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Second-order harmonic and combination modes in graphite, single-wall carbon nanotube bundles
and isolated single-wall carbon nanotubes
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We report a study of second-order combination and overtone modes in highly ordered pyrolytic graphite
~HOPG!, in single-wall carbon nanotube~SWNT! bundles and in isolated SWNTs. We found both dispersive
and nondispersive Raman bands in the range 1650–2100 cm21, and we show that the appearance and fre-
quency versus laser energyElaser behavior of these features are in agreement with predictions from double-
resonance Raman theory. In the case of SWNTs, these second-order bands depend on the one-dimensional
structure of SWNTs, and at the single nanotube level, the spectra vary from tube to tube, depending on tube
diameter and chirality and on the energy of the van Hove singularity relative toElaser.
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I. INTRODUCTION

Carbon materials are very important for science and te
nology, appearing in many different forms, such as hig
ordered pyrolytic graphite~HOPG!, activated carbons, car
bon fibers, and other forms important to our industr
society.1 The recently discovered carbon nanotubes show
markable signs of applicability for a number of future, tec
nological applications including artificial muscles,2 scanning
probes,3 and electron field emitters.4 They are also unique a
a prototype for modeling one-dimensional systems, the e
tronic and vibrational properties varying from tube to tube
the basis of their diameters and chiralities.5,6

Raman spectroscopy has already proved to be a pow
technique to study carbon materials,1 including single-wall
carbon nanotubes~SWNTs! through the diameter-selectiv
resonance Raman effect.7,8 It has been known for some time1

that graphite-related materials exhibit a rich Raman spec
with several first- and second-order features, disord
induced bands, some of them being dependent on laser
tation energyElaser. However, many of these features r
mained unexplained for a long time. It is only recently th
the appearance of these features and their dependenc
Elaser were explained as due to a double-resonance pro
that enhances the scattering of light by certain modes in
interior of the Brillouin zone (qÞ0) of graphite-related
materials.9–11

In the present work we study weak Raman features
served in the frequency range 1650–2100 cm21 in graphite-
related materials~i.e., HOPG, SWNT bundles, and isolate
SWNTs!, and we show that these features are related to o
tones and combination modes of the several pho
0163-1829/2002/66~15!/155418~10!/$20.00 66 1554
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branches in graphite, as predicted by double-resona
theory.10

In particular, we consider here a multi-featured band
about 1750 cm21. This band was previously observed, b
until now unassigned, in HOPG,12 in irradiated graphite,13

and it is also observed in SWNT bundles, where it was t
tatively assigned as a combination mode of theG band and
the radial breathing mode~RBM!.14 We assign this feature in
the present work to an overtone of the infrared-active out-
plane~oTO! mode at 867 cm21 in graphite. The oTO mode
has been observed in Raman spectra taken along the br
edges of HOPG~Ref. 15! and in SWNTs~Ref. 16!. In addi-
tion, we report a very highly dispersive mode at higher f
quencies~around 1950 cm21) that has previously been re
ported for SWNT bundles,14 and we tentatively identify this
mode as a combination of the in-plane transverse optic~iTO!
and longitudinal acoustic~LA ! modes: namely,~iTO1LA !.
The results for both features around 1750 cm21 and the fea-
ture around 1950 cm21 provide experimental evidence fo
the predictions of double-resonance Raman theory for o
tones and combinations of modes.10 In the case of isolated
SWNTs, the multifeatured band at 1750 cm21 shows a richer
behavior than in HOPG@and is more complicated than theD
band and theG8 band in isolated SWNTs~Refs. 17 and 18!#,
varying from tube to tube, thus suggesting a strong dep
dence on the one-dimensional structure of SWNTs.

II. EXPERIMENTAL DETAILS

Raman spectra for HOPG and isolated SWNTs w
acquired under ambient conditions, using a sing
monochromator Renishaw 1000B spectrometer equip
with a cooled charge-coupled-device~CCD! detector and
©2002 The American Physical Society18-1
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notch filters, in a backscattering configuration. The excitat
laser line Elaser52.41 eV from an Ar laser was used fo
HOPG and for the isolated SWNTs. Data from SWN
bundles (dt51.4960.20 nm determined from transmissio
electron microscope measurements! obtained with the lase
excitation energyElaser51.58, 1.96, 2.41, and 2.71 eV b
Brown et al.14 were used in our analysis to study the depe
dence of the various features onElaser.

Isolated SWNTs were prepared by a chemical vapor de
sition ~CVD! method on a Si/SiO2 substrate containing
nanometer-size iron catalyst particles.19,20 Atomic force mi-
croscopy~AFM! was used to characterize the isolated SW
sample, showing that the SWNTs ranged in diameter from
to 3 nm and had lengths ranging from a few hundred nm
to 2 mm. The AFM images showed a very low SWNT de
sity (;40 nanotubes/100mm2) and showed that most of th
SWNTs did not touch one another. We measured the Ra
spectra from more than 100 isolated SWNTs resonant w
Elaser5514.5 nm ~2.41 eV!. Of all the spectra taken, th
spectra from only 51 tubes were used to conduct this stu
since the;1750 cm21 Raman feature was not observed
many of the spectra. Of these 51, not all tubes were use
each part of the study, since the spectra from some tubes
not show an observable RBM feature, which we used for
nanotube diameter determination~using the relationdt
5248/vRBM) and for the tentative (n,m) assignments base
on Ref. 20.

