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We study a single-wall carbon nanotube �SWNT� sample grown by water-assisted chemical vapor
deposition with both resonance Raman scattering �RRS� and high resolution transmission electron
microscopy. High resolution transmission electron microscopy measurements of 395 SWNTs
determined the diameter distribution of the sample, allowing us to calibrate an RRS radial breathing
mode �RBM� map obtained with 51 laser excitation energies from 1.26 to 1.73 eV. Thus, we
determined the diameter dependence of the RRS RBM cross-section, which in turn allows the
determination of the diameter distribution of any SWNT sample by measuring the RBM Raman
signal. © 2010 American Institute of Physics. �doi:10.1063/1.3297904�

Single-wall carbon nanotube �SWNT� samples usually
consist of many different tube species, each characterized by
a pair of indices �n ,m�, or equivalently by their diameter and
chiral angle �dt ,��.1 Resonance Raman scattering �RRS� is
an intensively used characterization method for SWNTs. Of
particular interest is the radial breathing mode �RBM� feature
in the RRS spectra, since each RBM peak can be assigned to
a distinct �n ,m� species.1 The RRS RBM intensity depends
on its cross-section times the number of scatterers, so the
RRS RBM signal can be used to determine the relative popu-
lation of each SWNT species. However, despite several
theoretical2–5 and experimental6–12 efforts, a model-
independent study of how the RRS RBM intensity varies
with �n ,m� is still needed. Here, we show that by combining
RRS and high resolution transmission electron microscopy
�HRTEM� measurements on the same sample, we can deter-
mine the RRS RBM cross-section, allowing us to obtain the
dt distribution of any SWNT sample via RRS RBM measure-
ments.

The sample studied here was produced by water-assisted
chemical vapor deposition �“super-growth”�, yielding a ver-
tical forest of nearly isolated, high quality SWNTs.12–16 Its
wide dt distribution—1 to 6 nm, as established here—along
with its high quality SWNTs make this an ideal sample for
the present study. 51 RRS spectra were obtained from the
as-grown sample, as previously reported.12–15 These RBM
spectra have already been extensively analyzed with respect
to their resonance energies12,14,15 and their adherence to the
�RBM=227 /dt cm−1 nm relation,13 and they are now ready

for an accurate intensity analysis. For each laser line, the
nonresonant, integrated intensity of the two tylenol Raman
peaks at 151 cm−1 and 213 cm−1 were used as intensity
standards for the SWNT spectrum taken with the same laser
excitation energy. In this way, the �4 Raman intensity depen-
dence as well as the instrument response were accounted for.

HRTEM imaging was done using a JEOL 2000 FX in-
strument equipped with a LaB6 gun, operating at a 160 kV
acceleration voltage. Images were recorded with a 4 Mega-
pixel Gatan charge-coupled device at a 250 000� magnifi-
cation. HRTEM magnification factors were calibrated at
600 000� and above by determining the gold lattice param-
eters, at 400 000� by the graphite lattice spacing, and down
to 250 000� by the dimensions of multiwall carbon nano-
tubes. The calibration at 250 000� was deemed accurate to
1.5%. The HRTEM sample was prepared by placing several
very small particles of dry, as-grown carbon nanotubes on a
holey carbon transmission electron microscopy grid �EMS
200 mesh copper grid� supported on a piece of tissue, and
wetted with a drop of methanol.17,18

Homemade software was used to superimpose circles
onto HRTEM images, adjust their diameters and positions
until the best fit was achieved and the diameter was then
determined. The white circles in Fig. 1�a� are the best fits for
seven SWNTs present in this image. Nanotubes with noncir-
cular cross-sections were excluded from the analysis. Figure
1�b� shows the experimentally obtained dt distribution, fitted
by the sum of two log-normal distributions,19 obtained by
measuring 395 SWNTs in this fashion. We assumed that
SWNTs of different chiral angles are equally abundant for
this growth process. Even if the assumption of chirality-
independent growth is not correct, any under- �over-�
estimation of the population of tubes with a certain chiral
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angle is compensated by an over-�under-� estimation of the
RRS RBM cross-section dependence on �. Therefore, its dt
dependence and consequent dt distribution determination
will still be correct. Accepting this assumption, the relative
population of the SWNTs must scale as the dt distribution
times 1 /dt, since the number of different �n ,m� species of a
given diameter scales linearly with dt. Also, chiral SWNTs
are twice as populous as achiral ones, as there are both right-
handed and left-handed isomers.

Figure 2�a� shows the intensity calibrated experimental
RRS map. Each nanotube in the sample contributes to the
RBM RRS spectra with a Lorentzian line shape, whose total
integrated area �I�n,m�

EL � for the Stokes process at a given ex-
citation laser energy �EL� is given by:11,12

I�n,m�
EL = � M

�EL − Eii + i���EL − Eph − Eii + i��
�2

, �1�

where Eph=��RBM is the energy of the RBM phonon, Eii is
the energy corresponding to the i-th excitonic transition, � is
the resonance window width and M represents the matrix
elements for the Raman scattering by one RBM phonon of
the �n ,m� nanotube. Since each spectrum �S��,EL�,� is the sum
of the individual contributions of all SWNTs, it can be writ-
ten as

S��,EL� = �
n,m

�Pop�n,m�I�n,m�
EL

�/2
�� − �RBM�2 + ��/2�2� , �2�

where Pop�n,m� is the population of the �n ,m� nanotube spe-
cies, �=3 cm−1 is the experimental average value for the
full width at half maximum intensity of the tube’s RBM
Lorentzian, �RBM is the frequency of its RBM and � is the
Raman shift.

