is smaller than Mel-ph at k22.

From Figs. 11 and 12, we can see that for the RBM and
G-band modes, Mex-ph for E22�A2

0� and Mel-ph at k22 are gen-
erally similar. In particular, the relative difference between
Mex-ph and Mel-ph is very small for the RBM and it is also
within 5% for the LO mode. For the TO mode, the excitonic
effect decreases the matrix element for SWNTs with a large
chiral angle. We should mention that the above conclusion is
valid for all Eii cases.

There are also differences between the el-ph matrix ele-
ments by the STB and ETB models for the RBM, especially

for smaller-dt tubes.31 In the STB model, the 
 orbital is not
included and thus the curvature effect is not well incorpo-
rated into the STB model. We partially include the curvature
effect by putting the � orbital perpendicular to the tube side-
wall. In this way, the contribution to the matrix element from
the next-nearest neighbors is overestimated. As a result,
Mel-ph has a larger value for the RBM than for the LO mode.
By including a 
 orbital contribution, the magnitude of
Mel-ph for the RBM decreases and it has a smaller value than
that for the LO mode. Although the absolute values of the
Mel-ph for the RBM calculated by the STB and ETB models
are different from each other, the tube type and chirality
dependences of Mel-ph as calculated by the STB and ETB
models give similar results. As we have mentioned, the simi-
larity between Mex-ph and Mel-ph comes from the fact that the
relative changes of Mel-ph around kii are small. By consider-
ing that the relative changes of Mel-ph around kii by the ETB
and STB models are almost the same, the above conclusions
for the STB should not change when considering the ETB
model.

Equation �8� indicates that the ex-ph matrix element is a
product of the exciton wave function coefficients for the ini-
tial and final states and the el-ph matrix element between the
initial and final states. The same formula was used in the
study of the sidebands in the optical absorption spectra due
to a strong ex-ph coupling in SWNTs.18 Also, we expect that
the exciton wave function coefficients obtained here and
those from Ref. 18 should be similar to each other because
the coefficients in both cases are obtained by solving the BS
equation within the STB model and the wave functions are
not sensitive to the treatment of the electron screening ef-

FIG. 11. RBM matrix elements Mex-ph �filled�
for E22�A2

0� and Mel-ph �open� around k22 for all
S-SWNTs with 0.6�dt�1.6 nm for �a� SI and
�b� SII tubes. The arrows indicate the direction
along which � is decreasing �A, armchair side; Z,
zigzag side�.

FIG. 12. LO and TO mode matrix elements Mex-ph for E22�A2
0�

�filled� and Mel-ph at k22 �open� for all S-SWNTs with 0.6�dt

�1.6 nm. LO mode for �a� SI tubes and �b� SII tubes. TO mode for
�c� SI tubes and �d� SII tubes. In �c� and �d�, Mex-ph=Mel-ph=0 for
zigzag tubes. The arrows indicate the direction along which � is
decreasing �A, armchair side; Z, zigzag side�.

FIG. 13. Mel-ph �solid lines� for LO and TO modes in 1D k space
for a �6,5� tube. �Zk�2 �dashed line� for the E22�A2

0� state, and a line
tangential to the curve for the TO mode at the right side of k22 �dot�
are also shown �long-dashed line�.
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fects. Moreover, we calculate the el-ph matrix elements from
the deformation potential.21,28–33 For the LO and A1 modes,
which show strong sideband peaks as found in Ref. 18, the
treatments of the el-ph matrix element by using the deforma-
tion potential as in the present work or the Su-Schrieffer-
Heeger �SSH� model as used in Ref. 18 are approximately
equivalent to each other.31 For the RBM, the curvature effect
is important in the el-ph coupling. However, we found that
the effect of curvature on the el-ph coupling through the 

orbital is partially canceled by the contributions from �pz , pz�
and those from �px , pz�, �pz , px� and �py , pz�, �pz , py�,31 and
thus the SSH model can approximately describe the el-ph
coupling for the RBM. Therefore, the ex-ph couplings for the
RBM, LO, and A1 modes as calculated by our method should
be similar to those calculated by Perebeinos et al.,18 though
the detailed behaviors of each quantity might be different to
some extent. We should mention that the on-site deformation
potential, which is not included in the work of Perebeinos et

al.,18 brings in nonzero ex-ph matrix elements for two E1�
modes, which is important in explaining the experimentally
observed Raman mode around 2450 cm−1 in carbon.31 As we
have seen from the present calculations, the ex-ph matrix
elements for the RBM and LO modes do show chirality de-
pendences and thus some chirality dependences are also ex-
pected to be shown in the optical absorption intensities for
the RBM and LO sidebands because the sideband intensity is
proportional to the absolute square of the ex-ph matrix
element.18

C. Resonance Raman intensity for the RBM and G band

We calculate the resonant Raman intensity for the RBM
by using Eq. �12�. For an S-SWNT, the energy spacing be-
tween the Eii�A2

0� and Eii�A2
1� states is sufficiently large com-

pared with the resonance window 	 and thus we only need to
consider one exciton state A2

0 in Eq. �12� in the calculation of

FIG. 14. RBM Raman intensity per length for
SWNTs with 0.6�dt�1.6 nm. �a� and �b� are for
E22�A2

0� and free e-h at k22 in S-SWNTs, respec-
tively. Filled and open circles are for SI and SII
tubes. �c� and �d� are for E11L�A2

0� and free e-h at
k11L in M-SWNTs, respectively. The intensity in
the free el-ph case has been multiplied by 200.
The arrows indicate the � decreasing direction
�A, armchair side; Z, zigzag side�. In �d�, within a
family the armchair tube has a larger intensity
than its neighbor due to a node effect.