III. RESULTS AND DISCUSSION

A. General results

The top three traces in Fig. 1 show Raman spectra
tween 1650 cm21 and 2100 cm21 from HOPG, SWNT
bundles, and an isolated SWNT, usingElaser52.41 eV. This
laser line excites semiconducting SWNTs predominan
considering the SWNT diameters and diameter distributi
contained in the various samples. TheG-band feature~not
shown! is used as a signature to distinguish whether
nanotubes are semiconducting or metallic for the vari
samples.21 HOPG shows a single LorentzianG line at
1582 cm21, while SWNTs show severalG-band peaks due
to their cylindrical structure and to zone folding effects.8 The
main difference in theG-band spectra between SWN
bundles and isolated SWNTs is in the linewidthsGG , which
are smaller for isolated SWNTs than for SWNT bundles.22 A
very weak~or nondetectable! D-band intensity for most of
the observed nanotubes indicates a high degree of crysta
ity of the probed samples.

All the spectra in Fig. 1 show the presence of a mu
featured band at about 1750 cm21 whose origin has not ye
been assigned in the literature.~We here call this band theM
band reflecting the two-peak visual shape of this band.! This
M band in HOPG and for the isolated~15,7! SWNT ~second
trace from the bottom in Fig. 1 and with a diameterdt
51.52 nm) clearly shows two components. We theref
conclude that a single (n,m) nanotube can give rise to th
two-peak structure also observed in HOPG. The lowest tr
in Fig. 1 shows the average of thisM feature in the summa
15541
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tion of Raman spectra taken from 51 isolated SWNTs~mean
diameter5 1.6 nm!, and we can fit the resulting asymmetr
line shape with two Lorentzian peaks. The asymmetric l
shape in Fig. 1 for SWNT bundles is likewise fit to tw
Lorentzian peaks. All four examples of thisM band in Fig. 1
exhibit a similar splitting of;20 cm21 at Elaser52.41 eV,
but the averageM-band frequencies are somewhat upshift
~or downshifted! from each other, probably due to the pre
ence or absence of bundle interactions and curvature effe
However, the agreement between the frequencies of the
M-band features from the SWNT bundle and the isola
(15,7) SWNT suggests a weak contribution from the int
tube interaction. A summary of this analysis is given in Tab
I for the upper (vM

1) and lower (vM
2) frequency components

and for the splittingDvM5vM
12vM

2 . For all nanotubes in

TABLE I. FrequenciesvM
1 andvM

2 , frequency differenceDvM

betweenvM
1 andvM

2 and the~averaged! diametersdt for the spectra
shown in Fig. 1.

HOPG SWNTs
Bundle ~15,7! avg. SWNTsa

vM
2 1754 1732 1731 1744

vM
1 1775 1755 1751 1766

DvM 21 23 20 22
dt ` 1.55b 1.52 1.6

aAverage over 51 isolated SWNTs~see text!.
bDenotes the averaged diameter distribution of the SWNTs reso
with Elaser52.41 eV, deduced from the RBM feature in the SWN
bundle sample~Ref. 14!.

FIG. 1. Raman spectra from HOPG, SWNT bundles, an isola
SWNT, and an average over 51 isolated SWNTs where the ave
is taken by summing the 51 spectra, all normalized to a comm
feature in the Raman spectrum of the silicon substrate. All of th
spectra were excited at laser energyElaser52.41 eV. The frequen-

cies of theM peaks are indicated in cm21, and v̄RBM denotes the
average radial breathing mode frequency for the SWNT bundle
for the sum of the 51 spectra for isolated SWNTs.
8-2
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Table I, dt is determined from the radial breathing mo
frequency, using the relationvRBM5248/dt ,20 and averaged
values are given for SWNT bundles and for the summat
spectrum from the 51 isolated SWNTs.

Previously, thisM feature was tentatively assigned to
combination mode of theG band and RBM features (vG
1vRBM).14 However, as can be seen in Fig. 1, the prese
of this feature in HOPG, which has no RBM, indicates tha
different explanation for this feature is needed.

Another very weak feature can also be seen in the sp
trum in Fig. 1 for HOPG and SWNT bundles abov
1950 cm21. We will call this ~iTO 1 LA ! feature iTOLA, as
explained below. Previously, this feature was tentatively
signed as a combination mode (vG12vRBM).14 Once again,
a different explanation is needed, since this feature is
served also in HOPG. Furthermore, as shown in Ref. 14,
feature is strongly dispersive, in disagreement with the (vG
12vRBM) tentative assignment in Ref. 14, as we discu
below.

B. Mode assignments

To help with the identification of the origin of the feature
near 1750 cm21 (M ) and near 1950 cm21 ~iTOLA ! in Fig.
1, an analysis of the dependence of the spectra onElaser was
carried out to determine the dispersion of these spectral
tures asElaser is varied. Such information can be deduc
from the spectra in Ref. 14 on SWNT bundles. Figure
shows that theM feature near 1750 cm21 can be analyzed in
terms of two components with frequenciesvM

2 and vM
1 . A

Lorentzian fit was therefore made of the Raman features
served from 1650 to 2100 cm21 from SWNT bundles, using
different Elaser excitation lines. This figure shows that th
lower-frequency modevM

2 exhibits a weakly dispersive be
havior ~frequencyvM

2 shifting down by;30 cm21 asElaser

is varied from 1.58 eV to 2.71 eV!, while the upper feature

FIG. 2. Lorentzian fits of the Raman spectra taken at sev
Elaser values for theM feature near 1750 cm21 and the highly dis-
persive iTOLA feature observed at 1950 cm21 in SWNT bundles,
taken from Brownet al. ~Ref. 14!. Peak frequencies (cm21) and
Elaser values~eV! are displayed.
15541
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frequency vM
1 is basically independent ofElaser.

23 The
higher-frequency iTOLA mode is highly dispersive and u
shifts from 1864 cm21 to 2000 cm21 as Elaser varies from
1.58 eV to 2.71 eV.

