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Introduction
Section 1  Construction of a local-in-time solution
Section 2  Global estimates

Section 3 Asymptotic behavior
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In this thesis, we consider the global existence and asymptotic behavior of solutions to a diffusion-chemotaxis-
growth system which models pattern formation by a bacterial colony. Bacteria are known to be responsible for many
diseases and also for the recycling. It is amazing that a colony of bacteria can produce complex patterns. Budrene
and Berg observed in experiments that a chemotactic strain of E. coli generate surprisingly complex and ordered
spatial patterns. In order to understand analytically why they generate such patterns, Professor Mimura and his group
proposed a mesoscopic model governed by a diffusion-chemotaxis-growth system. They suggest by numerical
simulations that the resulting patterns are possibly generated in a self-organized way. However, the rigorous study of
this system has not been done yet. It is one of the purposes of this thesis to establish a mathematically rigorous
theory to treat Mimura's model.

It is assumed in Mimura's model that the bacteria have two states. The active bacteria move around randomly, and
take nutrients in the environment. In addition, they release a certain chemical which causes a directed movement
toward its higher concentration (chemotaxis). Some of the active bacteria become inactive at a rate depending on the

population of the active bacteria and the nutrient concentration. Assume that the bacteria occupy a bounded domain



Q in R" with smooth boundary d(). The proposed model comprises the population density of the active bacteria
u(x,t), the population density of the inactive bacteria w(x,t), the density of nutrient n(x,t), and the concentration of
the chemoattractant c(x,t) at position x € () and time ¢ € [0,0).

The main results of the thesis are stated as follows:

First, in Section 1 we prove that the initial-boundary value problem has a unique solution for a certain time
interval 0 £ ¢ £ T, where T is a small positive constant depending on the initial data. In order to solve the initial-
boundary value problem we follow the standard approach: (i) we formulate it as a system of ordinary differential
equations in a suitable Banach space and then convert it into a system of integral equations by way of analytic
semigroups of operators and fractional powers of closed linear operators, (i) by applying the Contraction Mapping
Principle, we prove that the system of integral equations has a unique solution, which is called a mild solution of
this problem, and finally (iii) we show that the mild solution is indeed a classical solution of partial differential
equations.

In Section 2, in the case of spatial dimension one we prove that the initial-boundary value problem for the system
has a unique solution on the entire time interval (0,+02), and that the solution remains bounded. The proof is carried
out by giving bounds on the L*-norm of the partial derivatives ., e, My, Maey Csy Curs Cuer TO derive the bounds on
these quantities, we first observe that the L'-norms (with respect to the spatial variable) of u, n, ¢, w remain
bounded. Then we prove the boundedness of the L*-norm of ¢, by making use of the uniform estimate of the L'-norm
of u and the assumption N = 1. Once we know that ¢, is bounded in L*, we can apply the method developed by
Osaki and Yagi in their study of Mimura-Tsujikawa model and obtain the estimates of u and n. We emphasize that
our results are sharper than those by Osaki and Yagi.

Finally, in Section 3, as an application of the various estimates derived in Section 2 we will study the asymptotic
behavior of the solution as £ — + o, and show that z — 0, ¢ — 0 as £ — + o, while n converges to a non-negative
constant. This assertion implies that the population of active bacteria, the distribution of nutrient as well as the
chemoattractant converge to a trivial steady-state as £ — ©9, so that no pattern is observed among these variables.
The observable pattern is formed due to the inactive bacteria w(x, £). This suggests that the formation of nontrivial
patterns in this model is a purely transient phenomenon. Hence, to understand the pattern formation in bacterial

colonies we have to develop new methods which are suitable for such a transient process.
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