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The topic of this dissertation is global and local noncomputability for effectively closed sets (often called
II? classes) in certain topological spaces. A subset F of a topological space X is called II} if F={x&EX | f
(x) =0} for some computable function f:X—R. From 1940's to 50's, Kleene, Kreisel, Lacombe, and Shoenfield
investigated Basis Theorems and Nonbasis Theorems for II} classes in Cantor space and in Baire space. The
Non-basis Theorem states the existence of a Il class in Cantor space which contains no computable points.
While Turing's halting problem implies the existence of II7 set which is not computable globally, the
Nonbasis Theorem suggests that there is a II% class which is even locally noncomputable. In 1955, Medvedev
introduced degrees of noncomputability for subsets of Baire space. For subsets XY of Baire space, X is
Medvedev reducible to Y if there is a computable function from Y to X. The main theorem in Chapter 2 is

following.

Theorem 1. There is a mechanical procedure that determines whether a given V o-sentence is true or not

in the II} Medvedev degrees in Cantor space.

When exploring computability in Analysis and Topology, one naturally encounters connected II} classes. For
instance, Penrose, an astrophysicist, was interested in computability of the Mandelbrot set, which is a simply
connected planar II{ class, as shown by Penrose himself. Le Roux and Ziegler asked whether every simply
connected planar I} class contains a computable point. In Chapter 3, we solve this problem.

Theorem 2. There is a simply connected planar II¢ set which contains no computable points.

In Chapter 4, we also investigate the global computability of planar continua, specifically, dendrites, and
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dendroids. Let d_H (A,B) denote the Hausdorff distance between nonempty closed sets A and B. Let P be a
class of continua. We say that a continuum A closely-includes a member of P if inf {d H(A,B) : ADBEP}=
0.

Theorem 3. (1) There is a planar II set such that it is simply connected and locally simply connected, but
does not closely-include a connected computable closed set.
(2) There is a simply connected computable closed planar set which does not closely-include a connected

locally connected II9 set.
A set is K-trivial if it has the trivial Kolmogorov complexity. In Chapter 5, we show the following.

Theorem 4. (1) The Medvedev degrees of K-trivial II classes are dense.
(2) The Medvedev degrees of K-trivial II} classes are bounded by a Il class generated by a c.e. incom-

plete Boolean algebra.

As it happens, K-triviality has been studied as an opposite notion of randomness (i.e., being incompressible).
Moreover, it is well-known that the set of all incompressible strings (in the sense of Kolmogorov complexity)
is immune, i.e., highly noncomputable. In Chapter 6, we investigate some notions of immunity for closed sets,
in particular the central notion of tree-immunity. A II$ class is tree-immune if its corresponding IIS tree con-

tains no computable tree. One of the main theorem in Chapter 5 is following:

Theorem 5. The Medvedev degrees of all tree-immune-free II? classes form a principal prime ideal in the

II7 Medvedev degrees.

Finally, when considering tree-immunity in this context, we encounter connections to the subject Learning
Theory and Intuitionistic Mathematics. In particular, our method for proving theorems concerning tree-
immunity gives rise to a "disjunction" operator under the limit-BHK interpretation of Limit Computable
Mathematics. This allows us to define, in Chapter 7, the limit-BHK disjunction and the Popperian disjunction
V as operations on the power set of Baire space. This representation enables us to compare degrees of dif-

ficulty of disjunctive notions. One of the important theorems in Chapter 7 is the following:

Theorem 6. If an undecidable proposition P can be represented as a II? subset of Cantor space, then P is
not intuitionistically derivable from the conjunction (P\/P) A R for any proposition R which does not derive

P intuitionistically.

Conversely, these disjunctive notions turn out to be useful for analyzing the Medvedev lattice of II7 subsets
of Cantor space. By iterating the Popperian disjunction along the first non-computable ordinal, we have the

following:

Theorem 7. A transfinite non-cupping sequence of II? Medvedev degrees exists in any one degree-spectrum.
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