Well-known frequency dispersive modes in graphi
related materials are the disorder-inducedD band and its
second-order overtone, theG8 band. Their appearance an
dispersive behavior were recently explained as due t
double-resonance process.9 Saito et al.10 subsequently ap-
plied the double-resonance theory developed for theD/G8
bands to all the phonon branches of graphite and showed
many low-intensity dispersive and nondispersive features
expected to appear in the Raman spectra of graphite-rel
materials, reflecting the vibrational and electronic struct
of the material. Although they only applied the doubl
resonance theory to one-phonon processes explicitly, the
responding mechanisms can be applied to two-phonon
cesses, giving rise to combination modes and overtones,
the G8 band.9,10 As we discuss below, we propose here th
the features observed between 1650 and 2100 cm21 are
overtones and combination modes related to graphite, as
dicted by double-resonance theory.10 More specifically, the
two features near 1750 cm21 (M band! are attributed to
overtones of the out-of-plane~oTO!, infrared-active mode a
867 cm21 in graphite,15 and the feature at;1950 cm21

~iTOLA band! is attributed to a combination of one phono
from the in-plane transverse optical branch~iTO! plus one
phonon from the longitudinal acoustic~LA ! branch, iTO
1LA.

Figure 3~a! shows the phonon dispersion curves f
graphite from theG point to the K point of the two-
dimensional~2D! graphite Brillouin zone from Ref. 10. Also
plotted in Fig. 3~a! are the predicted dispersion relations f
the second-order overtone of the out-of-plane optical~oTO!
mode ~related to theM 6 bands! and for the second-orde
combination mode corresponding to the~iTO 1 LA ! or
iTOLA band. The experimental points are plotted in Fig. 3~a!
as a function of phonon wave vectorq according to double-
resonance theory,10 as discussed in the next paragraphs. N
that the agreement between the experimental and theore
frequencies for the overtone~M! and combination~iTOLA !
bands is very good.

Assuming that theM band is an overtone of the band ne
voTO5867 cm21 in graphite, if we change the laser excit
tion energy (Elaser), we should be able to reproduce the ph
non dispersion relations of graphite, as described by S
et al.10 The two allowed double-resonance processes in R
10 correspond touqu.0 and uqu.2uku, wherek and q de-
note, respectively, the electron wave vector measured f
the K point and the phonon wave vector measured from
ther theG ~intravalley process! or K ~intervalley process!
point. The wave vectorsuqu.0 do not depend onElaser,
while the wave vectorsuqu.2uku vary significantly with
Elaser in order to satisfy the double-resonance condition10

From the known dispersion relations for graphitev(q) @see
Fig. 3~a!#, we see that the phonon branch oTO, which
responsible for theM feature, decreases in frequency asq
moves away from theG point. We should therefore expec

al
8-3
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that the M band would have two components: a lowe
frequency componentvM

2 , which is associated with theuqu
.2uku double-resonance process and which decreases in
quency with increasingElaser, and a higher-frequency com
ponent vM

1 , which is associated with theuqu.0 double-
resonance process, andvM

1 is independent ofElaser, in
agreement with the experimental observations forvM

1 and
vM

2 in Fig. 2.
In Fig. 3~b! we plot the experimental results of Fig. 2 fo

the feature observed near 1750 cm21 in SWNT bundles as a

FIG. 3. ~a! The phonon dispersion curves for graphite from t
G point to theK point from Ref. 10. Also plotted are the predicte
dispersion relations and experimental points for the second-o
overtone of the out-of-plane optical~oTO! mode~related to theM 6

bands! and for the second-order combination iTO1LA of the in-
plane transverse optical~iTO! and longitudinal acoustic~LA !
modes~related to the iTOLA band!. ~b! vM

2 ,vM
1 and v iTOLA fre-

quencies vsElaser ~lower scale! for the M bands and the iTOLA
band. This figure corresponds to an expanded scale for~a!. The
correspondinguqu.2uku values forM 2 and iTOLA are plotted on
the upper scale~the upper scale does not apply to theM 1 mode!.
The experimental results from SWNT bundles taken from Fig. 2
represented byvM

2 (n),vM
1 (h), and iTOLA (L). The solid

curves represent the predicted frequencies ofvM
6 vs Elaserupshifted

by 20 cm21, and the dark solid curve shows the predicted frequ
cies of v iTOLA vs Elaser ~unshifted!. The dashed lines show all th
other possible predicted combination and overtone modes in gr
ite associated with theK point, while the long-dashed lines repre
sent predicted combination and overtone modes from theG point,
according to double-resonance theory~Ref. 10!.
15541
re-

function of Elaser ~lower scale!, using (h) for vM
1 and (n)

for vM
2 . Using the upper scale in Fig. 3~b!, we plot theuqu

.2uku values for theM 2 and iTOLA bands~the upper scale
does not apply tovM

1 , where q.0), corresponding to a
given Elaser ~see Ref. 10!. The connection between the tw
scales in Fig. 3~b! ~lower Elaser and upperq) follows from
the linear relation betweenElaser and q, namely Elaser

5(A3/2)g0aq, which in turn comes from the electron dis
persion relation around theK point and the double-resonanc
conditionuqu.2uku. For comparison, we plot the frequencie
~solid lines! according to predictions from double-resonan
theory for the twovM

6 branches. The theoretical curves f
vM

2 and vM
1 in Fig. 3~b! are upshifted by 20 cm21, as dis-

cussed below, to match the experimental observations ofvM
6

for SWNT bundles. Note that, except for the 20 cm21 con-
stant upshift of the theoreticalM 6 dispersion curves, the
agreement between theoretical predictions forvM

2 and vM
1

and the experimental observations is very good. Both exp
mental and theoretical values exhibit the same dispersion
the M 2 feature and the same magnitude of theDvM
;20 cm21 splitting ~for Elaser52.41 eV) that is observed fo
all samples in Fig. 1~see Table I!. Also plotted in Fig. 3~b!
are the points observed forvM

6 for HOPG at Elaser

52.41 eV ~denoted by a solid square and a solid triang!
which are seen to be upshifted by 20 cm21 from the vM

6

observed for the SWNT bundles. However, the splitti
DvM betweenvM

2 andvM
1 is the same for SWNT bundles

HOPG, and in the theory.
The calculatedvM

1 andvM
2 as a function ofElaser in Fig.