The values for Eii and �RBM were determined
experimentally.14 M and � were found by fitting the experi-
mental RBM RRS map with Eq. �2� using the functions

M = �MA +
MB

dt
+

MC cos�3��

dt
2 �2

,

� = �A +
�B

dt
+

�C cos�3��
dt

2 , �3�

where Mi and �i �i=A,B,C� are adjustable parameters. The
best values for Mi and �i, considering the excitonic transi-
tions E22

S and the lower branch of E11
M are listed in Table I for

dt in nanometers, � in milli-electron volts, and M in arbi-
trary units.

Using these values in Eq. �2�, we obtain the modeled
RRS map shown in Fig. 2�b�. Figure 2�c� shows the absolute
value of the subtraction between the experimental and mod-
eled maps. The overall low intensity of the features in Fig.
2�c� shows that the functionals chosen for M and � are
representative of their experimental behavior. A close inspec-
tion of the experimental RRS map shows some low intensity
features associated with cross-polarized transitions �E12

S � and

FIG. 1. �a� HRTEM image of the SWNT sample. The white circles represent
circular fittings to determine the dt. �b� Diameter distribution of the SWNT
sample measured from HRTEM images, with a binning of 0.2 nm. Dashed
lines are two log-normal distributions �f1 , f2�, defined as f i=Ai / �dt�i�
�exp�−ln2�dt / d̄i� / �2�i

2��. The solid line is the sum of f1 and f2. Here,

A1�A2�=4�28�, d̄1�d̄2�=1.84�3.38� nm, �1��2�=0.183�0.223�.

FIG. 2. �Color online� RBM RRS maps. �a� An experimental map. Intensity calibration was made by measuring a standard tylenol sample. �b� A modeled map
obtained by using Eq. �2� at the same excitation energies range as �a�. �c� Absolute value of the subtraction of the experimental �a� and modeled �b� maps.
Symbols indicate the transition energies and �RBM for different SWNTs: diamonds for E11

M , squares for E22
S1, and triangles for E22

S2. The color bar scale is the
same for all three maps.

TABLE I. Fitted parameters Mi and �i for metallic �M :2n+m mod 3=0�,
semiconductor type 1 �S1 :2n+m mod 3=1� and type 2 �S2 :2n+m mod 3
=2� tubes. These parameters are to be used in Eq. �3� with dt in nanometers,
yielding M in arbitrary units and � in milli-electron volts.

Type MA MB MC �A �B �C

M 1.68 0.52 5.54 23.03 48.84 1.03
S1 	19.62 29.35 4.23 	3.45 65.10 7.22
S2 	1.83 3.72 1.61 	10.12 42.56 	6.84
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the RBM overtone. For our purposes, it is safe to ignore
these features, since their total contribution to the RRS map
is less than 4%.

At this point, the RRS RBM cross-section dependence
on �n ,m� is established for E22

S and E11
M for the “super-

growth” sample and these results can now be extended to the
analysis of other samples. In order to determine the diameter
distribution of a SWNT sample from RRS, one needs to
know the relative RRS RBM intensity for each tube in the
sample, which includes knowledge of Eii, Eph, M, and �. Eph
and Eii are obtained from the literature for a wide variety of
samples,13,15 while M and � are given here by Eq. �3�. Com-
parison with the relative intensity ratios experimentally ob-
tained yields the sample’s dt distribution. A user-friendly
recipe for obtaining the dt distribution from RBM RRS spec-
tra is given in Ref. 20, along with a MatLab program for
simulating RRS RBM spectra. While this procedure remains
assumption-dependent for determination of the relative
population of individual �n ,m� species, it is assumption-
independent for the dt distribution. Though the values of M
and � may vary from sample to sample,7 the procedure de-
scribed here is certainly more accurate than a direct RBM
Raman intensity analysis.

Comparison of Eq. �3� with published calculations2–4

shows qualitative agreement for both � and M, that is, they
both increase as the dt decreases and the family patterns can
be easily recognized on a plot of � or M versus dt. A quan-
titative comparison with Ref. 2 shows an underestimation of
	40 meV for �M and of 	15 meV for �S1. Also, we find a
steeper dependence of MS1 on dt than Ref. 3. A more de-
tailed discussion is given in Ref. 20.

In summary, the diameter distribution of a pristine
SWNT sample was determined by HRTEM and this result
was compared with the RBM RRS map of the same sample.
Under the assumption of equally distributed chiral angles,
the RRS RBM cross-section of the SWNTs was determined
and it was seen that it can be well represented by a simple
empirical formula. The RBM intensity can now be used in
the inverse process to yield the sample’s diameter distribu-
tion. A user-friendly recipe for this procedure is given in
Ref. 20, along with a comparative analysis of our experimen-
tal values with theoretical2,3 calculations.
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