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The behavior of linear dynamical systems can be understood by studying their
mathematical descriptions, typically differential or difference equations. The
state-space representation is a generalization of differential or difference equations for
linear dynamical systems, and emphasizes the internal structure of systems as well as
their input-output performance. This approach is in contrast to the Laplace-transform
or z-transform description of systems, both of which represent the input-output

- performance alone. Since the internal structure of systems must be taken into account
in many practical applications, the state-space representation of linear dynamical
systems is considered as a powerful theoretical tool for analysis of linear dynamical
systems, and thus achieved the most rapid growth in the linear system theory.

One of the useful and famous applications of the state-space representation is
balanced model reduction, which is well-known theory of approximation of large-scale
linear dynamical systems and has significant connections to many applications in the
linear system theory. Furthermore, in the field of signal processing theory, the
state-space representation has also been widely used to analyze quantization effects of
digital filters such as roundoff noise, coefficient sensitivity, and limit cycles. Needless
to say, such state-space analysis has led to many attractive methods for synthesis of

digital filters of low quantization effects.
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The key factors in the above-mentioned issues are the controllability/observability
Gramians and the second-order modes. The Gramians exhibit structural properties of
systems, and thus they are vital to analysis of the dynamics of systems. The
second-order modes are the scalar quantities obtained from the controllability and
observability Gramians, and they are also called the Hankel singular values in systems
theory context. In the balanced model reduction, the second-order modes are used for
mathematical evaluation of system approximation errors. In the analysis of
guantization effects of digital filters, the second-order modes are known to characterize
the minimum attainable value of roundoff noise and coefficient sensitivity of digital
filters. Therefore, the study of the Gramians and second-order modes is essential to the
development of practical applications of the state-space representation, as well as the
understanding of the behavior of linear dynamical systems.

Although it seems that the linear system theory from the viewpoint of the
state-space representation has been well established, there are still many practically
important topics which have not been discussed by the state-space approach. This is
especially true for the signal processing theory, including analog and digital filter
theory.

The purpose of this thesis is the state-space investigation of linear systems from a
signal processing point of view. The topics we are particularly interested in are power
complementary systems and frequency transformation. They are well known in the
signal processing theory such as multirate signal processing, filter design, and filter
synthesis, whereas only a few results have been obtained on the state-space
investigation of these topics. Hence this thesis aims at making further investigation of
these topics through the state-space analysis and bringing fresh insights to the linear
system theory. Although many of the results given in this thesis will be related to the
field of signal processing such as analog and digital filters, we emphasize that our
results have significant connections to many other fields, such as circuit theory, control

theory, and communication theory.
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Most of the material in this thesis is devoted to the above-mentioned issues. The
contributions of this thesis break up into three segments and they are summarized as
follows.

The first part of this thesis presents a novel algebraic analysis of power
complementary systems in state-space form. Here we focus on the non-uniqueness of
the description of power complementary systems, and we derive new properti;zs of
power complementary systems with respect to the zeros, coefficients, and Gramians. To
achieve this, we make frequent use of the bounded-real Riccati equations, which were
developed in the field of H* control theory; we discuss the connections between the
state-space investigation of power complementary systems and solutions to the
bounded-real Riceati equations.

The second part derives some novel properties of the second-order modes of linear
dynamical systems from the viewpoint of frequency characteristics of systems. These
properties are derived from the results obtained in the first part: the state-space
analysis of power complementary systems. Although the second-order modes play
central roles in many practical applications mentioned above, little investigation has
been done to discuss physical meanings of the second-order modes. The second part of
this thesis is aimed at making this point clear, and for this purpose we reveal some
novel properties of the second-order modes, relating the second-order modes to the
magnitude and phase responses of linear dynamical systems. Furthermore, we point
out important relationships of the new properties of the second-order modes to the
balanced model reduction and synthesis of digital filters of low quantization effects.

The third part is concerned with frequency transformation and divided into three
topics: Gramian-preserving frequency transformation, state-space analysis of 2-D
discrete frequency transformation, and state-space analysis of lossy bounded-real
transformation. In the first topic of this part, we apply the existing state-space
formulation of continuous/discrete-time frequency transformation to derive a new

description of the frequency transformation. Our proposed description enables the
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Gramians of linear dynamical systems to be invariant under frequency transformations,
and thus we refer to this new description as “Gramian-preserving frequency
transformation”. In the second topic, we discuss the state-space analysis of 2-D discrete
frequency transformation. Although the frequency transformation is defined for 2-D
discrete systems in terms of the transfer functions, there has been no state-space
investigation of the 2-D frequency transformation. Our discussion deals with this
problem and presents novel state-space formulation of frequency transformation for
2-D discrete systems. Furthermore, we discuss invariance of the second-order modes
under 2-D frequency transformations in the case when 2-D discrete systems have
separable denominator polynomials. The result from this discussion shows that the
second-order modes of 2-D discrete systems are not invariant under all frequency
transformations, but invariant under some specific frequency transformations. In the
third topic, we turn our attention again to discrete-time systems, and we discuss the
property of the second-order modes under “lossy” transformations. This is the
counterpart of the property discussed in the continuous-time case, where it was proved
that the values of the second-order modes of continuous-time systems are decreased
under any lossy transformation. We discuss this property for discrete-time systems,
and derive the result which is parallel to the continuous-time case: the values of the
second-order modes of discrete-time systems are decreased under any lossy
transformation.

This thesis is organized as follows. Chapter 1 is the introductory part, which explains
the motivations and purposes of this research work. Chapter 2 provides necessary
background material for this thesis. Chapters 3, 4 and 5 present our main results.
Each of these chapters respectively corresponds to each of the main three contributions
explained above. Chapter 6 concludes this thesis and summarizes the main

contributions of this thesis. Suggestions for future work are also included.
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