3~b! show that DvM5vM
12vM

2.20 cm21 for Elaser

52.41 eV, in good agreement with experiment, but Fig. 3~b!
also predicts thatDvM should increase with increasin
Elaser. Raman spectra for irradiated graphite13 using Elaser
55.0 eV~248 nm! show two features in the frequency rang
of the M band, with an estimated splitting ofDvM
;70 cm21. Using published force constant models,10,11

DvM at Elaser55.0 eV (q50.53K) can be estimated, yield
ing DvM;148 cm21 for the force constants used in Ref. 1
which does not include double-resonance Raman data,
DvM;96 cm21 for the force constants used in Ref. 1
based on double-resonance Raman data, but does not in
data for the RamanM bands in the force constant fittin
procedure. At present the force constant models are not
ficiently accurate to predictDvM for such largeq values~or
Elaser values as large as 5.0 eV!. The two force constan
models ~Refs. 10 and 11!, which are based on fitting two
rather different sets of experimental data, show large dif
ences in their predictions ofDvM at 5.0 eV. Further im-
provements in the force constant models~perhaps including
DvM data for fitting inputs! are needed to fit theDvM dis-
persion at largeElaser values.

In Fig. 3~b! we also plot the frequencies for the combin
tion of the in-plane transverse optical mode~iTO! and the
longitudinal acoustic mode~LA !, as predicted by double
resonance theory~dark solid line! for uqu.2uku. To compare
these predicted values for the iTO1LA frequencies, we plot
in Fig. 3~b! the highly dispersive iTOLA mode frequencie
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(L) observed in Fig. 2 between 1864 and 2000 cm21. We
see that the agreement between this observed highly dis
sive iTOLA mode frequency and the theoretical predictio
for iTO1LA is very good~thus explaining the choice of th
name iTOLA for this mode!. Note that for this combination
mode we do not expect to observe the double-resonance
ture related to uqu.0, since vLA50 and v iTO5vE2g

51582 cm21 for uqu.0.
Although theM features observed in SWNT bundles a

in HOPG forElaser52.41 eV are similar, there is an upsh
of about 20 cm21 in the experimentally observedvM for
HOPG compared with SWNT bundles. We attribute this d
ference in the observedvM between HOPG and SWNTs to
diameter-dependent curvature effect in the cylindri
SWNTs. A related effect is observed in theG band, leading
to a downshift invG

2 , corresponding to circumferential vi
brational displacements, relative tovG

1 , which corresponds
to displacements along the SWNT axis.24,25 A related effect
is also observed in measurements on theD- and G8-band
frequencies in SWNTs, for which a downshift in these mo
frequencies is found to be proportional to 1/dt ,26–28and this
effect is discussed further below, in Sec. III C, in connect
with the M 6 bands.

Also plotted in Fig. 3~b! are all the other possible ove
tones and combination modes for two phonons associ
with the G point ~long-dashed lines! and with theK point
~dashed lines! according to double-resonance theory.10 One
can see that the solid curves (M 1, M 2, and iTOLA! repre-
sent the best mode assignments for the experimental feat
While the double-resonance theory accounts well for the
havior of the mode frequencies forElaser,3.0 eV, it is inter-
esting to note that the intensity of the double-resonance
man bands remains an open issue.

Figure 3~a! thus gives us a more complete picture th
was previously available for phonon dispersion in graph
like materials which can be used to interpret experimen
second-order Raman spectra taken with different laser e
tation energies, thereby giving more detailed informat
than in Ref. 10 about the various double-resonance Ra
processes associated with theG point. In particular, Fig. 3~a!
includes two additional dispersion curves, one for theM fea-
ture ~identified as a second harmonic of the out-of-pla
infrared-active mode in graphite! and a second for the
iTOLA feature which is a combination~iTO 1 LA ! mode.
Whereas previous studies were predominantly focused
double-resonance effects associated with phonons near tK
point in the Brillouin zone~the D band andG8 band!, the
present work focuses on double-resonance processes for
zone-center phonons connected with theG point.

C. Isolated SWNTs

Figure 4 shows spectra in the 1300–2000 cm21 range
taken from several isolated SWNTs. These spectra all s
theM band as well as theG band, some cases weakD bands
are also seen. For each spectrum in Fig. 4 the RBM fea
was observed and the RBM frequency is given in the figu
so that (n,m) indices could be tentatively assigned to ea
tube, based on the RBM frequency20 and on other diameter
15541
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and chirality-dependent Raman features.17,18,25,29From Fig. 4
we see that even though the sameElaseris used for all spectra
(Elaser52.41 eV), the details of the spectra of theM band at
the single-nanotube level vary significantly from one (n,m)
nanotube to another.