FIG. 15. G-band Raman intensities per length
in S-SWNTs with 0.6�dt�1.6 nm. �a� and �b�
are for the LO mode with �a� for E22�A2

0� exci-
tonic states and �b� for free e-h k22 states. Filled
and open circles are for SI and SII tubes. �c� and
�d� are for the TO mode with �c� for E22�A2

0� ex-
citonic states and �d� for free e-h states at k22.
The intensity in the free e-h case has been multi-
plied by 100 �b� and 1000 �d�. The arrows indi-
cate the � decreasing direction �A, armchair side;
Z, zigzag side�.
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the Raman intensity resonant with the Eii�A2
0� energy. For an

M-SWNT, the energy spacing between the EiiL�A2
0� and

EiiL�A2
1� states is comparable to or smaller than the resonance

width 	.36 Moreover, the energy spacing between EiiL�A2
0�

and EiiH�A2
0� is also comparable to or smaller than 	 for tubes

with a large chiral angle and thus a quantum interference
effect occurs.21,37 Therefore, in the calculations of the inten-
sity resonant with the EiiL�A2

0� energy for M-SWNTs, we take
a summation over many EiiL�A2

0� and EiiH�A2
0� exciton states

in Eq. �12�. The intensities per length for the E22�A2
0� and

E11L�A2
0� in S-SWNTs and M-SWNTs are shown in Figs.

14�a� and 14�c�, respectively. The intensities for free e-h by
Eq. �13� are also shown in Figs. 14�b� and 14�d�. We can see
that the exciton and free-particle pictures yield the same
tube type and similar chiral angle dependences, and as ex-
pected the excitonic effect enhances the diameter depen-
dence. Moreover, the excitonic effect enhances the magni-
tude of the intensity by enhancing the optical matrix element.
Equation �12� indicates that I� �Mex-op�4. For a SWNT with
L=200 nm, Mex-op/Mel-op is about 10 and Iex/ Iel is about 104

if we do not take the summation over k in Eq. �13� into
account. Iel is enhanced by the DOS at Eii and thus Iex/ Iel is
about 102 in Fig. 14. Interestingly, Fig. 14 shows the same
order of magnitude for the RBM Raman intensity for
M-SWNTs and S-SWNTs, which is consistent with experi-
ments. The reason is that the optical matrix elements for a
M-SWNT and S-SWNT with a similar dt have a similar
value.

The Raman intensity for the G-band modes is also calcu-
lated. The results are shown in Fig. 15. Similar to the RBM
case, the shapes of the curves in Figs. 15�a� and 15�c� for the
excitonic model are similar to those of Figs. 15�b� and 15�d�
for the free-particle model, respectively. The excitonic effect
also enhances the diameter dependence and magnitude of the
intensity. From Figs. 14�a�, 15�a�, and 15�c�, it is seen that
the LO mode has a weaker chiral angle dependence com-
pared to the RBM and TO modes. Moreover, Fig. 15�a�
shows a family pattern similar to that in the excitation energy
Kataura plot.3

Motivated by the observations that the excitonic effect
almost does not change the phonon matrix element for the

LO mode, while it decreases the phonon matrix element for
the TO mode, we find that the excitonic effect decreases the
Raman intensity ratio between the TO and LO modes. We
calculate the Raman intensity ratio ITO/ ILO and the results
are shown in Fig. 16. We can see that ITO/ ILO in the exciton
picture is generally smaller than that in the free e-h picture.
Moreover, ITO/ ILO is largest for the SWNTs with a chiral
angle closest to the armchair tubes and it becomes zero for
zigzag SWNTs. The intensity ratio in Fig. 16 also shows
clear family patterns. In view of the experiments, the envi-
ronmental dielectric constants can be varied from close to 1
to a large value by putting the SWNT samples in air or water.
Thus the excitonic effect varies in the different SWNT
samples and the Raman intensity ratio ITO/ ILO is expected to
be smaller for the SWNT samples with a smaller environ-
mental dielectric constant.

From Figs. 14 and 15, we can draw the conclusion that for
calculating the resonant Raman intensity, the exciton and
free-particle models generally yield the same tube type and a
similar chirality dependence. The excitonic effect increases
the diameter dependence and the absolute value of the inten-
sity. Within the excitonic picture, the diameter dependence
for the RBM intensity within the diameter range observed
experimentally in Ref. 23 is about four times stronger than
within the free electron-hole picture. Therefore, our calcula-
tions now predict the observed intensity diameter-dependent
trend shown in Ref. 23. This shows another important result
where excitons have to be considered, and that excitonic cal-
culations now have to be carried out to obtain photolumines-
cence intensities.32

In summary, we have calculated the ex-op and ex-ph ma-
trix elements and the Raman intensities for the RBM and
G-band phonon modes. The relations between the ex-op and
el-op matrix elements and those between the ex-ph and el-ph
matrix elements are understood from the exciton wave func-
tion, and from the el-op and el-ph matrix elements as a func-
tion of k around a VHS. We found that, unlike the free-
particle picture, the optical absorption intensity in the exciton
picture shows a �1/dt�2 dependence but no tube type or chiral
angle dependences. Moreover, we demonstrate that, although
the free-particle picture can generally describe the RBM and
G-band Raman intensities, the localization of the exciton
wave function greatly enhances the Raman signal and the
intensity of the dt dependence. Moreover, the Raman inten-
sity in metallic tubes shows excitonic-like behavior rather
than free-particle-like behavior.
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FIG. 16. The Raman intensity ratio between the TO and LO
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for the exciton and free e-h pictures, respectively. The arrows indi-
cate the � decreasing direction �A, armchair side; Z, zigzag side�.
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