Many of the nanotubes show two clear features (vM
6), but

some tubes show only one well-defined feature. In Fig. 4
observe two tubes, both withvRBM5180 cm21, one show-
ing a strongM band at 1741 cm21, while the second one ha
a broaderM band at 1753 cm21 with a very different line
shape. AtvRBM'130 cm21, we see two tubes again wit
similar vRBM values, and while the second has two we
defined peaks at 1738 cm21 and 1768 cm21, the first tube
contains only one well-defined peak at 1752 cm21, with a
different line shape. In these cases, tubes with similarvRBM
values, but with differentM band features, were identified a
tubes having different (n,m) values. These assignments a
supported by the analysis of other diameter- and chiral
dependent Raman features for these nanotubes.17,18,25,29

There are, however, other cases where tubes with appr
mately the samedt also show similarM bands, as, for ex-
ample, the two nanotubes withvRBM'160 cm21 where both
nanotubes contain a double-featuredM band at 1731 cm21

and '1751 cm21. The tubes withvRBM'160 cm21 were
here tentatively assigned to the same (n,m) values. The as-
signments in this case are also supported by the similarit
other diameter- and chirality-dependent Raman features
these two nanotubes.17,18,25,29The small differences we ob
serve comparing the two traces tentatively assigned as
(15,7) SWNT in Fig. 4 are probably due to nanotube defe
as suggested by the different intensities for theD bands
shown by those spectra, and may also be due to differen
in the polarization of the light with respect to the tube ax
~see Ref. 30!.

FIG. 4. Raman spectra taken withElaser52.41 eV from several
isolated SWNTs which clearly show theM band. For each tube the
tentatively assigned (n,m) indices, the observedvRBM and vM

6

frequencies (cm21) are also displayed. The unusualG band ob-
served for the upper trace (11,2) is related to the very small~below
1.0 nm! tube diameter~see Refs. 22 and 25!.
8-5
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It is interesting to note also that, at the single-nanotu
level, theDvM'20 cm21 separation between theM 1 and
M 2 features usingElaser52.41 eV does not hold exactly, a
can be seen in Fig. 4. For example,DvM536 cm21 for the
SWNT tentatively assigned as (10,9),DvM520 cm21 for
the (15,7) tube, andDvM530 cm21 for the ~22,3! tube.
However, the average value ofDvM over the 51 SWNTs is
DvM522 cm21, in good agreement with the results of Fi
2 showingDvM523 cm21 for SWNT bundles. This com-
parison further shows the connection between results for
dividual isolated SWNTs, the average of isolated SWN
and the corresponding results for SWNT bundles.

The dispersive feature observed in the 1950–2000 cm21

range in SWNT bundles, as shown in Fig. 2, was rarely s
in isolated tubes due to the low intensity of this feature. F
example, the spectrum assigned as (23,1) in Fig. 4 sh
this feature at 1983 cm21, consistent with the data for th
SWNT bundles.14 We do not have an explanation for ou
infrequent observation of the iTOLA feature in isolate
SWNTs.

Figure 5 plotsvM ~open squares and open triangle!
against (1/dt), as obtained from the radial breathing mo
featuredt5248/vRBM ,20 for 36 of the isolated SWNTs fo
which the Raman spectra contained bothM bandand RBM
features. The open square symbols are used for the hig
frequencyM 1 peak in theM band when two peaks are ob
served. The solid square and solid triangle correspondin
(1/dt)50 nm21 represent thevM

1 and vM
2 frequencies ob-

served in HOPG. No clear diameter dependence can be
duced from the data in Fig. 5, indicating that the frequenc
vM

6 for isolated SWNTs are very sensitive to chirality, th
supporting a double-resonance mechanism for theM band.

The stars (*) in Fig. 5 indicate the frequency expected
q.0 from the combination modevG

11vRBM for each

FIG. 5. ExperimentalM-band frequency vs (1/dt) data points
are shown as open symbols. Theh are used forvM

1 when two
features are observed andn are used forvM

2 . The points denoted
by * indicate the frequency predicted for theq.0 combination
modevG

11vRBM , while the predictedvG
21vRBM at q.0 are de-

noted by3 ~see text!. The observedvM
1 and vM

2 data points for
HOPG atElaser52.41 eV are denoted by a solid square and a so
triangle at (1/dt)50.
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SWNT spectrum, while the crosses (3) indicate the lower-
frequency combination modevG

21vRBM . HerevG
1 andvG

2

are the frequencies of theG-band peaks (q.0) at about
1591 cm21 and 1570 cm21, respectively. 24,25 Figure 5
shows that theM and the RBM1G mode frequencies for
some SWNTs fall in the same frequency range, but not cl
enough in general to explain the data points themselv
Considering theuqu.2uku double-resonance condition, th
RBM1G modes should also vary in frequency from tube
tube, as observed for theM bands in Fig. 5, due to the dif
ferent zone folding for different (n,m) nanotubes.5 However,
the RBM1G combination modes away fromq50 are pre-
dicted to appear at considerably higher frequencies due to
positive dispersion of the acoustic branches.

There is one point in Fig. 5 that is far away from th
others ~at 1/dt;1.1 nm21). This point corresponds to th
uppermost spectrum in Fig. 4 and is identified with the~11,2!
SWNT. This SWNT is metallic and shows a strongM-band
spectral feature. The apparent difference invM for this
SWNT relative to all the others might be due to the fact th
this SWNT exhibits a very small diameter (dt,1 nm),
where phonons and plasmons interact strongly, thus gen
ing an overdamped behavior, as shown by the high-inten
Breit-Wigner-Fano component observed in theG2 band~see
Fig. 4 and Refs. 22 and 25!. Further experimental study o
such metallic tubes is needed.

From Figs. 4 and 5, we conclude that different (n,m)
SWNTs show very differentM bands, similar to the case o
the D/G8 bands in isolated SWNTs.17,18 These results sug
gest that theM 6 features also have a strong (n,m) depen-
dence~including a dependence on both tube diameter a
chirality!, as in the case of theD andG8 bands. This (n,m)
dependence comes from the fact that in 1D SWNTs
double-resonance conditionsq.0 anduqu.2uku are limited
by the possibleq ~andk) wave vectors that are available fo
this 1D system,5 and the observation of the resonance Ram
effect from isolated SWNTs is further limited by theElaser
;Eii resonance condition.20 Unlike the situation in 2D
graphite, it is not generally possible to satisfy both the re
nance Raman condition and the restrictedq vectors simulta-
neously in isolated SWNTs.

Furthermore, the physics involved in theM-band case
seems to be more complicated than for theD andG8 bands.
In the case of theD andG8 bands, it is clear which mode
are involved in the process, probably because the scatte
processes mediated by theD-band phonons exhibit a ver
strong matrix element. In the case of the low-intensityM and
iTOLA features, many overtone and combination mod
@such as the (G1RBM) combination mode# can appear in
the same frequency range, as shown in Fig. 3~b! by the
dashed curves~or in Fig. 5 by the* and3 points!, and they
can be resonantly enhanced differently for different (n,m)
SWNTs.

To gain insight into whether two features or one featu
occurs in the spectral band near 1750 cm21, we plot in Fig.
6~a! the experimental frequenciesvM against the energy o
the van Hove singularityEii as calculated from (n,m) values
assigned to each tube. We use theh symbol for vM

1 when

d

8-6
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two features are clearly observed in the spectra, and we
then symbol forvM

2 . From 36 SWNTs that exhibit bothM
and RBM features, we plot here data only for the 24 SWN
for which we can make confident (n,m) assignments; for the
other 12 tubes, the quality of the other Raman featu
~RBM, G and G8 bands! is sufficient to determinedt , but
not good enough to obtain an unambiguous (n,m) assign-
ment. We see that for tubes havingEii ,2.41 eV, bothvM

6

modes are usually observed. For tubes withEii >2.41 eV,
only one feature (vM

2) is usually observed experimentall
Two M features are observed for only three SWNTs w
Eii .2.41 eV, and in both cases, the observedvM

1 frequen-
cies satisfy the combinationvG

11vRBM expected according
to thevRBM andvG frequencies observed for these SWN
@see * in Fig. 6~a!#. Therefore, the experimental results su
gest that only one peak (M 2) is observed forEii >Elaser,
while bothM 1 andM 2 are observed forEii ,Elaser.

Figure 6~b! presents a simple model to explain the ph
nomena reported in Fig. 6~a!, namely, the existence of
thresholdEii 5Elaser for the appearance of theM 1 peak,
which in 2D graphite corresponds to theq.0 double-
resonance condition. Neglecting the trigonal warping effe31

on a 2D graphene sheet, the equienergy contour
electronic-hole states in the conduction-valence band, r
nantly excited byElaser, corresponds to a circle ink space,
centered at theK point. In the case of SWNTs, the availab

FIG. 6. ~a! Frequencies forvM
2(n) andvM

1(h) observed with
Elaser52.41 eV vs the energy of the van Hove singularity in t
joint density of statesEii for isolated SWNTs. The solid curves ar
predictions for the frequencies expected from the model in~b!. ~b!
Schematic model to explain the observation of one or twoM peaks
in the Raman spectra for isolated SWNTs~see text!.
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2D k space is limited in 1D toEi cutting lines due to the
circular boundary condition along the circumference of t
SWNT.5 In Fig. 6~b! we draw such an equienergy circ
about theK point and two 1DEi cutting lines. The right box
shows a 2D figure (kx ,ky), and the left box shows a 3D
figure ~energy, kx ,ky). The cutting lines cross the circle
meaning that, for the specific (n,m) SWNT represented in
the figure,Eii (3 indicates the correspondingkii at the van
Hove singularity! is smaller thanElaser. The crossing points
of the 1D cutting lines with the circle represent the SWN
electronic states that can be resonantly excited byElaser. To
have adouble-resonance process, a phonon must bring
excited electronic state to another real electronic state.
the SWNT, only a few phonons can satisfy the doub
resonance requirement and these phonons are explicitly
cated in the figure. Starting from a resonantly excited el
tronic state indicated by ‘‘1,’’ phononq1→2 brings the
electron resonantly to the real state ‘‘2.’’ In the case of
Stokes scattering process, state ‘‘2’’ actually corresponds
circle of smaller radius due to the smaller energy of the sc
tered electron. As a first approximation, we can ignore
small change in the radius of the constant energy contou
going from state ‘‘1’’ to state ‘‘2,’’ and we consider both
states to be on the same circle in Fig. 6~b!. This q1→2 pho-
non satisfies the double-resonance requirement forq.0.
The two phononsq1→3 and q1→4 bring the electron reso
nantly to the real states ‘‘3’’ and ‘‘4,’’ which both correspon
to the double-resonance requirementuqu.2uku.

Considering Elaser52.41 eV and ]vM /]Elaser;225
cm21/eV, the difference betweenq1→3 and q1→4 is about
1 cm21, which is too small to be resolved experimentally,
that we would expect to observe only one feature in
Raman spectra, which we have calledM 2. However,q1→2
for Elaser52.41 eV is about 20 cm21 higher thanq1→3,4,
thus allowing theM 1 peak to be distinguished from theM 2

peak experimentally. It is clear that asEii approachesElaser,
the state ‘‘1’’ approaches ‘‘2’’ and the state ‘‘3’’ approache
‘‘4’’ so that the q.0 double-resonance effect disappea
when ‘‘1’’ 5 ‘‘2,’’ thus explaining the threshold atEii
5Elaser for the observation of theM 1 feature.

The solid curves in Fig. 6~a! represent predicted frequen
cies for the processes 1→2, 1→3, and 1→4 discussed
above. The phonon wave vectorsq1→2 , q1→3, andq1→4 as
a function ofEii are determined from the simple geometric
construction shown in Fig. 6~b!. The predicted frequencie
are obtained from the phonon dispersion curves
graphite10 as 2 times the oTO mode frequency for a giv
phonon wave vector. The resulting predicted frequency
further upshifted by 40 cm21 to satisfy the experimenta
points shown in Fig. 6~a!. Further refinements in the forc
constant model5 are needed to account for this 40 cm21 up-
shift in the theoretical curves.

Part of the experimentally observed upshift of the fr
quenciesvM

6 in graphite relative to SWNTs comes from th
dependence of these mode frequencies on nanotube diam
dt . However, a simple plot ofvM

6 vs 1/dt for each individual
SWNT would not yield a clear picture of thedt dependence
of these mode frequencies, becausevM

6 at the single-
8-7
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nanotube level not only depends on nanotube diameterdt ,
but also depends on other variables, such as nanotube c
ity @expressed by (n,m)#, Eii , and Eii 2Elaser. We have,
however, found in analyzing similar effects at the sing
nanotube level for theD-band andG8-band features27,28 that
when the mode frequencies are averaged over chirality
averagingvD andvG8 over a significant number (.10) of
SWNTs which are each resonant with a particularEii singu-
larity, so that the SWNTs for eachEii have similar values of
dt , a clear picture emerges for the dependence ofvD and
vG8 on dt . The physics behind this averaging is that,
considering a range of chiral angles, the trigonal warp
effects associated with the specific nanotube chirality are
eraged out and a situation closer to the 2D graphene she
obtained. Using the same approach as for theD and G8
bands, we averaged the values ofvM

6 over all theM-band
spectra we have available for theE33

S singularity and simi-
larly for theE44

S singularity, and we then plotted in Fig. 7 th

average values thus obtained forv̂M
6 as a function of the

average reciprocal diameter 1/d̂t , including thevM
6 values

for HOPG at 1/dt50. A least-squares fit to a linear depe
dencev̂M

65vM
062b6/d̂t is then made for these three da

points forvM
1 and for the corresponding three data points

vM
2 , where thevM

06 values are chosen as the measured v
ues in HOPG for which 1/dt→0. The results of the least
squares fit to these values yieldsb1518.0 cm21 nm and
b2516.7 cm21 nm for the vM

1 and vM
2 features, respec

tively. It is interesting that the values forb obtained for these
two features are similar to one another, and also to the
responding value of 16.5 cm21 nm for thedt dependence o
theD band.27,28In addition, we plot in Fig. 7 the averagev̄M

6

values for 51 SWNTs, using the results from Table I, a

FIG. 7. Plot of the experimental frequenciesvM
1 andvM

2 aver-
aged over theE33

S singularity and over theE44
S singularity in the

joint density of states of individual SWNTs vs their average 1d̂t

values. Also included are the corresponding experimental points
HOPG (1/dt→0). A least-squares fit ofvM

6 to these data points

yields v̂M
151775218.0/d̂t and v̂M

251754216.7/d̂t . The data
points labeled ‘‘isolated’’ are for an average ofvM

6 for 51 isolated
nanotubes~see text!. The data pointE22

M represents an average o
vM

2 for three metallic SWNTs corresponding to theE22
M singularity

~see text!.
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good agreement of these points with the least-squares fi
Fig. 7 is obtained. Similarly, the point labeledE22

M denotes
averaged data for three isolated metallic SWNTs in re
nance withE22

M , and since there are not enough data poi
available for obtaining a reliable average over chiral ang
for E22

M , this point forvM
2 was not used in the least-squar

fitting procedure.
The decrease in the averagevM

6 with decreasingdt shown
in Fig. 7 can be associated with an increase in nanot
curvature and a resulting decrease in the vibrational fo
constants with decreasingdt . However, for a clear identifi-
cation of the mode frequencies at the single-nanotube le
it is necessary to consider in detail the dependence ofvM

6 on
chirality, due to the different zone folding effects fo
phonons and electrons and to differences inEii 2Elaser for
the individual SWNTs.

D. Resonance issues of SWNTs: From isolated SWNTs
to SWNT bundles

It is also interesting to compare the behavior of isola
SWNTs and SWNT bundles. We see that a rich freque
and intensity behavior is observed for the different isola
(n,m) SWNTs, due to the quantum confinement of electro
and phonons in this 1D system. However, when we aver
over a large number of isolated SWNTs~51 SWNTs in this
work!, we observe results that are consistent with SW
bundles, and these results are basically similar to the res
observed in the parent material, graphite. From the res
presented in Sec. III C, we see that the assignment of thM
band in SWNTs to a combination of the RBM1G bands is
not correct, although many average results@i.e., vM;vRBM
1vG and the splitting DvM;(vG12vG2) at Elaser
52.41 eV# are in good agreement with this assignment. A
for a few of the isolated SWNTs that we measured, theM
feature appears at the same frequency as the (RBM1G)
combination mode atq.0.

The present work shows three new features that are
counted for by the double-resonance process: theM 1,M 2,
and iTOLA features. We further expect that other, yet un
signed, Raman features observed insp2 graphitelike materi-
als should be assigned using the double-resonance pro
considering one-, two-, or more-phonon scattering proces
~see, for example, the spectra of Tanet al.32 on graphite
whiskers! and considering not simply the sum ofq50 pho-
non frequencies, but also difference frequencies in apply
the double-resonance conditions.

Regarding the low-frequency~below 1620 cm21) second-
order combination of modes, we know from the literature16

that SWNT bundles exhibit two modes that have not yet b
assigned. Modes are observed at~1! v15970 cm21 and ~2!
v25750 cm21 ~for Elaser52.41 eV), and they exhibit oppo
site frequency dispersions]v1 /]Elaser;1130 cm21 and
]v2 /]Elaser;2130 cm21.16 These features have not bee
reported in HOPG and have only been seen in SW
bundles. Considering all the branches in the Brillouin zo
of 2D graphite, there is no second-order combination
modes that come from either theG or theK points that ex-
plains this feature. However, if difference frequencies

or
8-8
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also considered, an assignment can be made as follow
this context, we tentatively assign thev1 feature in Ref. 16
to the combination of two modes. The first phonon is ten
tively assigned as iTA at theG point (uqu52uku, emission!,
and the second phonon is assigned to iTA at theK point (q
50, emission!. For the featurev2 in Ref. 16, we tentatively
assign the first phonon to iTA at theG point (uqu.2uku,
absorption! and the second phonon to oTA at theK point
(q.0, emission!. Alvarez et al.16 actually give a different
assignment to thev1 andv2 modes, withv2 coming from
two emission processes andv1 coming from one emission
and one absorption process based on the observed tem
ture dependence ofv1 andv2. In making our mode assign
ments forv1 andv2 we argue that, in modeling the temper
ture dependence ofv1 andv2, the Boltzmann factor canno
be strictly considered since the Raman scattering proces
self is a source of phonons. As we see below, the assignm
we give here predicts quite well the frequency behavior
the v1 andv2 modes.

Using the set of force constants from Gru¨neiset al.,11 we
calculated the expectedv1 and v2 as well as]v1 /]Elaser
and ]v2 /]Elaser at Elaser52.41 eV, according to double
resonance theory. Since the second phonon is not dispe
(q.0), the dispersion for bothv1 and v2 is given by the
slope of the iTA mode, which is opposite for absorption a
emission, so thatu]v iTA /]Elaseru5127 cm21/eV, and the
double-resonance process gives ]v1 /]Elaser5
1127 cm21/eV and]v2 /]Elaser52127 cm21/eV, in good
agreement with observations.16 From Ref. 11, the expecte
frequencies for Elaser52.41 eV are v iTA(G,uqu50.23K)
5305 cm21,voTA(K,q50)5577 cm21, andv iTA(K,q50)
51054 cm21, which gives us v15882 cm21 and v2
5749 cm21. Thus,v2 is in excellent agreement with exper
ment, butv1 is downshifted by 90 cm21. This may be due
to an inaccuracy in the lower-frequency modes near thK
point in the force constant model. For example, Raman
infrared data are plotted for the oTO mode near theK
point.33,34 According to these data, voTO(K,q50)
;635 cm21. If we use the oTO instead of the oTA mod
value at theK point, we get v25940 cm21, which is
30 cm21 lower than the observed experimental value.16 Fur-
ther investigation of this tentative assignment is needed.

It is interesting to note that a combination of modes
volving both the emission and absorption of phonons is co
monly observed in molecules such as SO2.35,36 It is impor-
tant to stress that, in both cases, the combination mo
tentatively assigned to account for the two features obse
by Alvarezet al.16 involve one phonon from close to theG
point and one from close to theK point. Due to momentum
conservation, this combination is not possible in graph
unless it is a third-order process involving a defect-induc
scattering event. In the case of SWNTs, such a process m
be possible because of zone folding.

IV. CONCLUDING REMARKS

In this paper, we present an advance in our understan
of the phonon dispersion relations in graphitelike mater
which can be used to interpret experimental second-o
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Raman spectra taken with different laser excitation energ
thereby giving more detailed information than in Ref. 1
about the various double-resonance Raman processes a
ated with theG point. We expect that other Raman featur
observed insp2 graphitelike materials will in the future be
identified in terms of the double-resonance process, con
ering one-, two-, or more-phonon scattering processes
including combinations of both sums and differences of p
non mode frequencies.

From another point of view, the results presented h
show that we can use resonance Raman spectroscopy
surements to determine the phonon dispersion relation
graphite and graphite-related materials associated with c
bination modes and overtones of thesp2 carbon phonon
modes with non-zone-center or zone edge wave vector
the Brillouin zone of graphite. In this work theM 1,M 2, and
iTOLA features are identified and can be used to fit phon
dispersion curves in the future.11

In the case of SWNTs, these second-order overtones
combination bands are found to vary from tube to tube, s
gesting a dependence of these spectral features, at the si
nanotube level, on tube diameter, chirality, andEii values
associated with the one-dimensional SWNT electronic a
phonon dispersion relations. Furthermore, the experime
results indicate that the resonance condition—i.e., the en
position ofElaserwith respect toEii —is also important in the
double-resonance process in 1D systems. For example
M 1 feature is only observed for SWNTs withEii ,Elaser,
and on the basis of the possible phonon scattering proce
we propose a qualitative model to explain this result. F
thermore, we observed modes that can be assigned a
coupling betweenG- andK-point phonons. The zone folding
of the 2D graphene Brillouin zone into the 1D SWNT Bri
louin zone makes it possible to observe the combination
many other phonon features in the interior of the 2D graph
Brillouin zone. The crossing of the possible wave vectorq
andk with cutting lines of allowed discrete 1Dq andk val-
ues for SWNTs needs to be taken into account. Deta
calculations are needed to fully understand these results

It is also shown that when we average over a large nu
ber of isolated SWNTs we observe results that are consis
with SWNT bundles. These results are also basically sim
to the results observed in the parent material, graphite,
the frequency dispersion can be explained by a dou
resonance theory considering the two-dimensional grap
structure.
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